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The  PREFACE. 


*T~0  fay  any  thing  in  Praife  of  the  Method  of  Fluxions, 
J-  or  of  its  Dignity  and  Rank  among  the  Mathematical 
Sciences,  would  be  asneedlefs  as  to  defcribe  the Excellency 
of  bright  Sun-fhine  above  the  twinkling  Light  of  the  Stars ; 
Jince  any  one  who  is  acquainted  with  the  Sciences  will 
allow  it  to  be  a  Method  of  Calculation  incomparably 
fuperior  to  all  other  Methods  that  ever  were  known  or 
found  out ;  and  beyond  which  nothing  further  is  to  be 
hoped  or  expelled.  It  lends  its  Aid  and  Affijlance  to  all 
the  other  Mathematical  Sciences,  and  that  in  their 
great ejl  Wants  and  Diftreffes  :  It  opens  and  dif covers  to 
us  the  Secrets,  and  RcceJJes  of  Nature,  which  have  al- 
ways before  been  locked  up  in  Obfcurity  and  Darknefs.  'To 
this  all  the  noble  and  valuable  Difcoveries  of  the  laft  and 
prefent  Age  are  entirely  owing  :  And  by  this  Method 
Sir  Ifaac  Newton,  the  worthy  Inventor,  determined  and 
fettled  the  Syftem  of  the  whole  vifible  World. 

The  Ufe  and  Application  of  Fluxions  are  exceedingly 
extenfive  -,  for  example,  in  Trigonometry,  it  teaches  the 
Computation  of  Sines,  Tangents  and  Secants-,  in  Arith- 
metic, the  Calculation  of  Logarithms  ;<  in  Geometry, 
drawing  Tangoes  to  Curves,  finding  their  Curvatures, 
their  Lengths  and  Quadratures^  the  Surfaces  and  Solidi- 
ties of  Bodies  -,  in  Mechanics  and  Philcfophy,  the  In- 
veftigation  of  the  Centers  of  Gravity  and  Ofcillation, 
the  Vibration  of  Pendulums,  the  Laws  of  Centripetal 
Forces,  the  limes,  Velocities,  and  Spaces  defer ibed  by 
Bodies  atted  upon  by  any  Forces,  the  Motions  and  Re- 
Jiftances  of  Bodies  in  Mediums,  &c.  Thefe  are  fome  of 
the  numberlefs  Ipflances,  wherein  Fluxions  are  applied 
with  fuch  wonderful  Succefs.  And  though  fome  few  of 
thefe  may  be  (and  aclually  have  been)  hammered  out  with 
great  Labour  and  Difficulty  by  other  Methods  ;  yet  the 
Procefs  rf  none  of  them  can  in  the  leaf  be  compared  with 
that  Beauty, Simplicity,  and  charming  Elegance \with which 
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the  Method  of  Fluxions  performs  all  thefe  things.  In 
fhort,  the  Method  of  Fluxions  is  capable  of  refolding 
fuch  Difficulties  as  raife  the  Wonder  and  Surprife  of  all 
Mankind,  and  which  would  in  vain  be  attempted  by  any 
other  Method  whatfcever.  So  that  it  is  juftly  efieemed 
the  greateft  Work  of  Genius,  and  the  nobleft  thought  that 
ever  entered  the  human  Mind, 

The  Method  of  Fluxions  is  founded  upon  this  tnoft 
fimple  and  obvious  Principle,  viz.  that  any  Quantity  may 
be  fuppofed  to  be  generated  by  continual  Increafe,  after 
the  fame  Manner  that  Space  is  defcribed  by  local  Motion. 
The  great  and  noble  Inventor  tells  us,  that  in  this  Me- 
thod he  confiders  Things  as  generated  by  continual 
Increafe,  after  the  Manner  of  a  Space  which  a  Thing 
or  Point  in  Motion  defcribes.  Now  the  Conception 
of  this  is  exceeding  eafy  and  natural ;  for  we  every  Day 
fee  with  our  ozvn  Eyes,  all  Kinds  of  Lines  and  Figures 
defcribed  by  the  Motion  of  Bodies :  This  Principle  then 
will  be  eafily  admitted.  And  further,  fince  we  alfo  fee 
by  Experience,  that  thefe  very  Lines  and  Figures  are  de- 
fcribed, fome  with  greater  Degrees  of  Velocity,  fome  with 
lefs,Jomewith  Motions  continually  accelerated  or  retarded, 
and  fome  with  uniform  Motions :  IVe  fhall  eafily  under - 
ft  and,  that  any  one  of  thefe  Lines  or  Spaces  has  in  every 
Point  of  its  Defcription  a  certain  Degree  of  Increafe 
determinate  in  itfelf,  and  peculiar  to  that  Point,  and 
which  is  the  fame  with  the  Velocity  of  the  Thing  that 
defcribes  it.  And  to  determine  this  Velocity,  or  this  De- 
gree of  Increafe,  in  any  given  Point  of  the  generated 
Quantity,  is  the  fame  Thing  as  finding  the  Fluxion  of  a 
prcpofed  variable  Quantity,  and  is  the  Foundation  of  all 
the  Arithmetic  of  Fluxions.  And  to  determine  this  truly 
is  of  the  greateft  Confequence  for  eftablijhing  the  Theory. 

Many  Difputes  and  Objeclions  have  been  advanced 
againft  the  Truth  of  the  Method  of  Fluxions  \  and  amongft 
thefe  Difputants,  as  it  commonly  happens,  thofe  have  been 
the  moft  inveterate,  who  underftood  the  leaft  of  the  Matter. 
To  anfwer  all  the  Cavils  that  have  been  offered  will  be 
of  little  Confequence  in  any  things  and  of  none  at  all  for 
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fettling  the  true  Notion  of  Fluxions.  Therefor e,  in/lead 
of  that  j  Ifhall,  by  following  Nature  as  clofely  as  I  can* 
endeavour  to  give  the  unprejudiced  Reader  a  clear  and 
true  Idea  thereof ;  and  then  -perhaps  he  will  be  able  to 
judge  for  himjelf  whether  the  Principles  of  this  noble  Art 
be  capable  of  Demonftration  or  not.  In  order  to  this* 
let  us  affume  what  has  been  before  laid  down,  that  any 
generated,  flowing  Quantity  is  analogous  to  a  Line  de- 
scribed by  a  moving  Point,  ayid  that  the  Velocity  of  this 
Point  in  any  Place  reprefents  the  Fluxion  of  that  Quanti- 
ty in  the  correfpondent  Place  of  the  Fluent  >  now  I/hall 
confider  the  Generation  of  this  Line,  inflead  of  the  Fluent^ 
as  being  more  eajily  underftocd. 

It  is  the  general  Practice  in  Mechanics,  to  meafuro 
the  Velocity  of  a  Body  by  the  Space  uniformly  defcribed  in 
a  given  Time.  For  Velocity  being  that  by  which  a  Body 
is  carried  through  a  given  Space  in  a  given  Time,  there- 
fore Velocity  muft  be  looked  upon  as  the  proper  efficient 
Caufe  of  the  Space  defcribed  ;  and  the  Space  defcribed  the 
adequate  Effecl  of  that  Caufe.  Noza  fuppofe  a  right 
Line  defcribed  with  any  Sort  of  Velocity,  accelerated',  or 
retarded,  at  Pleafure,  and  that  we  would  enquire  what  is 
the  Velocity  of  it  in  any  given  Place.  If  we  take  afmall 
Part  of  the  Line,  which  the  moving  Point  defcribes  jujt 
before  it  arrives  at  that  Place,  and  call  it  en  Increment^ 
and  fuppofe  it  to  be  defcribed  in  a  very  fmall  given  lime  -9 
then  this  Increment  will  nearly  meafure  the  Velocity  of  the 
defer ibing  Point  at  the  Place  pr  ope  fed,  and  is  fufjicient  to 
give  a  vulgar  Notion  of  the  Degree  of  Velocity  required. 
Now  if  this  right  Line  was  defcribed  uniformly,  this 
would  accurately  mecfure  the  Velocity.  But  fjice  that 
Increment  is  defcribed  with  a  Velocity,  by  Suppofnion* 
continually  variable,  therefore  this  Notion  we  have  hei  e 
obtained  is  to  be  correlled  \  the  fir  ft  Notions*  we  get  of 
any  Subjecl  are  generally  incorrett,  and  demand  a  nicer 
View,  and  a  more  accurate  and  philofophical  Examina- 
tion, before  we  can  acquire  Notions  that  are  perfect  and 
adequate.  Here  then  it  will  be  very  evident,  if  we  take 
fiill  a  leffer  and  a  leffer  Increment^  by  which  the  Velocity 
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is  meafured,  as  the  Point  Jlill  draws  nearer  the  propofed 
Place  i  we  approach  nearer  and  nearer  to  a  uniform 
.  Velocity,  til  the  Difference  be  lefs  than  any  affignabh  : 
And  this  Increment  will  differ  from  the  true  Meafttre  of 
the  Velocity ,  by  lefs  than  any  given  Difference :  And  as 
this  Increment  continually  diminishes,  till  at  loft  it  vanijh, 
it  approaches  continually  to  that  Meafure,  till  the  Differ* 
encc  vanijhes  with  it. 

Now  although  by  diminijhing  the  Increment  at  Pleafure 
we  can  approach  within  any  Degree  of  ExaMnefs  to  the 
Velocity  required,  yet  fince  no  Increment  can  be  taken 
fo  finall,  but  it  is  fill  further  divifible  ad  infinitum  ; 
andfince  the  Velocity  is  by  Suppofition  continually  variable, 
it  is  plain,  there  can  be  no  two-  Points  of  this  Increment 
in  both  which  the  Velocity  is  accurately  the  fame.  It  is 
therefore  moft  manifeft,  that  the  Velocity  here  enquired 
after  is  peculiar  to  one  only  indivifible  Point  -,  and  that 
Point  is  the  Place  where  the  Increment  ends,  or  vanifhes 
into  nothing.  Here  then  we  fee  plainly,  that  the  Velocity 
in  any  given  Point  of  the  Line  defcrited  (or,  which  is 
the  fame  'Thing,  that  the  Fluxion  in  any  given  Point  of 
a  generated  :  ')  has  a  certain,  fixed,   determinate 

Value,  proper  to  that  Point  of  it  alone  :  And  this  fur- 
's the  Mind  with  that  atcurate  abfiratl  Idea,  which 
we  ought  to  form  of  this  Velocity  or  Fluxion.  And  here 
we  may  cbferve,  that  this  I '  egree  of  Velocity  {or  Fluxion) 
we  have  here  been  confdering,  hich  continues  but  a 

Moment,  differs  from  the  fame  Degree  of  Velocity  (or 
Flu::icn)  which  continues  for  any  given  Time,  and  by 
which  a  given  Space  is  atlualy  defcribed  ;  thefe,  I  fay, 
r  no  otherwije  than  as  a  Caufe  in  Power  differs 
from  a  Caufe  in  Act. 

:  metaphyfical  Difputant  may  demand,  how  it 

,  that  (.  Lich  continues  for  no 

am  Space  at  all;  or 

y   nothing,  or  an  infinitely 

it  is.      Here  then  it  is,   that 

■i  Faculties  are 

\ildered.     IVe  arc  puzzled 

and 
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and  perplexed  by  endeavouring  to  ex.  .  :ure 

cf  we  do  not  know  what,  nor  whether  it  is  fometh  ig 
or   nothing :  And  at  heft  is  Jew  fuch  jublile,  fleeting 
Thing,  as  the  Mind  can  lay  no  Hold  on,  nor  form  any 
Idea  of.     Now  whether  fuch  fub  tile  Quefticne  will  be  ever 
determined,  or  not,  yet  there  is  one  Kef  age  for  us,  viz. 
that  it  is  nothing  at  all  to  our  Purpofe  what  they  are  : 
And  therefore  we  may  fafely  leave  thefe  deep  Speculations 
to  thofe  that  have  more  Bujinefs  with  them.     The  Me- 
thod of  Fluxions  has  no  Dependence  on  thefe  myjlerious 
JDifqu  Jit  ions.  What  I  apprehend  the  Method  of  Fluxions 
to  be  concerned  in,  is,  not  what  any  jingle  abfiratl  Velo- 
city can  defcribe  or  generate  of  itfelf,  but  what  a  conti- 
nual and  juccejpvely  variable  Velocity  can  produce  in  the 
whole.     And  here  I  think  no  Reafon  can  be  afjigned,  why 
a  variable  Caufc  fhculd  not  produce  a  variable  Effell,  as 
well  as  a  permanent   Caife  a  permanent  and  conftant 
Ejfeft.     For  fince  every  Effetl  has  a  co-inftantaneoas 
Exiftence  with  its   efficient  Caufe,  and  is  always  per- 
feclly  connected  with  it  -,  all  the  Difference  can  only  be 
this,  that  the  continual  Variation   of  the  Effect  muft 
always  depend  on,  and  be  proportional  to,  the  continual 
Variation  of  the  Caufe  that  produces  it.     And  this  will 
always  be  true,  though  we  have  no  Ideas  at  all.  of  the 
perpetually  arifng  Increments,   or  their  Magnitude  in 
'  their  nafcent  or  evanefcent   State,  that  have  fo  much^ 
and  to  fo  little   Purpofe,  confounded  and  puzzled  the 
mathematical  World.  And  whether  we  can  or  we  cannot 
conceive  the  formal  Nature  or  Manner  cf  exifting  of  a 
Thing  juft  arifing  out  of  nothing,  or  beginning  to  be  -,  or 
whether  a  nafcent  or  evanefcent  Quantity  be  any  thing  or 
nothing  •,  yet  the  Truth  of  the  Method  of  Fluxions  will 
Jland  juft  as  it  did.     But  thefe  fort  of  Difputes  have 
been  artfully  introduced  for  no  other  Purpofe  but  to  in- 
volve the  Subjett  in  Obfcurity,  to  darken  the   Pleader's 
"Judgment,  and  thereby  to  miftead  and  divert  him  from 
purfuing  the  principal  Bujinefs  in  Hand,  that  is,  from 
cortfedering    the  proper    Evidence    en  which  alone  this 
Doctrine  is  founded  -,  by  inflating,  that  the  Knowledge 
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cfthefe  Things  is  effentialto  the  very  Nature  and  Founda- 
tion of  Fluxions :  When,  it  is  evident,  all  that  the 
Method  of  Fluxions  does  or  ever  did  propofe,  being  either 
to  determine  the  Velocity  {or  Fluxion)  wherewith  a  gene- 
rated Quantity  increafes  in  any  given  Point ;  or  elfe  to 
fum  up  all  that  has  been  defcribed  or  generated  by  fuch 
continually  variable  Fluxion,  during  any  given  Time,  or 
to  any  given  Point  of  the  Fluent  or  generated  Quantity. 
Thefe  two  Things  alone  are  the  two  Bafes  on  which  this 
noble  Structure  {the  Method  of  Fluxions)  is  to  be  ere  tied. 
AH  metaphyfical  Speculations,  of  what  Nature  foever9 
having  no  Bufinefs  here. 

IJhall  now  bring  an  Liftance  or  two  out  of  the  Pheno- 
mena of  Nature,  which  will  help  the  Reader's  Notions  a 
little  ;  and  will  /hew,  that  what  has  been  f aid  before,  con- 
cerning the  Nature  and  Idea  of  Fluxions,  is  really  true, 
and  agreeable  to  the  Nature  and  Conftitution  of  Things. 
Let  a  heavy  Body  defend  through  a  perpendicular  Height 
cf  16^  Feet  in  one  Second  of  Time,  according  to  the 
Gallilean  Hypcthejis  of  Gravity  -,  then  at  the  End  of  this 
Second  of  Time,  the  Body  has  acquired  a  Velocity  of 
32I  Feet  in  a  Second-,  which  therefore  is  accurately 
known.  Nozv  take  any  Point  A  in  the  right  Line,  at 
any  given  Diftance  from  the  Place  the  Body  fell  from, 
and  the  Velocity  which  the  falling  Body  has  in  the  Point 
A  may  be  moji  accurately  computed.  But  take  any  Point 
above  A,  though  at  ever  fo  fmall  a  Diftance,  if  it  be 
diftant  at  all  from  A,  and  the  Velocity  in  that  Point 
will  always  be  Jomething  lefs  than  in  the  Point  A.  And 
in  like  manner  the  Velocity  at  any  Point  below  A,  though 
indefinitely  near  it,  will  be  fomething  greater  than  in  A  \ 
and  therefore  it  is  plain,  that  to  the  Point  A,  there  be- 
longs a  certain  determined  Degree  of  Velocity,  which  be- 
longs to  no  other  Point  in  the  whole  Line,  and  this  is  ac- 
curately the  Fluxion  of  that  right  Line  in  the  Point  A ; 
and  is  the  Velocity  with  which  the  Body  would  proceed, 
if  the  Force  of  Gravity  Jhould  be  fuppofed  immediately  t& 
ceafe  when  the  Body  arrives  at  A,  and  to  a&  no  longer. 

Let 
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Let  there  be  a  glafs  Tube,  Gpen  at  both  Ends,  and 
whofe  Concavity  is  of  different  Diameters  in  different 
Places,  let  it  be  immerfed  in  a  running  Stream  of  clear 
Water,  fo  that  the  Water  may  flow  freely  through  it,  and 
always  fill  the  Tube.  Then  it  is  evident,  that  in  different 
Places  of  the  Tube,  the  Velocity  of  the  Water  will  be  re- 
ciprocally as  the  Squares  of  the  Diameters  of  the  Tube, 
in  thefe  Places,  and  will  therefore  be  different.  Therefore 
if  you  mark  any  Place  in  the  Side  of  the  Tube,  and  f up- 
pofe  a  Plane  to  pafs  through  the  Tube  perpendicular  to 
the  Axis,  or  to  the  Motion  of  the  Water,  then  the  Wa- 
ter  will  ahvays  pafs  through  this  Section  with  a  certain 
determinate  Velocity.  But  fuppofe  another  SeEHon  to  be 
drawn,  though  ever  fo  near  the  former ,  then  {by  reafon 
of  the  fuppofed  different  Diameters)  the  Water  flows 
through  this  with  a  Velocity  different  from  that  it  did  at 
the  former :  And  therefore  that  given  determinate  Velo- 
city belongs  only  to  one  fingle,  indivifible  Point,  or 
Setlion  of  the  Tube,  and  this  is  the  Fluxion  of  the  Space 
which  the  Fluid  defcribes  at  that  Seclicn  -,  and  is  that 
uniform  Velocity  with  which  the  Fluid  would  continue 
to  move,  if  the  Diameter  continued  the  fame  through  the 
fucceeding  Part  of  the  Tube.  Something  like  this  may 
be  obferved  in  a  River,  for  there  the  Velocity  is  great  eft, 
where  the  Dimcnjions-are  leaft,  and  lefs  where  thefe  are 
greater. 

Again,  let  a  hollow  Cylinder  be  filled  with  Water, 
and  let  it  flow  freely  out  through  a  Hole  at  the  Bottom 
of  it.  It  is  well  known,  that  the  Velocity  of  the  effluent 
Water  depends  gu  the  Height  of  the  Water  within  the  Cy- 
linder -,  and  therefore,  Jince  the  Surface  of  the  incumbent 
Water  continually  defends  without  any  the  leaft  Stop, 
the  Velocity  of  the  effluent  Stream  will  continually  decreafe, 
till  it  all  be  run  out.  Therefore  it  is  plain,  there  can  be 
no  two  Moments  of  Time,  fucceeding  each  Gthtr  ever  fo 
nearly,  wherein  the  Velocity  of  the  running  Wat., 
cifcly  the  fame.  And  therefore  the  Velocity  that  the 
effluent  Water  has  at  any  given  Point  of  Time,  belongs 
only  to  that  one  particular,  indivifible  Moment  of  Ttme% 
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and  no  other :  And  this  is  accurately  the  Fluxion  of ,  the 
Fluid  flowing  cut  at  that  Moment  of  'Time.  Now  if 
precifely  at  that  Moment  you  begin  and  continue  to  pour 
more  Water  into  the  Cylinder,  fo  that  the  Surface  of  the 
Water  may  dejcend  no  lower,  but  keep  its  Place  ;  then 
the  effluent  Water  will  alfo  retain  its  Velocity,  and  con- 
tinue to  be  the  Fluxion  of  the  Fluid  as  before.  Now 
tbefe  are  the  genuine  Effects  and  Operations  of  Nature 
it f elf ;  and  do,  in  a  manner  vifibly,  confirm  the  Truth 
of  what  has  been  f aid  of  the  Nature  of  Fluxion. 

From  thefe  Examples,  and  many  more  that  might  be 
produced,  it  is  clear  to  me,  that  it  is  an  effen.ial  Pro- 
perty of  the  Fluxion  of  a  generated  Quantity,  that  it 
does  not  retain  any  one  determined  Value  for  the  leaft 
Space  of  Time  whatever  ;  but  at  the  Moment  it  arrives 
at  that  Value,  the  fame  Moment  it  leaves  it  again  ;  fo 
that  it  only  paffes  gradually  and  fucceffivcly  through  all 
the  indefinite  Degrees  contained  between  the  two  extreme 
Values  which  are  the  Limits  thereof,  during  the  Gene- 
ration of  the  Fluent :  That  is,  in  cafe  the  1  luxion  be 
variable  at  all-,  but  if  it  is  invariable,  the  extreme 
Values,  and  all  the  intermediate  Degrees  are  but  one  and 
the  fame  Value.  And  therefore,  although  any  determi- 
nate Degree  of  Fluxion  does  not  continue  at  all ;  yet  every 
Fluent  has.  [intrinfically)  in  itf elf,  f erne  determinate  De- 
gree of  Fluxion,  at  every  determinate,  indivifible  Moment 
of  Time. 

It  being  nozv,  I  fuppofe,  made  evident,  that  every 
generated  Quantity  has  every  where  a  certain  Rate  of 
increafing  {called  its  Fluxion)  whofe  abftracl  Value  is 
determinate  in  itfelf,  at  any  determinate  Point  of  that 
Quantity  :  Therefore  to  find  cut  its  Value,  or  iYs  Ratio 
to  any  other  Fluxion,  is  a  Problem  firitlly  geometrical. 
It  remains  to  enquire  in  general  how  we  muft  compute 
this  Value.  And  here  the  only,  or  at  leaft  the  moft  na- 
tural Way  is,  to  get  the  Proportion  of  the  Increments 
generated  by  the  Fluxions  in  all  Suppcfitions  of  Magni- 
tude of  thefe  Increments,  and  from  thence  coll  eel  the 
Ratio  they  firjl  begin  with.     When  the  Fluxions  and 
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Moments  cf  the  fimple  literal  Quantities  are  defigned 
by  proper  Symbols  ;  it  will  be  eajy  by  the  binomial  Theo- 
rem to  find  the  contemporary  Increment  of  any  compound 
Quantity ;  for  that  will  be  expreffed  in  the  Form  of  a 
Series.  Now  although  it  is  evident,  that  this  Incre- 
ment of  the  compound  Quantity  is  not  accurately  the 
Fluxion  of  it  in  any  determinate  Point*  becaufe  that 
very  Increment  is  generated  by  a  Fluxion  continually  va- 
riable •,  yet  it  is  us  evident  that  it  continually  approaches 
to  it,  by  continually  diminifhing  the  Increments  of  the 
fimple  Quantities.  Here  then  will  be  had  in  general^  the 
Ratio  of  the  Fluxion  cf  a  fimple  Quantity  to  the 
Fluxion  of  that  compound  Quantity,  and  in  the  lowefi 
Terms,  and  that  as  near  the  Truth  as  we  plcafe,  whiljl 
we  fuppofe  fome,  though  very  f mall,  Increment  aclually 
defcribed.  But  fince  the  Ratio  of  thefe  Fluxions  is  re- 
quired  for,  and  belongs  cn'y  to,  fome  one  indivifible  Point 
of  the  Fluent,  that  is,  in  the  very  Beginning  of  the 
Increment,  or  when  there  is  no  Increment  at  all  gene- 
rated ;  therefore  in  this  particular  Cafe  making  the 
Values  of  the  fimple  Increments  nothing,  which  before 
was  exprefjed  in  general,  and  then  all  the  Terms  wherein 
they  are  found  will  vanifh,  and  what  is  left  will  accu- 
rately fhow  the  Relation  of  the  Fluxions 9  for  that  fingle 
indivifible  Point  where  the  Increment  is  fuppofed  firft 
*  to  commence,  or  was  required.  For  this  abftratt  Value 
of  the  Fluxion  belongs  to  no  more  Points  than  one  of  the 
Fluent  ;  and  therefore  of  Confequence  the  Moments  muji 
be  made  to  vanifh,  after  we  have  feen  by  the  continual 
Diminution  thereof,  whither  the  Ratio  tends,  and  what 
it  continually  converges  to  ;  which  will  be  as  vifible  to 
every  Body  as  the  very  Characters  it  is  written  in.  And 
if  any  onefJoould  doubt  of  the  Truth  of  this,  I  Jhould  for 
ever  defpair  of  convincing  him  of  any  Thing  at  all.  The 
Increments  here  muft  neceffarily  be  made  ufe  of,  not  to 
determine  their  Magnitude,  as  fome  have  abfurdly  ima- 
gined, but  as  a  Medium  in  our  Reafoning,  to  dif cover  the 
Quantity  of  the  Cauje  that  produces  themy  they  being 
the  continual  Effecls  of  the  Fluxions  \  and  how  can  we 

a  2  judge 


xii  The  ^PREFACE. 

judge  of  the  Force  or  Efficacy  cf  a  Caufe,  without  con- 
fidering  the  Effecl  that  it  does  or  could  produce  :  For  that 
like  Caufes  are  proportional  to  their  Effecls  can  never  be 
denied*  except  by  thofe  that  can  deny  any  Thing.  This  Way 
of  Reafoning  and  Method  of  Demonfiration  then  muft 
be  exceedingly  clear v  and  convincing  to  all  that  are  duly 
qua  Hficd  to  examine  and  conjider  it,  and  do  not  with  a 
mojl  una  c  count  able  Obftinacy,  and  invincible  Prejudice, 
refolve  to  yield  to  no  Reafon  at  all,  though  laid  before 
them  as  clear  as  the  Sun. 

And  here  it  may  be  worth  obferving,  that  in  the' 
Procefs  of  this  L  emonfiration,  the  Terms  which  va- 
nijbed  out  of  the  Increment  of  the  compound  Quantity, 
did  plainly  arife  from,  and  was  generated  by  the  Va- 
riation of  the  Fluxion  cf  that  compound  Quantity  \  and 
the  remaining  Quantities  alone  are  thofe  generated  by 
the  Fluxion  itfelf. 

The  Eafncfs  and  Simplicity  of  this  Method  of  De- 
monfiration is  no  fmall  Argument  for  its  Truth  and 
Perfeclion.  The  Simplicity  of  Truth  is  its  great  Beauty. 
'  And  by  this  Mark  it  here  proves  itfelf  to  be  the  genuine 
Qjf-fprtng  °f  Nature  and  Truth.  But  if  any  Perfons 
will  not  ajfent  to  the  Trnth  of  thefe  Principles,  I  would 
have  them  fufpend  their  Judgments,  left  they  make  it  ap- 
pear that  they  have  no  Judgment  at  all.  In  the  mean 
Time  let  them  compare  the  Refults  and  Conclufwns  ob~ 
tained  by  the  Method  of  Fluxions,  with  the  like  Ccnclu- 
Jions  obtained  by  other  undifputcd  Principles  or  Methods 
of  Calculation  •,  and  if  thefe  Refults  continually  agree, 
then  it  is  a  convincing  Proof  (at  leaf  a  pofleriori)  that 
the  Principles  from  whence  they  are  deduced  muft  be 
equally  true.  But  if  any  P  erf  on  that  plainly  di fevers 
himff  unacquainted  with  mathematical  Principles,  fhdll, 
cut  cf  his  Averfton  to  thefe  Sciences,  cavil  and  difpute 
againft  the  Principles  here  laid  down,  and  which  he 
under ftands  nothing  of;  and  endeavour  to  put  the  Iff  tie 
on  juch  a  footing,  as  neither  him f elf  nor  any  Body  elfe 
can  under/land  any  Thing  about  it,  by  running  the  Ac- 
count cf  it  into  the  dark  :  I  think  it  can  be  cf  no  Con- 
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fequence  at  all  to  trouble  a  Maris  fclf  with  this  Sort  of 
Ami  Mathematicians.  Ignorance,  Malice,  or  Preju- 
dice can  deferve  no  Notice. 

And  thus  much  I  choos'd  to  fay  here  by  Way  of  Pre- 
face, rather  than  in  the  Book  itfelf  (which  1  would 
not  encumber  with  needlefs  Difputes)  concerning  the  Na- 
ture and  Principles  of  Fluxions -,  a  'Thing  eafy  enough 
to  be  under  flood,  and  rendered  difficult,  more  by  the  in- 
tricate Difputes  that  have  been  dragged  into  it  by  the 
Enemies  of  Science,  than  from  the  Nature  of  the  Thing 
itfelf.  The  divine  Newton  {whofe  Works  will  laft  as 
long  as  the  Sun  and  Mcon)  clearly  f aw  that  this  Matter 
did  not  at  all  require  to  be  built  upon  any  metaphfical 
Speculations  \  he,  by  expreffing  the  fimple  Moments  by 
general  Characters,  did  thence  derive,  by  infinite  Series \ 
the  Moments  of  compound  Quantities ;  from  whence  he 
gets  the  Proportion  of  the  fluxions  for  any  indetermined 
Values  of  thefe  Moments,  from  which  general  Propor- 
tion he  at  laji  gains  their  Proportion  for  that  particular 
Cafe  where  the  Moments  firft  begin,  or  at  laft  vanifhinto 
nothing.  '  And  thus  he  has  given  a  Demonftration  ex- 
tremely eafy  and  compleat  in  it  felf 

If  Arts  and  Sciences  of  many  hundred  Tears  ft anding 
receive  daily  Improvements  and  Additions,  it  cannot  be 
fuppofed  that  this  moft  fublime  Art  of  all,  found  out  but 
Tefterday,  can  be  arrived  at  Perfection  all  on  a  fudden. 
If  this  Art  be  fo  exceedingly  ufeful  and  valuable,  it 
certainly  deferves  the  Pains  and  Attention  of  the  learned 
Mathematicians.  And  the  World  muft  expeel,  that  the 
Beauty  of  this  Method  will  excite  them  to  lend  all  their  ■ 
Affiftance  towards  the  Advancement  of  fo  noble  a  Branch 
of  Learning,  whether  it  be  in  improving  the  Theory,  or 
facilitating  the  Praclice.  Therefore  I  hope  1  Jhall  be 
excufed  at  leaft,  if,  a?nong  others,  I  endeavour  to  con- 
tribute a  little  towards  this  great  End. 

The  following  Book  is  divided  into  three  Sections  :  In 
the  firft  are  laid  down  fuch  umverfal  Proportions,  as  are 
the  Foundation  of  all  that  Doclrine.     The  iecond  Section 
applies  thefe  Principles  to  the  Solution  of  the  moft  gene- 
ral 
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ral  Problems,  or  tbofe  of  moft  frequent  Ufe  in  the  Ma- 
th ematicks  :    And  here  many  of  the  Problems  fo   often 
done  by  others,  are  refolved  by  Methods  entirely  new, 
and,  I  think,  mere  fimple  -,  and  therefore  will  by  many 
Perfons  be  mere  eafily  apprehended  in  this  Form.     And 
becaufe  the  Refoluticn  of  phyfical  Problems  has  been  lit- 
tle touched  on  by  others,  I  have  added  the  third  Seclion, 
where  you  have  the  Inveftigation  of  fome  of  the  chief 
phyfical  Problems  in  the  Phenomena  of  Nature.     And 
in  this  Section,  it  may  perhaps  pleafe  a  Reader  of  the 
Principia  {the  greateft  human  Produtlion  that  ever  ap- 
peared in  the  World)  to  fee  many  of  the  Authors  fubtle 
Problems  refolved  by  his  own  Analyfis. 

It  is  not  in  the  leafi  pretended  that  all  'Things   here 
treated  of  are  new  ;  for  1  have  collected  many  Things 
which  1  thought  material  for  forming  this  Doctrine  into 
a  regular  Syfiem  *,  and  what  was  wanting  I  endeavoured 
to  fupply  as  well  as  I  could  -,  not  that  I  take  it  to  be 
p  erf  eel :  For  there  are  many  Defiderata /z7/  wanting  to 
compleat  the  Science.  Becaufe  the  Method  of  finding  Flu- 
ents by  the  Tables  is  exceeding  compendious  and  ufeful,  and 
has  yet  been  but  very  flight ly  pajfed  over  by  the  Writers  on 
this  Subject :  I  have  been  at  the  Pains  [which  was  not 
a  little)  to  compofe  a  new  Table,  whofe  Ufe  will  appear 
upon  trial  to  be  far  more  eajy  and  intelligible  than  any 
extant  -,  and  no  lefs  extenfive.     And  for  the  Explana- 
tion and  Ufe  of  it,  I  have  given  a  vaft  Variety  of  Ex- 
amples  throughout  the  whole  Bock.     Yet   I  have  not 
emitted  the  moft  general  known   Rules  for  finding  the 
Fluents  by  infinite  Series  -,  and  have  infer  ted  the  general 
Forms  of  them  in  the  Table.     In  the  Ufe  of  which  Table 
there  is  not  the  leaf  Difficulty,  there  being  nothing  re- 
quired but  a  bare  Subftitution  of  Quantities.     But  as  to 
the  Reflation  of   Problems  by  infinite  Series^    1  have 
been  more  f paring  of  that,  becaufe  it  has  been  well  pro- 
fecuted  by  others.     I  am  not  ignorant,  that  {by  the  Me- 
thod of  Tranfmutation   of  Fluxions)   this    Table  might 
have  been  further  extended,  and  other  more  compounded 
Forms  might  have  been  inj cried.     But,  conftdering  how 
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feldom  thefe  come  in  Ufe,  I  thought  it  needlefs  to  carry 
it  any  further.  I  have  all  along,  in  my  Calculations^ 
ufed  diftincl  Characlers  for  the  Fluxions  and  Moments^ 
Jince  they  ought  not  to  be  confounded  together.  And  in 
moft  Problems  {except  fuch  where  the  Reafoning  is  fa 
obvious  as  not  to  need  it)  I  have  ufed  both  of  them ; 
beginning  fir  ft  with  the  Moments ',  and  jubftituting  at  lafi 
the  Fluxions  for  the  evanefcent  Moments  which  are  pro- 
portional thereto. 

In  all  thefe  Things  I  have  defignedly  been  very  fhorL 
For  the  general  Rules  and  Methods  of  Operation  being 
laid  down  in  as  few  Words  as  poffible,  the  Examples 
will  explain  their  Meaning  and  Ufe.  In  the  mathema- 
tical Sciences  I  have  taken  general  Methods  to  be  beft  ; 
and  they  that  deal  in  the  detail  of  Things,  and  fpin  them 
out  to  an  unneceffary  Length,  making  thereby  a  pompous 
fhow  of  IVords  only,  do  certainly  mifpend  the  Time  of 
their  Readers  :  Since  one  great  End  to  be  aimed  at  in 
the  Sciences,  is  to  abridge  and  reduce  them  to  the  mofi 
general  and  concife  Rules. 

As  I  am  not  confcions  of  any  Faults  I  have  committed 
in  this  Treatife,  fo  I  hope  they  are  but  few.  But  in 
fuch  a  vaft  Variety  of  Things  of  the  moft  intricate  Na- 
ture, it  is  hardly  pcffible  but  fome  will  efcape.  There- 
fore I  muft  beg  of  the  courteous  and  good  natur'd  Reader 
(for  whom  alone  it  was  written)  that  he  will  rather 
kindly  inform  me  of  my  Errors  and  Defecls,  than  cen- 
jure  and  condemn  the  Book.  For  as  Truth  is  what  1 
feek,  I  fhall  with  Pleafure  retratl  or  correel  any  Thing  , 
1  have  written,  when  it  appears  inconfiftent  with  that 
or  the  Reafon  of  Ihings. 

Laftly,  let  me  acquaint  the  Reader,  that  it  is  indifpen- 
fably  required,  that  he  perfectly  underftand  Arithmetic, 
Geometry,  and  Algebra  in  all  their  Farts  and  Improve- 
ments, the  Methods  of  Series,  Doclrine  of  Proportions, 
Mature  of  Logarithms,  Mechanics,  and  Laws  of  Mo- 
tion,  &c.  all  which  are  to  be  learned  from  thefe  particular 
Sciences  to  which  they  belong.  For  I  am  clearly  per- 
fuaded,  that  it  is  the  beft  Method  to  treat  every  Science 
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diftintl  and  entire  by  itfelf,  without  the  Mixture  or  In- 
terpojition  of  any  Thing  foreign  to  the  Subjecl.  And 
therefore  in  this  Treatife  I  have  delivered  nothing  but 
the  pure  Doctrine  of  Fluxions  alone.  It  would  be  but 
loft  Labour  for  any  P erf  on  unacquainted  with  thefe  Pre- 
cognita,  to  fpend  any  'Time  in  reading  this  Book  ;  or 
indeed  to  attempt  to  read  any  fuch  like  Treatife  with  any 
lolerable  Judgment.  The  Confequence  would  be,  that 
either  the  Author  or  the  Difficulty  of  the  Subjecl  muft  be 
blamed,  as  is  always  the  Cafe  \  but  never  the  Reader. 
But  then  if  he  comes  thus  prepared,  this  will  mcke 
every  Thing  eafy  and  pie  a f ant,  and  he  will  then  find 
few  Difficulties  here,  but  what  he  will  eafily  furmount. 
All  which  I  fubrnit  to  the  Perufal  of  the  candid  and 
judicious  Reader. 

W.  Emerfon. 

P.  S.  In  this  fecond  Edition  I  have  made  many  Alte- 
rations" and  Additions  in  fever al  Parts  of  the  Book, 
which  are  too  tedious  to  mention  :  But  the  Additions  of 
principal  Note  are  thefe,  in  Seel.  I.  feveral  mere  Exam- 
ples of  transforming  Fluxions  are  added  to  Prop.  g.  as 
alfo  more  Examples  of  finding  Fluents,  to  Prop.  10. 
There  is  alfo  feme  farther  Explication  of  the  life  of  the 
Table-,  likewife  Ex.  10  and  n  to  Prop.  13,  are  en- 
larged, and  more  Examples  added.  In  Sea.  II.  Prcb.  1. 
is  enlarged,  amd  two  more  Problems  added  at  the  End. 
Likewife  I  have  added  a  new  Problem  at  :  :;ii;ig 

of  Seel.  III.  and  feveral  more  phyfud  Probh  ms  at  the 
End  of  ity  with  two  new  Copper  Plates. 
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POSTULATUM. 

That  any  Quantity  may  be  fuppofed  to  be  ge* 
iterated  by  continual  Increafe. 

HERE  Quantities  are  confider'd,  not  as 
compofed  of  an  infinite  Number  of  con- 
ftituent  Parts,  but  as  defcribed  by  a  con- 
tinued Motion.  Thus  a  Line  is  defcribed 
by  the  Motion  of  a  Point ;  and  a  Rectangle  may  be 
conceiv'd  to  be  generated  by  the  Motion  of  one  Side 
along  the  other;  and  Time  proceeds  by  a  regular 
Flux.  And  all  other  Quantities  may  (by  Analogy) 
be  conceived  to  be  generated  after  the  fame  Manner. 

Definitions. 

Definition  I. 

Quantities  generated  by  a  continual  Increafe  are 
called  Fluents  or  Flowing  Quantities.  Thofe  Quanti- 
ties that  always  retain  the  fame  Value  are  called  given, 
cenftent)  ftanding,  or  invariable  Quantities  j  and  thofe 
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that  arc  continually  changing  their  Value  are  called 
variable  or  in  determined  Quantities. 

Thus  in  a  Circle  the  Diameter  is  a  conftant  Quan- 
tity ;  and  the  veried  Sine  and  correfpondent  Sine  are 
variable  Quantities  :  Alio  in  a  Parabola,  the  Latus 
Rectum  is  a  conftant  Quantity,  and  the  Abfcifa  and 
correfpondent  Ordinate  are  variable  Quantities. 

Def.  II. 

The  Velocity  of  the  Increafe  of  any  generated  Quan- 
tity, or  the  Degree  of  Quicknefs  (or  Slownefs)  where- 
with the  new  Parts  of  it  continually  arife,  is  called  its 
Fluxion. 

Thus  when  a  Line  is  generated  by  the  Motion  of  a 
Point,  the  Line  itfelf  is  the  Fluent,  and  the  Velocity 
of  the  moving  Point  is  ftricHy  its  Fluxion.  But  Ve- 
locity is  never  properly  aicribed  to  any  Thing  but 
local  Motion,  and  is  ufed  in  this  Definition,  rather  to 
defcribe  what  is  meant  by  the  Word  Fluxion,  than  to 
define  it.  Velocity  is  the  fame  in  a  particular  Senfe 
in  Relation  to  the  Space  defcribed,  as  Fluxion  is  in 
a  general  Senfe  in  Relation  to  the  Fluent  generated 
thereby.  Velocity  is  allow'd  by  all  to  be  a  fimple 
Idea,  and  fo  is  Fluxion  too.  When  a  Man  confiders 
the  Generationof  feveral  Quantities,  after  this  Manner, 
he  will  find  fome  to  increafe  fafter,  others  flower  ;  and 
confequently  that  there  are  comparative  Velocities  (or 
Fluxions)  ot  Increafe  during  their  Generation  :  And 
thus  he  will  by  Degrees  get  the  Idea  of  a  Fluxion  ; 
but  without  fuch  attentive  Confideration,  he  will  never 
be  the  wifer  for  all  the  Words  in  the  World. 

Def.  III. 

The  indefinitely  fmall  Portions  of  the  Fluent  which 
are  generated  iw  any  indefinitely  fmall  Portions  of  Time 
are  called  Moments  or  Increments.  Or  if  the  Fluent 
decreafes,  the  Portions  continually  deftrov'd  are  called 
Decrements. 
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Thefe  Moments  are  the  immediate  Effects  of  the 
Fluxions,  and  are  thofe  Quantities  by  the  continual 
Acceflion  of  which  the  Fluent  increafes  and  grows  big- 
ger and  bigger  :  That  is,  any  Moment  confider'd  alone 
is  the  adequate  Effect  of  fome  fingle  determinate  Fluxion 
which  is  (confider'd  as)  its  generating  Caufe.  There- 
fore the  Moments  and  Fluxions  ought  not  to  be  con- 
founded together,  fince  the  Moments  (being  generated 
by  the  Fluxions)  are  as  different  from  the  Fluxions, 
as  any  Effect  is  different  from  its  Caufe. 

Def.  IV. 

The  Velocity i  Variation,  or  Quicknefs  of  Increafe 
(or  Decreafe)  of  any  Fluxion  is  called  the  jecond Fluxion ; 
like  wife  the  Variation  or  Quick  nefs  of  Increafe  of  the 
fecond  Fluxion  is  called  the  third  Fluxion^  &c. 

As  in  the  Generation  of  any  Fluent,  the  different 
Parts  of  it  may  be  generated  fafter  or  flower,  that  is, 
its  Fluxion  at  different  Times  may  be  unequal ;  fo 
there  muft  be  Degrees  of  Variation  by  which  it  is  con- 
tinually changing,  that  is,  it  muft  have  a  fecond  Fluxi- 
on. And  in  like  Manner  this  fecond  Fluxion  may 
alfo  be  continually  variable,  and  therefore  muft  have 
a  certain  Degree  of  Variation  in  every  Point,  or  a  third 
Fluxion.     And  fo  on. 

Def.  V. 

Contemporary  Fluents  are  thofe  which  are  fuppofed 
to  be  generated  together  or  in  equal  Times  -,  or  which 
begin  together  and  end  together. 

Def.   VI. 

In  any  Fluxionary  Equation,  a  Quantity  of 'the fit ft 
Order  is  that  which  has  only  one  firft  Fluxion  in  it  i  a 
Quantity  of  the  fecond  Order  has  either  one  fecond 
Fluxion  or  two  firft  Fluxions  :  Quantities  of  the  third 
Order,  are  third  Fluxions,  product  of  three  firft  Fluxi- 
ons,  product  of  a  firft  and  fecond  Fluxion,  <Sc. 
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Notation. 

i.  The  firft  Letters  of  the  Alphabet,  tf,  b,  r,  Z£c. 
are  generally  put  for  (landing  Quantities  -,  and  the  laft 
x,  r,  z,  &c.  for  variable  or  flowing  Quantities. 

2.  If  x  or  j  be  put  for  any  fluent  or  variable  Quan- 
tity, then  the  fame  Letter  with  a  Point  over  it  x,y9 
denotes  the  Fluxion  of  x  or  y  refpeclively  ;  and  the 
fame  Letters  twice  pointed  x  and  y\  are  the  Fluxions 
of  x  and  j',  or  the  fecond  Fluxions  of  x  and  v  ;  thus 

x  and  j  are  the  third  Fluxions  of  x  and y:   Likewife 

x  and  y  denote  the  fourth  Fluxions  of  x  and  j,  cirV. 
alfo  the  Fluxion  of  a  or  b  is  o. 

3*  Again,  x  denotes  the  Moment  or  Increment  of 

x,  and  v  the  Moment  or  Increment  ofy;  likewife  .vandjy 
denote  the  Moments  of  the  Moments,  or  the  fecond 
Moments  of  x  and^y,   C5Y. 

4.  To  the  common  Algebraic  Characters  already 
receiv'd  I  add  this  OC  ,  which  fignifies  a  general  Pro- 

BC 

portion  ;  thus,  A  OC  -=r-9  fignifies  that  A  is  in  a  con- 

BC         D 

ftant  Ratio  to— — ;  that  is  (if  a,b,  c,  d  be  other  Values 

B  C  be 

of  thefe  Quantities)  A  :  ——  : :  a  :  — ;  and  thus  every 

xJ  CI 

general  Proportion  is  to  be  underftood. 
A  x  1  0  M. 
Quantities,   which  in   any  finite  Time  continually 
.  erge  to  Equality,  and  before  the  End  of  that  Time, 
app:  tirer  to   one  another  than   by  any  given 

Difference,   do  at  lad  become  equal. 

If  any  mould  think  this  not  clear  enough  to  pafs  for 
m,  he  may  confideritthus;  let  D  be  their  ulti- 
mate Difference,  therefore  they  cannot  approach  nearer 
to  Equality,  than  by  that  given  Difference  D,  contrary 
to  the  Hypothefis;  which  Suppofition  is  abfurd  in  all 
Cafes  except  when  D  is  oothi  SEC  T. 
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SECT.      L 

The  fundamental  Principles   and  Opera- 
tions of  Fluxions. 


PROP.     I. 

The  Fluxion  of  any  Fluent  or  generated  Quantity 
is  equal  to  the  Sum  of  the  Fluxions  of  all  the 
Roots  or  Sides,  each  multiply  d  continually  by 
the  Index  of  its  Pozver>  and  by  the  given  Fluent 
divided  by  the  f aid  Root  or  Side. 

Demonstration. 
I.  TT  m  n 

ET  the  Fluent  be  bx  y  ;  now  its  Fluxion  mud 

be  a  Thing  real  and  determinate  in  itfelf,  other- 
wife  we  are  feeking  that  which  has  no  Exiftence.  By 
the  Notation,  x  and  y  are  the  Fluxions  of  x  andj  ; 
and  will  produce  Effects,  that  is,  will  generate  Mo- 
ments proportiona]  to  themfelves  whilft  they  retain 
their  Values,  which  therefore  may  be  expreffed  by 
ox,   oy. 

2.  Now  by  the  Poftulatum,  thefe  Moments  will 
increafe  the  Quantities  x,  y9  which  therefore  will  be- 
come x+ox,   and  y+cy. 


3.  Therefore  the  Fluent  bx "y     will   now    become 
bxx+ox"    Xy+oy\    =  b  x  :   *     +  MX         ox  + 

//; — 2   2.2  n  n — 1     .  n — 2    2.2       f~ 

px        0  x  ,  tyc.  X  :y  +ny       oy  -f-  qy       o  y  ,    <Sc. 
where  />,  q  are  given  Quantities. 
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4.  The  lad  Quantity  being  actually  multiply'd,  and 

Ix  y    fubftra&ed  from  it ;  we  fhall  have  bmx       y  ox 

.      m   n — 1    .         _      m — 2    n    2  .  2    ,     7      ?n   n — 2    2     2 

4-  bnx  y  oy  +  ^  y  o  x  +  vqx  y  0  y  + 
lmnxm'~  y~    o  yx-\-,&c.  for  the  Moment  of  £#  jy  . 

5.  Therefore  the  Moment  laft  found  being  divided 
by  the  indefinite  Quantity  0,  will  give  the  Fluxion  of 

£*•  jy     equal    to    bmx        y  x    -j-    £/w  J      jy        + 

7      jw — 2  n      .z  7      m   « — 2     .  2     ,     ,  m — 1  w — I      .  . 

bpx  y  ox  +  #£#  y  oy  -\-bmnx  y  oyx 
+,  &c.  and  this  is  the  Fluxion  (or  Velocity)  where- 
with the  foregoing  Moment  is  (or  may  be)  uniformly 
generated. 

6.  But  fince  the  (Velocity  or)  Fluxion  is  required 
wherewith  that  Moment  fnft  arifes,  in  this  Cafe  the 
Moments  ox  and  oy  will  alfo  be  ju(t  anfing  and  there- 
fore nothing,  and  confequently  0  will  be  nothing,  and 
therefore  all  the  Terms  wherein  it  is  found  will  be 
nothing; 

7.  Therefore  the  Fluxion  of  bxmy  at  that  Moment 

of  Time  is  accurately  bmx  y  x  +  bnx  y  y. 
Q.  E.  D. 

Otherwife  thus. 

1.  Let  x  and y  be  very  fmall  Increments  uniformly 
generated  by  x  and  y,  in  a  very  fmall  Time. 

2.  The  Quantities  x,  j,  bx  y    then  at  the  End  of 

^  m 

that  Time  are  become  x-\-x,  y  +jy,  and   bxx+x      x 
.  « 

y  +y    j    and     the    Increments   generated    in  that 

Time 
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Time   are  #,  j  and  bmx       y  x    +  bnx  y      y     + 

£/w  jk  *  +  %*  jy  J  +  bmnx  y  xy  +,&. 
-M  by  Subftitution,  where  note  ^>,  #  are  given 
Quantities.  . 

3.  Now  fince  x  :y  :  :~ x  : y  =-7-,   becaufe   the 

X 

Effects  of  like  Caufes  are  proportional ;  therefore  ex- 
punge y  out  of  the  Value  of  M,  and  we  (hall  have 
the  Increment  of  x  to  the  Increment  of  bx  yn  as  x  to 
M  or  as  1  to  — -  -,   that  is,   as  x  to  bmx       y  x     + 

,      m   n — 1  .  7      m—2  »  '  .       ,       7  m — I  n — I  ' . 

bnx  y      y  +  bpx       y  xx    +  ##z##       jj       #y      + 

bqxmyn~\  %  +,  &V.  =  P  +  Qi,  &V.  by  Subfti- 
x 

tution,  (putting  P  for  the  two  firft  Terms,    and  Q5, 

&c.  for  the  reft). 

4.  But  x  is  the  Fluxion  of  *,  therefore  P+Q#  is 

the  Fluxion  of  bx  y*.  Butfince  this  laft  Fluxion  P+Q# 
is  not  that  with  which  the  Increment  begins  to  be  ge- 
nerated, which  we  feek  :  It  is  evident  that  by  dimi- 
nishing the  Time,  or  which  is  the  fame  thing,  dimi- 

nifhing  x>  the  Fluxion  P  +  Q*  continually  converges 
to  that  Fluxion  (or  Velocity)  wherewith  the  Increment 

firft  arifes,  and  before  x  be  diminifh'd  to  nothing,  is 
nearer  to  it  than  by  any  given  Difference ;  and  therefore 

by  the  Axiom  when  x  is  nothing,   and  consequently 

Qx   nothing,    then   P  or  bmx       yn  x  4-  bnx  yn     y 

will  be  the  Fluxion  of  bxm y  .  In  like  Manner  it 
may  be  demonftrated  for  any  gther  Quantity.  Q^E.D. 

Cor.  1. 
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Cor.  i.  A  Fluent  can  have  but  one  Fluxion  :  Thus 
the  Fluxion  of  x  can  only  be  x  ;  of  axz,  iaxx>  &c. 

Cor.  2.  When  the  Fluxion  of  any  Quantity  is  the 
fame  with  a  propofed  Fluxion,  then  that  Quantity  is 
its  Fluent. 

Scholium. 

As  clear  and  evident  as  this  Propofition  is,  yet  it 
has  been  cenfur'd  as  falfe  and  erroneous  ;  though  the 
Perfons  that  object  againft  its  Truth  were  never  able 
to  tell  us  what  the  Error  is,  nor  whether  the  Fluxion 
of  any  Quantity  is  greater  or  leffer  than  is  affign'd  by 
this  Propofition. 

,  For  a  further  Illuftration,  let  us  fuppofe  that  x  and 
y  are  uniformly  diminifhed  by  the  very  fmall  Incre- 
ments x  and  y.  Then  be  reafoning  as  before,  we  fhall 
get  the  Fluxion   (or  Velocity)  of  the  contempora- 

ry  Moment  or  ox  y  zz  bmx       y  x  -\-bnx  y      y  — 

,      m   n — 2'  .2 
,      m— 2  n>  .  7  m — I  n— 1  '  .  oqx   y         XJ 

vpx       y  xx    —   bmnx       y       xy  — . 

&c.  =  P  —  Qx1,  &V.    Now  by  continually  diminifli- 

ing  #,  it  is  manifeft  that  P — Qx,  &c.  will  differ  from 
the  Fluxion  the  Moment  firft  arifes  with,  by  a  Quan- 

ty  lefs  than  any  affignable,   before  x  be   reduced  to 
nothing. 

Now  when  we  fee  that  whilft  x+x  converges  to  x, 

that  at  the  fame  Time  P-r-Q*,  6?f.  converges  to  that 
FJuxion  the  Moment  arifes  with,  and  differs  in  Excefs 
from  it  by  lefs  than  any  given  Difference,  and  ftill  dif- 
fers the  lefs,  the  lefs  x  is  taken  ;  and  when  x  is  infi- 
nitely fmall,  that  Difference  is  infinitely  fmall  in  Ex- 
cefs: And  feeing  alfo  that  whilft  x-~ x  converges  to- 
wards 
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wards  #,  likewifc  P — Q#,  &tV.  approaches  to  the 
Fluxion  the  Moment  yanifhes  with  (or  the  fucceeding 
Moment  begins  with,  being  the  fame  the  other  con- 
verg'd  to)  and  differs  in  Defecl  from  it,  by  lefs  than 
any   given  Deference,    and  ftill  differs  the  lefs  as 

x  is  lefs,  and  when  x  is  infinitely  diminifh'd,  that 
Difference  is  infinitely  fmall  in  Defecl.     If  any  one 

after  all  this  mould  contend,  that  when  x  is  quite 
vanifh'd  and  become  nothing,  that  the  Fluxion  of 
bxmy*  is  not  accurately  P  or  bmxm—Jynx  +bnx"yH~-y  -9 
I  think  no  man  ought  to  give  himfelf  any  Concern 
at  all  for  fuch  an  Adverfary,  or  take  any  further 
Pains  for  his  Conviction. 


PROP.     II. 

If  two  Fluents  or  variable  Quantities  be  equal  to 
each  other y  or  in  a  given  Ratio  ;  their  Fluxions 
will  be  equal,  or  in  the  fame  given  Ratio. 

And  if  two  fuxionary  Quantities  are  equal  or  in 
a  given  Ratio  ;  their  contemporary  Fluents  will 
be  equal  or  in  the  fame  given  Ratio. 

For  fmce  the  Quantities  always  continue  equal,  or 
in  a  given  Ratio;  the  continually  arifing Increments, 
and  therefore  the  Fluxions  proportional  thereto,  will 
neceffarily  be  equal  or  in  the  fame  given  Ratio. 
And  vice  versdy  the  Fluxions  or  generating  Caufes 
being  always  equal  or  in  a  given  Ratio  ;  their  Effects 
or  contemporary  Fluents  will  therefore  be  equal,  or 
in  the  fame  given  Ratio.     Q^  E.  D, 

C  Cor. 
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Cor.  u  Two  fluxionary  Quantities  may  be  equal, 
and  their  fimple  Fluents  unequal.  For  (by  this  Prop.) 
only  the  contemporary  Fluents  can  be  equal.  And 
therefore 

Cor.  2.  A  Fluxion  may  have  an  infinite  Number 
of  Fluen;s :  thus  the  Fluent  of  x  is  x,  a+x9  b  +  x% 
t  +  x,  x — a,  x-~b,  *  —  r,  &c. 

Cor.  3.  If  any  Fluxion  be  equal  (or  nearly  equal) 
to  fome  other  Fluxion,  in  fome  particular  Cafe ;  then 
the  one  may  be  fubftituted  for  the  other  in  any  fluxio- 
nary Equation,  and  their  Fluents  will  be  equal  in  that 
particular  Cafe,  (or  nearly  fo.) 

Cor.  4.  If  there  be  any  Relation  whatfoever  be- 
tween the  Moments  of  feveral  Quantities  in  their  na* 
fcent  or  evanefcent  State;  the  fame  Relation  there  is 
alfo  between  the  Fluxions  of  thefe  Quantities. 

Cor.  5.  And  therefore  in  any  Equation  between  the 
Moments  confider'd  as  arifing,  the  Fluxions  may  be 
fubftituted  in  their  Room  ,  and  the  contrary. 


PROP.    IU. 

Given  an  Equation  containing  the  Relation  of  the 
flowing  Quantities ;   to   determine  the  Relation 
of  their  Fluxions. 

Solution. 

1.  If  any  Term  contains  only  one  variable  Quan- 
tity ;  multiply  its  Index,  the  Fluxion  of  the  Root,  its 
Power  whole  Index  is  lefTened  by  1,  and  the  Coeffi- 
cient of  the  Term  continually,  for  the  Fluxion  of 
that  Term: 

2.  If  any  Term  involves  feveral  flowing  Quantities, 
obferve  what  Power  of  any  variable  Quantity  is  con  - 

tain'd 


Sed.  I.        efFLUXIONS.  II 

tain'd  in  that  Term,  and  multiply  the  Fluxion  of  that 
Power  (found  by  Art.  i,)  by  all  the  other  Quanti- 
ties in  the  Term  ;  do  the  fame  for  all  the  variable 
Quantities;  the  Sum  of  all  thefe  Produfts  is  the 
Fluxion  of  that  Term. 

3.  Repeat  the  fame  Operation  for  all  the  Terms 
in  the  Equation  ;  and  the  Sum  of  all  gives  an  Equa- 
tion containing  the  Fluxions  required. 

4.  In  exponential  Equations,  or  thofe  whofe  Ex- 
ponents are  variable  ;  let  X,  Y,  Z,  &c.  be  the  hyper- 
bolic Logarithms  of  #,  y9  z9  &c.  then  multiply  the 
Index  of  any  Quantity  into  the  Logarithm  of  that 
quantity,  and  you'll  have  a  logarithmic  Equation, 
whofe  Fluxion  is  to  be  found  by  the  foregoing  Rules  : 
Then  expunge  the  logarithmic  Fluxions  x,  Y,  or  z, 

X        V  Z 

by  fubftituting  their  equals  — ,  — ,.  or  —  ;   the  Rea- 

x     y  z 

fon  of  which  will   appear   hereafter   by   Prob.  II. 

Seel:.  II. 

5.  Sometimes  it  may  be  convenient  to  divide  the 
Equation  given,  by  fome  of  the  indetermin'd  Quan- 
tities contained  in  moft  of  the  Terms  ;  or  to  fubfli- 
tute  tingle-  Letters  for  compound  Quantities. 

Example    i. 
L.et  yzza+x —  z  —  b  —  dx  ;  then  the  Fluxion  isr 
yzzx —  z  —  dx. 

Ex..  2. 
Let  xzzay'y   then  the  Fluxion  of  this  Equation  is 
x—^ayy. 

Ex.   3. 
Letvz=^%  the  Fluxion  isyzzzaxx...   Or  in  par- 
ticular Numbers,   let  azzio,  x-zzi,   then  yzziox. 
l^ow  if  x—i,    then  jr=20.     If  xzzi,   3,   4,  &f7 
thenj/z^o,   6o9  80,  &c. 

Ex.  4. 

Let  zzziiobx'',   the  Fluxion  is  zzzizonfa'':—Tx. 

C  2  Ex. 
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Ex.  5. 


Let  s/aa  —  xx  zzy,  that  is  aa  —  xxr  'zz  y ;      Its 
Fluxion  is  *  x  — 2##  xaa  —  xx\       zzy>  or 


— xx 


\/aa — xx 
zzy.     In  Numbers  thus,   let  ^zzio,  i=i,  then  y 

=  — =  ,  and  if  yzzo,  then y  = 3  o* 

y/ioo — xx  J         10 

If  at=3,  J/  =  ~y^=  .     If  #=:6,  thenar:—3-  •      If 

*rr  10,  y  zz =  —  Infinity  ;  and  fo  of  others. 

Ex.  6. 
Let  vzztx*y*9  the  Fluxion  is  vzziby%xxx  +ibx^yy. 

Ex.  7. 

Let  —  hzv9  that  is  x*y~*  zz  v\   the  Fluxion  is 

x       xy 
y—xx  —  1  X  x*y—xy  zz  d,    or ~  zzv,  that  is 

y* — xy 

yy 

Ex.  8. 
Let  **  —  ax*+axy — j^mo.     Its  Fluxion  will  be 
3#*#  —  2^^^4-^xy+^^  —  3^*j/zzo. 

Ex.   9.  

Let  this  Equation  be  given  yt-^alzzxs/aa — xx\ 

x*x 

its  Fluxion  is  lyyzz  xy/aa  -—  xx .  ,     or 

y/a  a — xx 

aax —  2x1x 

nyj  = -j r-    . 

r<         t/aa  —  xx 

Ex, 
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Let  2y*+x*y — icyz—z* — ^yz%  be  given  ;  then  iti 
Fluxion  is  6y*y+2yxx  +xy~2cyz—2czyzz:3z%z—< 
^zy — 6yzz. 

Or  thus,  divide  the  given  Equation  byy,  and  you'll 

z* 
have  2v*+*z  —  2czzz 32%    whofe  Fluxion  is 

7zzz        z*y        ,   . 
jyy+ixx  —  2cz  =2— -y 6zzy  or  4^  + 

tyyxx  —  2cytzzz^yz1z  —  z*y  —  6y*zz. 
Ex.   u. 


by* 


x*  —  ay-  H i. xx</ay+xx  =0,  the  Fluxion 

a+y 

ikfj        h%y  .  „ 

is  3#*#  —  lay    +  — ■ —  2xx^/ay+xx 

—  axxy — 2X*x 

— ■-: —   zz  o.         Or    7xzx  —   tuny    + 

2y/ay  +x* 

%*hxy  •¥  2byly         Aayx*  4-  6x*x  ■+■  ax%y 

a+jr*  2^/ay-f-xx 

Ex.   12. 


Let  y/ax  +  y/aa  —  ##  zz  v9     then   will    *#  + 


xx 


*/aa  —  xx—vv,  whofe  Fluxion  is  !»»  >"  /     ■  \.  zz 

*#  xx 

2vv9  whence  v  zz ■ — ■ ,     or  v  zz 

2v       2v^aa  —  xx 

xx 

AX  


y/a  a  —  xx 


2y/ax  +  */aa —  xx 

Ex.     13. 
Let  zy  —  ax  zz  o  ;  its  Fluxion  will  be  zy  +zy-~ 
sxzzo.     Or  thus,  let  s  zzy,  /zzx,  then  Jzzj\  and 
/  zz  x  1   and  the  Equation  zy  —  ax  zzzs  —  atzz  o. 

whofe 
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whofe  Fluxion  zs  +  sz  —  at  zio,  that  is  (reftoring 
*e  Values  of  %  s,  /)  zy+yz  —  axzzo9  the  fame 
*»~before. 

E  x.    * 4: 

'■■'  Suppofe  2#*  #  n  4#y,  and  let  at  be  a  given  or  con- 
ftant  Quantity,  then  its  Fluxion  is  2Xxz  +  2xxz  zz 
ayj+ayy. 

Or  thus,  let  xzz.h9   zzzt,  yzzv,  then  the  given 
Equation  becomes    2hxt  zz.  ayv9    whofe  Fluxion   is 

zbtx+ibxtzzavy+ayV.     And  reftoring  z9  z9  x9  y9  y 

forr,  /,  b9  *09  v  ;  you'll  have  2zxz  +  zxxzzzayy+ayy9 
the  Fluxion  required. 

Ex.    15. 

Let  -. j-  —  —  y  z=.Oy  and  fuppofe  y  conftant 9 

then  its  Fluxion  is  -. — r-  — . H  —  =  o. 

Xz  Xz  X\  a 

Ex.    16. 
Suppofe   2&yy  —  x%&  —  xzzx  zz  alyl  «  H£*L , 

and  z  invariable,  its  Fluxion  will  be  2a*yy+2a*yy — 

itfyy1        a^yly 
2XXZ1 2XXLZ  —  xlzx  zz  2azyy r^ ■  -/  J- 

z  z 

Ex.    17. 
Let  Y*zz#,  where  Y  is  the  hyperbolic  Log.  ofyj 

then  its  Fluxion  is  f2'*W  zzx,    but  Y  zz  --,  there- 

lore  x  zz ■  • 

y  Ex. 


Seft.  I.        ^FLUXIONS,  tj 

E  x.     18. 

Suppofey  z  z,  then  will  xYzzZ  (where  Z,  Y 
are  the  Hyp.  Log.  of  z9  y)  5  the   Fluxion   of  this 

Equation  is  tfY+YtfizZ ;   but  Y  =  &,  and  Z:-—, 

%  .    z 

whence  i5L  j-  Y*  =  — ;   therefore  te  =:  (— ^  + 

I'M  =)  xf-1}  +  Yf*. 

Ex.    19. 

Let  jy*v  z=  2; ;  then  x^Y  =j  Z,  in  Fluxions  $c% 
+  Y  x  Fluxion  of  #v  —  £.  But  (by  Ex.  18^ 
Fluxion    of    ^  =:  vxv—Jx  +  Xx^v  ;     and    y  = 

£-,  alfo  Z  =  2. ;  therefore  —    +    Yvx^x    + 
y  z  y 

z        % 

YXx^v  zz.  —  z=  — ^  :     Whence    2  zz  a^**-^  + 

vYy**?"**  +  xvYXy^v . 


PROP.    IV. 


Let  the  Fluent  of  e  +fzA  ztzzzA, 


Fluent  of  e  +fz*  zt+"z  =  B. 
Fluent  of  e  -i-fz^'zPz  —  P. 
Then   I  fay, 

I.  J+i  .  P  +  m+i  x  nfB  zzz*+1  e  +fz* 

II.  F  zz  eA+fB. 


Tie    Doctrine 

Demonstration. 


,-ft 


Fori.  p+i.P+m+i  .nfB=.p+i.ztz.e+fzA 

+  m+i  .  nfzt+nz .  e+fz^ 
whofe  Fluent,'  by  Cor.  2.   Prop.  I.  is 

f+i x  P+m+i  X  ftfB  =  zt+* e  +fznir    \ 

II.    c  +fzA      z*z  =  e+fznx  e  +fz*  z?z  =r 

ezfz  X  e+fz*  +fz?+nz  x  T+/z^m.     That  is 

P=*A-t-/B,  and  theFluent  isP=*A+/B. 
Q.  E.  D. 

Cor.  1.  Hence  if  any  one  of  the  Fluents  A,  B,  P, 
be  given,  the  other  two  will  be  found.     Therefore, 

z*+*.e+fz*m    '  —  p+1  x  eA 

COR.  2.   B  = 1        f . 

p  +  1  +mn  +  nxf 


■nw-H 


zP+'t+fz*        —p+i+mn+n.fB 

Cor.  3.  A  = - * — 

P+ixe 

--f"T 

^  -r>        »+*  XneA  +  zt+te+fz* 

Cor.  4.  P  =s — : ; — *  • 

p  4-  1  -h  mn  +  n 

p+1+mn+n .  P— 2^+V-h/z^W" 

Cor.  5.  A= ^— - 

*»+i  x»* 


PROP.     V. 

Let  e  +fz»  +gz™  +  bzi*  &c.  =V  .  /  =  Afcafcr  */ 
Terms  in  V. 
^  /£*  Fluent  of  VmzPz  zz  A. 

Fluent  of  Vmz*+»z  ±  B. 

Fluent  of  Vmz?+*»z  —  C 

Fluent  of  VmzP+i*z  =D,  {ft.  continued 
to  t  Quantities. 
And  Fluent  of  Vm+lz*z  s  P.    J*wi  w/7/, 
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l.p+ 1  .  ^A  +  p+i+mn+n.fB  + 


+,  &*V.  continu'd  to  /  Terms. 
II.P=ek+fB+gC+bD  +  tic.   to /Terms. 

Demonstration. 

Let^  +  izzr,  m+izzs.  And  putting  .the  firft 
Equation  into  Fluxions,  there  is  reA+r+sn  x/B 
+  r+2sn  X  gC+r+yn  X  *b  &V.  =  rz?zVm+1  + 
szP+*VmV  .  that  is  (reftoring  the  Values  of  V,  V, 
A,  B,  &?c.  and  dividing  by  z?Vmi)  r^+r+J^x/z"  + 
r+2j«.^z2W+r-f-3^.^2:3"&c.  zzr.e+fzn+gzzn+hzin 
&c.  +  szxnfz"— l  +  2ngz2n—  1  +  ^nhz^n— '  &c.  where 
both  Sides  of  the  Equation  being  manifeftly  equal, 
'tis  evident  the  Quantities  from  whence  they  were 
derived,  that  is,  the  Fluents  in  Equation  the  lit, 
muft  alfo  be  equal.  After  the  fame  Manner  is  the 
fecond  Equation  very  eafily  demonftrated.     Q.  E.  D. 

Cor.  Hence  if  t — 1  of  the  Fluents  P,  A,  B,  C, 
6fr.  be  given  •,  the  reft  will  be  found. 


PROP.     VI. 

Put  e  +fzn  =  V,    k  +  hn  =  Y,  and 

the  Fluent  of  ztzVmY?  —  A. 
Fluent  of  z^,-rnzVmY<i  —  B. 
Fluent  of  2^+  *nzVmY?  zz  C. 
Alfo  Fluent  of  **iV"?H«Y*  =  P. 
Fluent  of  zt+KzVm+lY*  zz  Q^ 

Then  it  will  be 


h  p+i 
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I.  p+i  X  ekA  ^ 

+p+i+mn+nxfk)B       (^+iv*+'Y'+*. 
+P+'-+qn+n  Xel  j  f 

+  p+i+mn+qn  +  w  .JIC) 

II.  P  z=  eA  +/B. 

III.  Qj=  *B  +/C. 

Demonstration. 

Let   p  +  i  z:  r,    w  +■  i  ==  J,    j  +  i  zz  / ;    and 

putting  the  firft  Equation  into  Fluxions,  we  have 


r-|-J7zx/£ 


r^A  — —      ,     t   B  +  r  +  sn  +  tn  X  flC  = 

+   r+tnxd    3 

rz^V»+1Y^+1+j2^+»Y^+1VwV+/2^+1V«+IY?Y. 
Then  refloring  the  Values  of  A,  B,  C,  V,  Y,  and 
dividing  by  z*VmY?9   and    then  expunging  V,  Y ; 

we  have  rek        J     ?zn  +  r-\-sn-\-tn  xflz2* 

+  r  +  tn  x  el  J 

zrx  e+fzn  X  k-\-lzn  +  snfz"  xk+lzn  +  tnlz*  X 
e+fz*$  an  Equation  whofe  two  Sides  (when  reduced) 
being  manifeftly  the  fame,  argues  the  Equation  from 
whence  it  was  deduced  to  be  a  true  Equation.  And 
the  fame  may  be  eafily  (hown  of  the  other  two  Equa- 
tions.    CK  E.  D. 

Cor.  Hence  if  any  2  of  the  Fluents  A,  B,  C,  P,  Q 
be  given  -,  the  reft  may  be  found. 


PROP.     VII. 

Let  e  +fz*  +gzzn  +  hzin  &c.   z:  V. 

k  +lzn  +rZ™  +SZV>  &C.    z=  Y. 

/  z=  Number  of  Terms  inY,  r  —  Number  of  Terms 
in  Y. 

And 
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And  the  Fluent  of  ztzVmY?  zz  A. 

Fluent  of  z^+nzVmY^  zz  B. 
Fluent  of  zP+*»  zVmYi  zz  C. 
Fluent  of  zf>-\-rzVmY*  zz  D.  &c.   continued 
to  t  -\-  t  —  i  Quantities. 

Alfo  Fluent  of  z^zYmJt^Y^  zz  P. 
Fluent  of  zP+''zVm+IYi  zz  Q. 
Fluent  of  zf>+*"zVm+lY?  zz  R.  &c.  con- 
tinu'd  to  T  Quantities. 

Then  I  fay, 


l.p+i  X  ekA 


+  p  +  1  +  qn  4-  n  X  el 
+  p  +  1  +mn  -\-nx  fk 


h 


-\-p+i+2qn-t-2nxer      J    +p^-i+^qn+^nxes 
-\-p-\-i+mn+qn  +  2n  .jlrC+p-\-i+nw+2qn+3n  .fr 
+p+\-\-2tnn-\-2n  xgk  J    -\~p+i+2mn+qn+o)n.gl 

+p+i+3?nn  +  2n  x  bk 
+    &c.    (continued    to    /   +  t, —  1    Terms)     zz 

II.  P  zz  eA  +/B  +  gC+bD  6?*.  to  /  Terms. 

III.  Qjz:  eB  +/C  +  £D  +  £E  6fr. 

IV.  R  zz  *C  +  /D  +^E  +  AF  fcfV. 

V.  S=*D+/E+£F+£G  &V. 

&V.  continued  to  r  Equations. 

This  is  demonftrated  like  the  foregoing. 

Cor.  Hence  if  /  +  r  —  2  of  the  Fluents,  P,  Q,  R, 
A,  Bj  C,  £jV.  are  given,  the  reft  will  be  found. 


>D 


D  2  PROP. 
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PROP.     VIII. 

LttY -e  4-/2'  .     Y  =  k  +  fe"  .     Xzu  +  ^' 

ifa<^/  */  zf+^.V-YrX'zzB. 

^  ifafltf  of  z'zY   -:Y:X  =P. 

Ami  gfs^-H  sV  -YXzR, 

Then  ic  will  be 

+    />+!    t   ■*  +  »    > 


I.^+i  X«bA    +  ^  +  l  +  p  —  >B 


p  +  1  4-  r*  4- 


+^4-i+w»4-?»4-2«-/>*  I 

4-^4-1  +«s+ni+2*./b    C  +  p-hi-Hwr-Hwr-H"*- 

r      1  - 

4-/>4-i4-^»  +rn~\~in.elt) 

II.  P=*A+/B. 

III.  q  =  ^B  4-/C. 

IV.  R-£+/D. 

The  Truth  of  this  is  (hewn  as  the  reft. 
Cor  .  Hence  if  (any)  three  of  the  Fluents  A,  B,  C , 
D,  P,  Q,  R  be  given,  ail  the  reft  will  be  found. 

S  c  h  o  l  1  1 

In  the  five  laft  Propofitions  it  mutt  be  obferved,  chat 

any  of  the  Fluents  A,  B,  C  -,  P,  Q,  R,  izi .   vanifhes 

out  of  the  Equation  when  its  Coefficient  is  o  :    And 

t  in  iuch  a  Cafe  that  Fluent  cannot  be  found 

iv  of  the 

If 
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If  any  one  fliould  afk  how  thefe  Propofitions  are 
found  out  •,  the  Anfwer  is,  by  the  common  Analyfis. 
For  taking  any  Equation  in  thefe  Propofitions,  or 
affuming  any  Equation  among  the  Fluents  A,  B,  C, 
P,  Q^  R,  at  Pleafure,  and  affecting  them  with  un- 
known Coefficients  •,  then  putting  that  Equation  into 
Fluxions  (fubftituting  the  Values  of  A,  B,  P,  tfr.) 
and  then  comparing  the  homologous  Terms,  thefe 
Coefficients  will  eafily  be  determin'd,  if  the  Thing 
is  poffible.  And  thus  you  may  find  out  other  Pro- 
pofitions of  this  Kind. 


PROP.     IX. 

To  transform  a  given  Fluxion  into  another  more 
Jimple  one. 

Rule. 

1.  For  any  compound  Quantity  in  the  given 
Fluxion  put  a  new  Letter  or  variable  Quantity,  by 
Help  of  which  expunge  the  other  variable  Quantity 
and  its  Fluxion  out  of  the  given  fluxionary  Quantity; 
fo  will  you  have  a  new  Fluxion  inftead  of  the  former. 
If  this  be  not  fimple  enough,  affume  another  variable 
Quantity  inftead  of  any  compound  Quantity  con- 
tain'd  in  this  laft,  and  expunge  the  former  affum'd 
Quantity  and  its  Fluxion.  Proceed  thus  till  the 
transform'd  Fluxion  be  as  fimple  as  poffible. 

2.  Sometimes  a  compound  Fluxion  may  be  dif- 
folved  into  feveral  other  fimpler  ones,  thus  ;  affume 
two  or  more  fuch  fluxionary  Quantities,  as  you  con- 
ceive will,  when  duly  reduc'd,  make  up  the  given 
Fluxion,  and  let  them  be  affected  with  indetermin'd 
Coefficients  j  then  reducing  them  to  the  Form  of  the 
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given  Fluxion,   thefe  Coefficients  will  be  eafily  de- 
termin'd  by  comparing  the  homologous  Terms. 

3.  Or  in  "any  fluxionary  Equation  of  x  and  y9 
fubfticute  fome  compound  Quantity  for  one  of  them, 
fuch  as  zx9  or  z"x9  for  y  ;  or  Xy/zz — 1  forjy,  or 
zx  for  j/,  or  any  fuch  like,  that  by  Subftitution  will 
make  it  Ampler.  For  the  whole  Defign  of  transform- 
ing any  Quantity  into  another  is  in  order  to  make  it 
more  fimple,  that  the  Fluent  may  be  the  eafier  found. 

E  x.    1. 


Let  e  -\-fzn    xg+hz^  zrn—Jz  be  propofed.     Af- 


v — e        ,  v — e 

fume  vzz  e+fz»,   then  zn  zz  — j— ,  and  zrn  zz  ->—  > 


and  *~ft  =  V~'     *,  tndj +fa-  =  **-*+*>. 

zz  -^—7 — ,   putting  p—fg  —  eh.      Therefore   the 


given  Fluxion  e+fz"^    Xg+hzn*  zrn—lz 


, r — I 

v — e* 


njr-ts 


X  p  +  hv  vmv  . 

E  x.  2, 


Z™—iz 


There  is  given    ■    ,      .        /          =^t;  ;  aflume  i> 
zz  £  4-  &%  then  z"  zz  ^  ,    ,  and   zrtt  zz  -^— » 


^=F~ 


zv*—lz  zz  . 1;  j  put  />  —s/ff—wg*  and  then 

1 1       _    ^j_ 

<+fz"  +g*"  '  f—p  f+p 

P--jr+gr     P--~+Sz" 

as 
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as  will  be  evident  by  reducing  the  two  Terms  to  a 
common  Denominator.     Therefore,    putting   a  — 

/ — P                          f+P 
— -  l—gky  and£—' / — gk9   the  given  Fluxion 

2.  JL 


r — I 


■  Z      v-—k-      v~1v        v  —  Jr      ?v—Jv 

becomes  —  x ' 

P        nlr-1  xa+gv         tiplr—1  xb+gv 

Ex.   3. 


T       e  +fzn    z^-'z         •  ,       •  -n 

^et  —  „     —  =  F  be  given.     Put  vzzg+ 

g+hz™ 

v— -p*  fv—p 

bz\     Then  2"  =  — ^,  and  *+/**  ==       ,   -    (put- 

^ — o\  x"~x  ^ 
ing^=^  — ^*)  and  s**-1*  = ^ ;  whence 

•7— — —  m      x — 1  • ^-1 

fv p    XV — g        v—m—rv  I — gv—1] 


y_^r-I»    ^x— r— 1£# 

Again,     let    / — pv1  zzy  9     then   v*-*—^    5- 

f~V         y        ,                       £7 —  ^ 
7^; — S  and  1— ^i;-1  =  — 5 


whence  F 


gy  —  e&     l       vr— x— 1     . 

nhm^pr~  X/— ?         .?> 

Otherwife. 


X— I 


Since £q^ xf—pv-1"  «*"*-**  is  (by 

firft  multiplying  and  then  dividing,   by  1 — £?;— *)   n 


iX 


■ \  Ai  \t 

*—?V — x| m  •  F.I ?V — * 

^m-f*      Ay     j?u        u       ,  u  -r  ^«-fx 


X  f—pv-1   vKmmfmmav%  therefore  expunging  v  and  it 

becomes 
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becomes  F  -  ^~~^~  x^^-'rv+ifiE^l! 
Decomes  r  _  nhm^pr  xj    J        yy^r     nhm+*fr 

r—\  e-\-fzn 

xf— r    f'h  and  y^-f-pv-1  =  g+hz«b' 

Ex.   4. 


Suppofe  £  -\-fzn  +  gz2n  z^—^zz  F,    put   £+/zs 
+gg&£&9  pzzlff—eg,   then  z«  =  ~V+V^+^ 


£ 


■ >,  r —  I 

and  zrn~*%  = ■    vr     6  X 4= 


£r  iru/p  +  gv 


therefore  Fzz-^^^1        x     ^     .     If 
this  be  not  thought  fimple  enough,  fuppofe, 

Again  x=:^/p+gv9  then  ?= ,  and  ^-f1  — 

o 


W-f-I 


xx1 — />'  .        ## — p 

gm..ri    '>  and  ^  =  ~^+—  X  2**  ;  therefore  Fir 


■Ti 


x  —  kf 


r — I 


XX1— p\  x.    Here  xzzy/p+gvzz  if '+gz\ 


Ex 


Aw — I  «v 


To  transform  the  Fluxion  — ,  ,.  ,  , — — ,  aflume 

e+fz-\-gz2n  9 

ge  +'gfzT+  ggzzn   :  '  B;  +  gz»  ,  +     D  +^z«     ~ 
(by   reducing  to  a  commmon   Denominator) 
+  AD         ^  4- A^„4 

—[7- —  j  then  comparing  the 


BD  Jj«  * 


homologous 
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homologous  Terms,  A^+Cg—o,  AD+BC=£,  BD 
zzge,  Bg+Dgzzfg-9  whence  is  had  C= — A,D+B 

=/,  D— Bz=y// —  qeg  zip;  and  thence  A  zz -^ , 

P 

B  =  ^,  Czz  ■=£  \  D  =  ^- .    And  therefore, 
2  P  2 


Otherwife  thus. 

f  -  V 

2£ 


Put    zB  =r  y — , 


X— I 


—I      .     Whence  the  fluxional  Quannty  pro- 

2g  ^ 

X— I 


ixsa 


pofed  becomes  — _ — 5£ ,  which  will  be 

e  —  JL-+gyy 

in  rational  Terms  when  x  is  an  Integer. 


Ex.  6. 


*\n — I 


^^T+frT+g^  be  given'  where  x  Is  haIf  of 

an  odd  Number,  and  \eg  greater  than  ff. 

gzxn—lz  AzXn-|«—  *z 

Affume  7g+fgzn+ggz™   =:   C --Dzi"+p"    "~ 
BzXfl — 4" — lz 

t + d^ + g*  =  (b?  Reduaion> 

+  ACz^-i—'z  +  ADzM-  z  +  kg  M+ .„_,  • 
—  BC  +BD  —Bgz      *      z 


ccl  £&*+«* 


Now  comparing  the  homologous  Terms,   we  have 
AC  —  BC=o=Af  —  Br,    AD+BD=f,    CC=eg, 

E  2Cg 
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2Q-  —  DDzzfg.     From  whence  we  have  C  —\/7[t 

D    =   \A*V*  ~fg,  A=^-  =  B.        Whence 

zXn— *z  g  2*»— £«—  *z  g 

e+fzn+gz™  —  2D  X  ^/-—Dz^+gz"       2D   * 

2j\« — J» — 1<^ 

srg+vzi*+gz»  :  both  which  Terms  may bc 

transformed  into  others  ftill  more  fimple,  after  the 
Manner  of  the  fourth  Example. 


Aw-i-l 


Ex.  7, 


z 


Let  "- — -,— —  =-  be  propofed,    where 

A  is  half  an  odd  Number,  and  4eg  greater  than  ff% 

Affume  for  it        e  +fz„  +  ^„ +"^+/g.    , 

or    for    Brevity   Sake     (  dividing    by    zXB— *—  Jz  ) 
2* _       A+Bz*  D 

^^Wri^" ~~  e+fzn+gz™   +    k+lzn   — 
+A/z* 
+A£+B&     +Blz™ 

(by  Reduction)  - — -—  ■  -   r     ,    — •  *  and  compar- 
v  J  '  k-\-!znxe+fzn+gzn  r 

ing  the  homologous  Terms,  Ak+Dezzo,  A/+B£-f- 

D/:=:i,B/+D£:zo,whence  (putting tzzell—fkl+gkk) 

we  have  D  =  ^-,  A^-jy  B=  ^— .    Whence 
t  1  t 

k+lz7-".e+fzn+gzln  ~~       /  x  *  +/zn  +  g&* 

lkzKn"~n~~~1  z 

,    and    the   firft    Part   may  be    tranf- 

txk+lz* 

Formed  again  into  others  ijjore  fimple  by  the  fixth 
Example. 

I  (hall  here  add  fome  more  Examples,  to  illuftrate 
the  Method  of  proceeding, 

Ex. 
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Ex.  8. 

To  transform  the  Fluxion  -— — — — ; — j+ — -  * 

p+qzn-\-zzn:xr+szn+zzn* 

1 _       A+Bz" 

aflumC  p+qZn+zzn:Xr+szn  +  zzn     ~      p  +  qZ"+Zzn 

C  +  Dzn 

+  r  +  sz»  +  zzn%    Then  multiplying  crofs  ways  as 

before,  we  gee      Ar+Aszn  +Azzn 

+Br      +Bs     +  Bz3»  p 

+  cp+cq    +c  y  -1. 

+Dp     +Dq    +D     ^ 

Hence  wefhall  get  Ar+Cpzzi.     As+Br+Cq+Dp 

=0,  A+Bj+C+D^zzo,   and  B+Dzzo.     Hence 

may  be  had  the  Values  of  A,  B,  C,  D  ;    and  then 

.  Az*n~Jz  +  Bz^+n-tz 

the  Fluxion   becomes ; ; — + 

p  +  qz"  +  zzn 

Cz*n—lz  +  Dz*n  -\-*—iz 
r  +  szn  +  zzn  • 

Ex.   9. 

To  transform  the  Fluxion  - .     Put  it  ± 

cfi  +  y* 

A  +  B  y     .  cy  .  .  ,  ,  .        , 

.y  -j -L —  ;  then  multiplying  alter- 


aa  —  ay+yy  a  +y 

nately,  and  equating  the  homologous  Terms ;  there 

2  — -1  1 

is  found  Az  — ,  B  zz ,  Czz .     Whence 

30  %aa  %aa 

y  1  2#-— y     .  1  y 

al  +jyJ         zaa    '  aa — ay+yy       2aa     a^y' 

The  firftTerm  may  be  further  transformed  thus; 
put  y  zz  z  +  ±a>    and    there    comes    out  X 

2;  •,  therefore  — - zz x * 


\aa  4-  zz  &  +y*        %aa      %aa+zz 

1  y 

+ X 


%aa       a  +y  *  E  2  Ex. 
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E  x.     10. 

dzmZ 

To  transform  the  Fluxion  — ; -rrr  ;  nu  n  bc- 

ing  Integers.     Suppofe  az™+ »  zz  x2"-*-1  ,     and    the 

d  xmx 

Fluxion  becomes  — ~~r-  X   l  .  ^.4.,  •    To  tranf- 


a*u+l 


r  xmx 

form 


,    „  ,  -,  put  1  +^"+I  =  1  +  *  x :  1  ~ #  + 

xx  —  x*+x* —  ...+x2n.  and  1 — x+x1 — #*...+ 

a*2"  zz  i+^-j-^xi  +  ^  +  nxi  +  ^  +  ^j  &c. 
The  latter  Side  of  the  Equation  being  multiply'd, 
and  compared  with  the  homologous  Terms  of  the 
firfl  Side,  will  give  the  Coefficients^,  q,  r9  &c.  Then 

xmx  xmx 

Let -Zr^  zz  z=zt-~zzzzzzzz—zzzzzzzzz—zzzzzzz 

I  -\-Xz      1  i-j-XX  l-\-£X-\-xxX  l-^-qx-^-xx  X  I-\-rx-\-XX 

a              b+cx  d  -\-  ex 

&V.  zz  x  X  into  — -r—  +  — — — : + 


I+X    '    l+px+xx     '    l+qx+xx 
f  -4~  ?"# 
+  — 1 — ~~^ — Z  &c*     This  reduced  to  a  common 

Denominator,  and  the  homologous  Terms  of  the 
Numerators  compared,  will  determine  the  Quanti- 
ties a,  b9  c,  d,  &c. 

And  the  fame  Way  the  Fluxion  of —     is 


transformed,  by  putting  1 — ^2Wz=  1  -f- *  x:  1  —  x  + 
xl — x> 4- . .  —  x2"""1  zi+^Xi  +/>#  +**  Xi  +J^+ w 
i+rx+##,  &c.  and  proceeding  in  all  Refpects  as 
before  :  where  m9  n  are  Integers. 

Ex.   11. 


xmx 


To  transform  the  Fluxion -,    m%   n  being 

I Xn  "  o 

Integers.     Put    1 — x"z=7^x:  i+x +##+*'  .  ..+ 
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xn-\  and  1  +x+xz+x* . . .  +  X-~*  —  i+px+xx  x 
1  +  ^x  +  xx-  x  1  +  rx  +  xx,  6fr.  the  latter  Side  of 
the  Equation  being  multiply'd,  and  the  homologous 
Terms  of  both  Sides  compared,  there  will  be  found 
the  Coefficients  p,  q,  r,  &c.  Then 
xmx  xmx 

Let  — — ■  = ■  ■ 

1     "        1 — xxi+px+xxxi+qx+xxy  &C 
a  b  +  ex  d  -{-ex 

=  *X  into  i_x  +  1+px+xx  +  i  +  qx  +  xx 
tsc.  This  being  reduced  to  a  common  Denominator, 
and  the  homologous  Terms  of  the  Numerator  com- 
pared,  will  determine  the  Coefficients  a>  b,  c9  d>  &c. 

Ex.    12. 

xm  X 
To  transform  —^^r  >    m>  »    being  Integers. 


Put  1 — xz"-zz  i-  —  xxx'-  i+xx+x+  +  .  ...xm— 2,  and 

1  +  xx  4-  x+ x2n— 2  ~  1  +  ^>x  +  xx  x  1  +  qx  +  xx 

6?c.    which  multiply'd,    and  the  homologous  Terms 

xm  x 
compared,  give  p9  q,  r,  &c.    Then  let  — 

X         -  X 

#X: 


1  —  xx  X  1  +  px  -r  xx  x  1  +  qx  +  xx 
a  b4-cx  d-\-ex 

+   TTlL  .  -     +    .   ,  T  .     „  #'•       Which 


1 — xx  \+px-\-xx     '     i-j-^x-f-xx 

reduced  to  a  common  Denominator,  and  the  homo- 
logous Terms  of  the  Numerator  compared,  give 
<z,  b,  c,  &c. 

x^x 

And  the  Fluxion  —       4;:_^2    is    transform'd    by 

putting   1  -j-x-^-f 2  =:  1  +  xx  X  :  1 — x1  -fx+  —  x6  .  . .  + 

x*ff  —  1  +  xx  x  1  +  px  -f-  xx  X  1  +  qx  +  xx,  &c.  and 
proceeding  in  all  Rei  pedis  as  before. 

Likewife 


3» 
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Likewife   — —r^- is  transformed,  byaffum- 

ing  the  fame  Series  as  the  lad  j  that  is,  i — #4"+*-: 
7+£c X:  i — x*+x*.. .  — #4*— *z=  i+a-at  X  i +/>*+** X 
H^+^r  &c.  and  proceeding  the  fame  Way. 

Ex.    13. 

To  transform  — a- /■ ,  . rtf  9     when    »  =s  3, 

if  1 

Vg>ff\  put  -  BS  R6,     ^7  =  K  then  we  have  j 

Now  if   A  =  Arch  whofe 


~  R6±2£R*z*  +  z6 

A            360  ^ 

natural  Cofine  is  £,  — ■  rz  B,  or  120  zz  C ;  and 

s,  /,  1;  be  the  natural  Cofines  of  B,  B+C,  B+2C; 
all  taken  from  the  Tables -,  then  R£,  Rsp  R>,  R<z/ 
will  be  the  Cofines  to  the  radius  R  ;  then  will  R6± 
2bRiz*  -}-  z6  =:  RR  —  iRjs  +  ««  XRR—  2/Rz  +  zz  X 
RR  —  2Rt/z  +  »« .     Then  the  Fluxion  is  transfom'd  to 

1 

—  Xz 
i 


R2 — iRsz+zz  x  Rz — ztRz+zz  x  R1 — zvRz+zz 
Again,  let  this  be  put  zz  — — b  £t — ^ 

6         '  ^  RT— 2R/Z+ZZ  R2— 2R^+X« 

:  X  —  5  and  the  Quantities  K,   £, 


R2_2R-jzH-zz  £ 

L,  /,  &c.  will  be  found  by  bringing  all  the  Terms 
to  a  common  Denominator  and  equating  the  Coef- 
ficients of  the  homologous  Terms.  Thus  if  R  be 
madez:  1,  and  q  zz —  2R.r,  r  zz  —  iRt,fzz  —  iRvy 

there 
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qq  —  i 

there    will    come    out    K  zz  - — —  ,   k  zz 

q—rxq—f 
q  ,  rr—i  ,  r 


q—rxq—f  r—qxr—f  r—qxr—f 

M  —  -        —     r  "'»  w  =:  — — — =r.    In  which 

f—qxf—r  f—qxf—r 

R  may  be  reftored,  and  the  Terms  made  homo- 
geneous ;  and  for  that  Purpofe  dividing  the  Values 
of  K,  L,  M,  by  R+,  and  k,  /,.  m%  by  Rk 


Ex.    14: 

rn— 1- 

To  transform  the  Fluxional  Quantity  ~ ,  fl  ,  ■  ■  $ 
where  <?,  a,  »,  are  Integers,  and  ff  lefs  than  4^. 
Put  zn  =  *x,   and  then  the  Fluxion  becomes  —  X 


n 


x*—Jx 


ax  • 


*±/*x+*2 

Again,  to  transform   e+f^+x»  5  let*i»  =R,. 

/  A 

-jjrr  =  h;  A = Arch  whofc  nat.  Cofign  is  +  by  — • 

=  B,  4^  =  C;  and  S,  T,  V,  W,  &c.  the  nat. 

Cofines  of  B,  B+C,  B+2C,  B+3C,  &c.  to  a 
Terms ;  all  taken  from  the  Tables  :  Then  R£,  RS, 
RT,  &c.  will  be  the  Cofines  to  the  Radius  R,  and  then 
*±/*x+x2X  or  R2X±2£RX*X  +xz*  zz  RR^RS*  4-  x* 
X  RR^2RT*-t-**  x  RR^^Tra^T^,  &?*.  to  a  Terms, 
Therefore    the   Fluxion    now   becomes 


RR— 2RS*  +  xx  x  RR  — •  2RT*+*#x&te 

Laftly, 


3* 
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Laftly,    put   this  laft  =    ^f +£■.,,      + 
— j£_ — T  £«ff.  x  into  ff*-1*,  or  rather  X  into 


RR—zRTa- +  ATAT 

"r  ax— z"  *  t0  ma^e  tne  Quantities  homogeneous.   Or, 

for  Brevity's  Sake,    let    Rzi,  q  zz  —  2Rj,  r  zz 
—  2RT,    jzz— 2RV,  /zz  — 2RW,    &V.      Then 

a*-1*  x 


i -h^tf-h***  X  i+rx+xx  x  i+.w-Bw,  &V. 
K-f/fo1  L+/#  M+mx 


i  -h  <p  H-  ##  '  1 4-  rx  -\-xx  i  +  sx  +  ## 
&V.  Then,  by  bringing  the  Terms  to  a  common 
Denominator,  K,  £,  L,  &c.  will  be  determined, 
by  comparing  the  Coefficients  as  ufual.  And  at  laft 
R  may  be  reftor'd,  to  make  the  Terms  homogeneous, 
or  of  the  fame  Order.  When  the  Operation  is  per- 
formed  it  will  be  found  that  when  a  —  2,    Kz 


q — r  q—r  r — q1  r — q 

IfA  =  3.K==fci=,*= q- 

q — rxq — s  q — rxq — s 


r—q  x  r—s  r—q  X  r—s 

at  ss~ l  s 

M  zz^= — ==-=-,  m  zz 


s—q  X  s—r  s—q  x  s—r 

As  in    the  laft  Example. 


IfAZ 
K  — 

=  4- 

-rxq- 

-n 

-sxq- 
-ir 

—  > 
-/ 

£zz 
/zz 

ir 

— 1 

Lz 

9- 

-rxq- 
rr- 

-  1 

-r 

r- 

-qxr~- 

-sx7- 

—  > 

r- 

-qxr- 

-sx  r- 

-/ 

M  = 
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"  J3 2S  SS I 

M  — — = — ==-.  m  =  -= — — — -— --. 


s — q  X  s — r  x  s —t  s — q  x  s — r  X  * 

t* —  it  tt — i 

N  = — — :=-,  n  zz 


t—q  X  / — r  X  / — s  t—q  X  t— r  X  t—s 

If  A  =  5. 

K  __  ^—3^+1  _  , q2  —  2q 


q — rXq — S+q — tXq — V  q — rXq — sXq — tXq — <V 

r4 —  yz  +  I  r3 —  2r 

"  r^qX r^s X r^-'t X r—<v  '  "  r—q X r^TXr— 7x r—<v 

J4 3JJ  +  1 H  —   2J 

M=  ■ —    —  ~^=    =\  mzz~ 


i — qXs — rXs—tXs—<v  s — qXs— rXs— tXs— <u 

tA  —  3>/  4-  1  t3  —  zt 

~~  t^qXt—rX  t—s  X  t—v                T^qXt^rXT—sXt^v 
*v* — 3a;1  +  I  <v2 2-V 

""  *v — qX*v — rX<v — sX<v — t*        ~~~  <v — qX<v — rX<v — sX*v — t 

And  the  Law  of  the  Progreflion  is  evident  j  in  the 

Denominator  'tis  plain  :  And  the  Numerator  of  any 

Quantity  K  is  determined  by  this  Series,  qx~l  — 

x — 2  a — 3      a— 4  a — 4      a — 5      a — 6 

__f_3  +  __  x  —  j^-r-  _-x  — "  X  — 

q^-1  +  &C. 

If  any  body  would  know  the  Reafon  why  the  given 
Trinomial  Quantity  is  divided  into  as  many  fimple 
Trinomials,  as  there  are  Unites  in  >,  as  is  done  in 
this  and  the  Jail:  Example-,  they  may  fee  it  demon- 
ftrated  in  Cor.  3.  Prop.  46.  of  my  Elements  of 
Trigonometry. 

Ex.    15. 

To  transform  the  Fluxion  xx  +  ayx  -\*yy  zr  o. 
Put  yzzzx,  and  yzzzx -\-xz>  then  the  Fluxion  be- 
comes    xx-\-azxx +zlxx-\-xzzzzzo,    whence    xzz 

—  xzz  x  — zz 

-,  and  -~  zz 


zz  +  az  +  1  '  x         zz  +  az  4-  1 

F  Ex. 
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Ex.    16. 


To  transform  axy+x\/xx+yy  if  o.      Put  x  ziy 

s/zz — i,  then  x  zz  *"•'    .  -. ,       and      the 

vzz—i 

Fluxion  becomes   ayy\/zz—i  A ^—.-A== x  yz 

s/zz—i 

zzo,  then  azzyy — ayy+zyy — zyy  +yzz7z  zzo,therefore 

— yzzlz  _  — yzzz 

ayxzz — 1+2> — zxy        aXzz — i+z5 — z 


y  = 


> 


.     y                     — z2z                          ~-zzz 
and    ^-  zz , ,  —  -r—r - 

^        ^X22 — 1+2x22 — i       a+zxzz — i 

y  ZZZ 

therefore  —  + — — zz  o.     And 

y  z+axz+iXz—i 

the  laft  Term  may  be  further  transformed  by  putting 
z Air  Bz_  *Cz 

~z+a  x  z+i  X  z^i     "~  z  +  a  z+l  z~l 

and  finding  A,  B,  C,  as  in  Ex.  5. 

Ex.    17. 

Let  ay}  zz  xxy\  +  bxyz  —  ex*,  be  given  ;    put  x 

~zy,    then   ay]  —xzy>-\-bzy' — czy\    or  azzxz+bz 

cz\ — bz-\-a  a 

—  czi    whence  x  zz zz  cz%  —  b  +  —  * 

z  '     z    ? 

and   *  zz  iczz —       -  zz  zy,    whence   y  zz  2cz  — 
zz 

az 

~,  &c. 

Ex.     iS. 

To   transform  the  Fluxion  • ; 


.  '  v  axp   +  bxn 

put  ^-j-/^—*"**,  then  2" — bzzax?—",     and  Log. 
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z" — b  zz.  Log.  a  +p — n  x  Log.  x.      In  Fluxions 

P — n  .  x  x 

x,   hence   •„  zz   • 

y/axP+bxn  xz 


zn  — b  x 


n  z^—^z 


X 


p—n  *    2*  —b  ' 


Ex.    19. 


To  transform  the  Fluxion  vxx  — xxv  x  Fl. 

x 

zz  ex  ;   let  v  zzx",    and    p  zznxn—xx  ;     then    will 
#btx# —  nxn-r~1xx =  ex.   or  xv>"r*x    rz 

2#  2# 

r#,   then  comparing  the  Indexes  and  Coefficients  on 

1—  n 
both  Sides,  30+1  =0,  and  zzc,  which  gives 

n  zz. ,  and  c  zz  —  2.     Therefore  v  zz  z —  . 

3  (A 


PROP.     X. 

Ait  'Equation  being  given  containing  the  Fluxions  of 
Quantities  ;  to  find  the  Fluent  sy  either  in  Jimp  le 
Terms,  or  in  a  Series  thereof  proceeding  ad 
infinitum. 

Rules. 

When  the  Fluxions  are  not  of  the  fame  Order  in  all 
the  Terms,  fupply  the  Defect  by  the  Powers  of  fame 
given  Fluxion  fuppofed  to  be  Unity  :  Fractional  and 
Compound  Quantities  mud  be  reduced  by  Multiplica- 
tion, Divifion,  &c.  Radical  Quantities  (except  fuch 
where  the  fluxionary  Fart  is  in  a  given  Ratio  to  the 

F  2  Fluxion 
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Fluxion  of  the  Root)  mud  be  reduced  to  fimple  Terms 
by  Involution  ;  and  the  Roots  of  adfetled  Equations 
muft  be  extracled.     This  Preparation  being  made, 

I. 

1.  If  the  Equation  then  can  be  fo  order'd,  that 
every  'Term  bus  only  one  variable  Quantity  and  its 
F/«.  ion  i  multiply  feparately  each  Term  by  its  variable 
Quantity,  and  then  divide  it  by  the  Fluxion  and  its 
new  Index. 

2.  If  any  Term  be  fuch  a  Radical  Quantity  that 
the  fluxionary  Part  may  be  divided  by  the  Fluxion  of 
the  Root  (or  Part  under  the  Vinculum)  ,  and  that  by 
fuch  Divifion  the  Quotient  may  be  a  given  Quantity. 
Multiply  that  Term  by  the  faid  Rooty  and  then  divide 
by  the  Fluxion  of  the  Root  and  the  new  Index,  for 
the  Fluent  of  that  radical  Quantity. 

3.  If  any  Term  be  divided  by  the  firft  Power  of  the 
variable  Quantity  ;  then  the  Fluent  of  that  Term 
mud  be  found  by  itfelf  thus  ;  multiply  the  givenCoef- 
ficient  and  the  Number  2.302585  into  the  Logarithm 
of  that  variable  Quantity,  for  the  Fluent  of  that  Term. 
Or  thus  by  Series,  fubftitute  for  this^variable  Quantity 
the  Sum  or  Difference  of  fome  given  Quantity  and 
another  variable  Quantity,  and  its  Fluxion  for  the 
Fluxion  ;  then  this  new  Term  being  actually  divided, 
the  Fluent  will  be  found  as  in  the  firft  Article. 

4.  If  in  one  Side  of  an  Equation  there  be  two 
Terms  containing  two  variable  Quantities,  each  mul- 
tiply'd  into  the  Fluxion  of  the  other  •,  then  by  Art.  1. 
find  the  Fluent  of  either  Term,  fuppofing  only  one 
Quantity  variable,  and  this  will  be  the  Fluent  of  both 
thefe  Terms.  And  if  there  be  three  TVr/TW'Containing 
three  variable  Quantities,  where  the  Fluxion  of  each 
is  multiply'd  into  the  Product  of  the  other  two  •,  then 
find  the  Fluent  of  any  one  of  thefe  Terms  (by  Art.  1.) 
confidering  the  other  Quantities  as  given  ;  and  this 
will  be  the  Fluent  of  all  three. 

5.  Laftly, 
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5.  Laftly,  all  the  Terms  being  collected  on  the  cor- 
refponding  Sides  of  the  Equation,  will  give  an  Equa- 
tion containing  the  Relation  of  the  variable  Quantities, 

Example     i. 
Let y  zz.dk  — x ,  then  the  Fluent  y  zzdx~—x. 

Ex.   2. 

ay* 
Let   x  zzayy,  the  Fluent  is  x  zz . 

Ex.    3. 

Let  j/  zz  — : ,  or  y  zz  aa  — xx\       x— 

Vaa  — xx 

xx ,  multiply  by  the  Root  aa —  xx>  and   there  is 


*z# 


xx\~"x —  xx  \  divide  this  by  — 2xxx{,  and 


there  arifes  aa  —  xx\x  or  */aa — xx  zzy. 

Ex.  4. 

Suppofe  j/  =  — ,  then  ^=12.3025850  x  Log.  x. 

Or  thus,  let   b+zzzx9    and  zzzx9    then  will  j/zz 
#z  az  azz  azzz  az*z 

i+z  -  T  —  "^"  +  ~F~ F~  +  &c- 

.    ,     _.  ^z  02;*  az*  az* 

and  the  Fluent  y  =  -,-  _  -^   +  — --  „  — - 

fcf*. 

Ex.  5. 

Let  2;  zz  2 ay* xx  -+-  %axyy9    where  there  are  the 

Quantities  jy;  and  <2*%  and  one  multiply'd  into  the 
other's  Fluxion  ;  the  Fluent  of  2ay>xx  (fuppofing  y 
invariable)  is  ay>xl,  therefore  z  zz  ay^x1. 


v  zz  axmXy    then  v  zz 


Ex.    6. 
axm+l 


m+i     ■  Ex. 
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E  x.    7. 

Suppofe   y  zz  ax  +  xx  x/iax+xx,     then    y  = 


ax  +  xxx  tax  +  xx\  x  2^x  +  xx 


1X24X  +  2XX  3 

Ex.   8. 

x  xy 

Leti>zz f-9    that    is   v  zzy^x  —  xy-y, 

and  the  Fluent  v  zz  xy—J  zz  —  . 

J 

Ex.   9. 

Let  *  zz  j2##  +  ixzyy  +  3^izii;  5    then  v  zz 

Ex.     10. 

•         •  » 

Suppofe  y  zz  — — —  +    — r-—  xix  +  x\x  5 

.      r  X*  XZ  £V 

y  X 

multiply  the  firft  Side  by  -4-,  and  the  laft  by  — —  ; 
and  there  will  be  y  zz  —  ——4.  ax*  —  x*  +  xi  ; 

XX  X 

then  divide  by  the  Index  of  the  Power  in  each  Term, 
and  the  Fluent  will  be  y  zz +  —   +  iax*  — 

1  _s  2XX  x 

Ex.    11. 

Let  the  given  Equation  be  x  zz  —7^-   H : — — , 


2^       — 1.  ,       3 


+  J/  v/^  +  V*  that  is  x  zz  — ^-  X.y     2y  +  a 
Xyzy  +yyvb  +  c;  the  Fluent  is  x  zz  — TT^T"* 
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Ex.    12. 


3? 


Letjp  ==  x~~*x '—  x^x  +  —  J  the  Fluent  will  be^ 

zr  2#y  — !#!  +  2.302585  Log.*.     Or  thus,  put  ^  _ 

.     .       x  —  z  z      zz 

zzzx,  and  —  zzzx*  then  —  zz  2=  —  — 

x  a—z  a      aa 

zzz  .         _s  .        ,.      z       zz 

—  — 7-  — csV.  whence y  zz  x    *x  —  x~*x—  —  —— 

—  -— —  err.   and  then  y  zz  2x*—%xz  —  — • 

z* 

—  — T-£ft. 

3^ 

Ex.   13. 

Let  the  Equation  be  j/  fid  a  +  |3z»l   2ff£  ;  involve 
that    radical    Quantity,     and   then  y  zz  ol^z^z  + 
u— 1 

whence  the  Fluent  is  y  == : J-- — -^-— 

r        «■  + 1         jj  +  tt+i 

***— *    a,  +  >  +  i     +  "**• 

Ex.    14. 

Suppofe yzzQez9—  Ji;+0/2;9-H— xi;  into  *  +/2"lf*"~  , 
+  ^/ 
that  isyzz^z6-1zXeTJ^^^^rfzQ'^,''lz  xT+fz^^^ 

Here  are  the  two  Quantities  ze  and  e  +Jz^  each  mul- 
tiply'd  into  the  other's  Fluxion  j  therefore  y  zz  zB  x 


Ex. 


4o 
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Ex.   15. 

Let  y  zz  Qez9~Jz  +  0/zfl+fl-Ii  +  G^z*-*-2*-1*;  into 

r+/#»  +  £Z2flf    *  ,  that  isj>  5=  Qzh-Jzx  e+fz^+gz2^ 

+  iu//)Z9+,J-I2;  +  2iu>^2;9+2,I~Ii;  x  '+/Z*1  +£22n| 

Here  are  two  Quantities  ze  and  e +fzn +gz2*\    each 
multiply'd  into  the  Fluxion  of  the  other,  therefore 

At 

yzzzd  x<?  +/zn  +  £z2"^  ,  the  Fluent. 
Ex.  16. 

'  Suppofe  y  zz  QegzQ-xz  +  -0+^  X^29+"~I2;  + 

+  0  + ni  X  ^ 


I" — I  ^r— I 


0+P?-r-™x/^z9+2,'"~1£  into  *+/z^         X£+&s^      , 

that  isj/  =  9zfi—  Jzxe  +fz^  xg+bznA  +  urfzd+»—lz 

Xg+bz*\.e+fzv      +  rnhzB+r>— Jz .  £+/zn    .g-M?2^ 

Now  here  are  the  3  Quantities  zd,  e+fz"  and  ^-f-^z"  , 
and  the  Fluxion  of  each  is  multiply'd  into  the  Pro- 
duel  of  the  reft  -,    therefore  the  Fluent  is  y  zz  z°  x 

,f*  J Kr 

e+fz1*    Xg+bz»y. 

Ex.   17. 

Let  this  Eqution  be  given y1  zz  xy  +  xzxl ;  by  ex- 
trading  the  Root,  yzz\x  +X\/^+xx  zz  (by  Involu- 
tion) f#L+ix '-h*Vf  —  ^+x  +  2^6x,  &c.  or^zz^ 
—  »#  —  a*1*  +  a14*  —  z*5;?,  &c.  Whence  y  zz  x  + 
#*  *s  2^7  _#?  #* 

■j +  — -—   &c.   or  y  zz  — —   + ■ 

3  5  7  J         3  5 

&c. 

Ex. 
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Ex.     18. 

Suppofe yl  +axxzy  +azxzy—x* #  *— 2^  # 3  z=o.   Ex- 

XX       xzx 
trading  theRoot  of  this  Equation,  j/zztftf 7~+6L& 

1 2  ix^x 
H -,  &c.  then  the  Fluent  will  be  y  =  ax  — 

^1  *%  l3*** 

J  +  k^  +    20480*    +   > 

Ex.   19. 

Suppofe  this  Equation  & — czz-*~ 2xzz — czz  +  2x? 
+c*zzo.  Putxzzi,  by  which  multiply  the  deficient 
Terms,  and  then  you  have  z*  —  ezzx  —  2Xzxzz  — 
czxlz-\-2x*x*-t-c*xi—  o.  And  extracting  the  Root, 
which    will    be   threefold,     then    z  ~z  ex  +  xx  ±-* 

xxx  x^x        ■       •  .        .  .         %xzx 

+  ,    (jfc.    Or  zzzex —  xx  + 4- 

4c    ^    sice*  ¥ 

J5X^  CO  ^N         1     ill  •  ■  ***  *^ 

— ,  csre.  Or,  laitly,  2;  =  —  ex — • 

Q,2CC     *  n  2C  2CC 

X^X 

-4- — r^«     Whence  the  Fluent  will  either  be  z  zzex    > 

#*  x*       CJ5 

4- -'tf* — +  - — ^— ,  C5V.     or  zziftf  —  i#2  -f- 

^  *  I2C  128^'  *         l 

—  -4 — 0— ,  &£•   or   zzz  —  ex > 5 —  + 

4c    '    I2  8rr  oe  Sec     l 


x 


Ex.   20. 

a*y%               .                 .          aaxx  . 
Let  — \cfiyz  +  \aayyz  ^ yz  zz  4axy* 

+ 4xzyyl ;    tranfpofe    4#*,2j/i — 4#2jj/1  and 

then  multiply  by  y,   and  you   have  a^yz —  /\.a^yyz  + 
4azyzyz  +  aaxzyz  —  4tf#1jj)/2  +  ^zxzyz  zz  tf2*2  j  divide 

G  by 
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by  aa+xx,    and  there  ariies  aayz —  4.ayyz+4yzyz  zz 

xzxz 
-r — ,     extract    the    Root,     and     ay  —  zyy  zz, 

y    whence   the  Fluent   is   ay  < —  yy  zz  db 


aa 


y/aa  +  ## 

\/aa  +  xx. 

Ex.     21. 

Let  zy  +  zy  zz  ax  y  then  its  Fluent  is  zy  zz  ax* 

Ex.     22. 

Suppofe  ayxz —  byxzzzbxxy+bx>,  or  ayx1 — byxz 
. — bxxy  zz  bx*,  fuppofing  x  invariable  >  then  its 
Fluent  will  be  ayxz  — bxxy  zz  txxz. 

Ex.  23. 

Let  the  Equation  be  azzz+aazy — abzx  zz  bcz* 

azzz 

—  abcx  •,  then  the  Fluent  is  — +   aayz  —  abxz 

—  bczz  —  abcx  j   fuppofing  z  invariable. 


II. 

If  the  Quantities  cannot  be  fo  feparated  but  one 
or  both  of  the  Fluxions  contained  in  the  Equation 
will  be  affected  with  both  the  variable  Quantities ; 
then  reduce  the  Equation  lb  that  one  of  the  Fluxions 
alone,  (or  at  molt,  only  affected  with  its  own  flow- 
ing Quantity)  may  poffefs  one  Side  of  the  Equation, 
and  the  other  Fluxion  affeded  with  both  the  variable 
Quantities  be  on  the  other  Side,  in  fimple  Terms. 
Then 

i.  Range  all  the  Quantities  that  are  on  the  fecond 
Side  of  the  Equation  fo,  that  all  the  fluxionai  Quan- 
tities affected  only  with  its  own  Fluent^  may  itand 
horizontally  at  lop,  proceeding  regularly  according 
to  the  Indices  either  incrcafmg  or  decreafing,  ac- 
cording 
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cording  as  the  Fluent  is  to  be  had  in  an  afcending  or 
deicending  Serie>  ;  and  all  the  Terms  affected  with 
the  other  flowing  Quantity  may  (land  perpendicularly 
on  the  left  Hand  according  to  their  Indices. 

2.  Begin  at  the  left  Hand,  and  find  the  Fluent  of 
the  firft  Term  of  the  horizontal  Row,  for  the  firft 
Term  of  the  Fluent ;  then  fubftitute  this  inftead  of 
the  other  variable  Quantity  in  all  the  Terms  of  the 
perpendicular  Row,  writing  their  new  Values  over- 
againft  them  under  their  proper  Indices  in  the  hori- 
zontal Row,  then  proceed  to  find  the  fecond,  third, 
&c.  Term  of  the  Fluent ;  by  fumming  up  -all  the 
fluxionary  Quantities  of  the  fame  Index  into  oneTerm, 
and  then  finding  its  Fluent ;  all  which  Terms  of  the 
Fluent  are  to  be  gradually  fubftituted  for  the  Powers 
of  the  other  Quantity  as  you  go  along. 

3.  And  this  Operation  may  be  performed  various 
Ways,  by  affuming  any  given  Quantity  for  the  firft 
Term,  or  perhaps  for  fome  other  Term  of  the  Fluent, 
and  oftentimes  it  will  be  necejfary  to  do  fo.  If  any 
of  the  Terms  be  divided  by  the  firft  Power  of  its 
flowing  Quantity,  it  will  fometimes  be  neceffary  to 
fubftitute  for  this  Quantity,  the  Sum  or  Difference 
of  a  given  Quantity  and  another  variable  Quantity  ; 
and  then  reduce  the  Terms  to  the  prefcribed  Fcrm. 
And  this  is  the  Newtonian  Rule  for  finding  the  Fluent. 


Ex.    24. 

+  xy  —  ax> 

MX*X+X*X 


aylx+xy^x 
Let  ay  +  xy  —  ax  —  xx  zz  yx  ^ ; 


,  to  find  y.     Divide  by  a-±x  and  reduce 

.     ^        .         ...        yx           y:x  xzx 

the  Equation,  then  y  ~x  + — ; —  •+•  — : — — 

n                       J            '   a-\-x     ■       a">  a2- 

xzx          y%x          yx          yxx  yxzx 

aa             at              a              aa  a* 

£JV.     Then  the  Work  will  be  as  follow^ 

G2  * 


44 


The    Doctrine 


x 


xzx 
aa 


+ 


yx 

a 
yxx 

aa 
yx*x 

a"> 
&c. 


+ 


xx 

a 


+ 


xzx 


zaa  2a*  ' 


xzx 
aa 


la*  * 


+ 


+ 


x*x 
a* 

x*x 


& 


X  + 

X  + 


XX 

a 

X* 

la 


x^x 


%x%x 

laa  a* 


*i 


laa 


+ 


x* 
4a* 


&V. 


&5V. —Fluent. 


a 


In  this  Example  I  write  x 

yxx 


xzx 


aa 


horizontally,  and 


yx*x    PJ 


t>a; 


perpendicu- 

larly;  then  I  bring  down  x  into  the  Value  of  j/,  and  get 

its  Fluent  *,  and  put  it  into  the  Value  of  jy.     Then  I 

ftubftitute  x  for  y  in  each  Term  of  the  perpendicular 

xx  xzx 

Row,  placing  their  refpective  Values 


a 


aa 


X'yX  X*  X 

+  —  —  ,   and  4-  — —  againft  each,  under  the  pro- 
per Powers  of  x. 

Then  I  bring  down  the  Term  in  the  fecond  Place 

XX  xz 

4- ,  and   write    its  Fluent  —  in  the  Value  of 


2a 


y  ;  then  I  write 


yx 


■ for  y  in  the  Terms  4- 

2a  J  '     a 


yxx     „ ,         ,    ,    «  ,. .    xzx 
~ — -,  GV.   and  the  Refult  — - -, 
aa  ••  2a-  ' 


xhx 

—  —  I  putover- 

za*      r        ■   « 

againlt; 
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againft  them  as  before.     Then  I  take  the  Sum  of 

xzx         xlx        x-x 
the  Terms  in  the  third  Place  —  — rr  + 


aa 


iaa 


aa 


QXlX 

and  fet  this  Sum  — underneath,  and  get  its 

.  2  u  u> 


Fluent 


x* 


2aa 


,  which  I  fubftitute  for  y  as  before. 


And  thus  I  proceed  as  far  as  I  pleafe. 

Ex.    25. 

Let  y  z=  x  —  %xx  +  y*  4-  xlx  +yxx ,  to  find  y. 

Here  x  the  firft  Term  being  found  and  written  for 
j,  you  get  —  ixx,  and  its  Fluent  —  xx  for  the  fecond 
Term,   which  being  alio  written  for  j,   you'll  get  + 

Mfbt   and  its  Fluent for  the  third  Term  j    and 

o 
fo  on  as  below. 
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-r  x —  ixx  +  *zx 

+  yx 
-4-  yxx 

+     XX  — x-x  4-  \x*x  —  \x±x  &c. 
-f-  x%x —  x^x  4-  \x*x  &c. 

y  ±1  x  —  ixx  ~\- xzx  —  f#Jx  +  ±x*x  &c. 

y    ZZ     X   **     +  j*1 £#*   +    ■  *!     &Cm 

Otherwife  thus. 

Here  I  take  a  for  the  firft  Term  of  j,  and  writing 
it  inftead  of  j,  and  get  ax-\-x  the  next  Term,  which 
being  again  written  (oryt  I  get  the  third  Term  ax* 
—  xz9  and  fo  on  j  fee  the  Work. 


4* 


*Ihe    Doctrine 


+  x  —  zxx  +  xzx 

+  yx 

+  yxx 

^x            #tf           #*#         7  x^x  &c. 
+i—i         +| 

.    -l-  a          A-  a     •    a 
+  axx     '      #2#           #3a;  &c. 
-f-   i         — —  i 

?=  X 

y  -  aX 

^  .   +  2a    .    +  2a  ,  .    +  4/?     .  Q 
X            XX             xzx          3  x*xocc. 

I       -—  2             +1               —  | 

#  ^    xz      T   3  #  *      n     u  ^  &c. 

I      _  I            +    |              _  ! 

Ex.  26.  1  a 

Suppofe  this  Equation  j/z= —  3V*  -\*%yxx  +y*x—» 
y-xx  -\-y*x  —  y*xx  &c.  +  6yxzx —  6,:lx  +  $yx*x — j 
$x*x  4-  ioyx±x —  io#4i  &c.  To  find  the  Value  of 
y  as  far  as  7  Dimenfions  of  x. 

I  place  the  Terms  in  Order  according  to  the 
following  Table,  and  then  I  work  as  before  ;  and 
moreover  I  fubjoin  the  Square  and  Cube  of  the 
Value  of  y  gradually  produced,  to  be  fubftituted 
by  Degrees  into  their  proper  Places  towards  the 
right  Hand,  in  the  Values  of  the  Marginals  on  the 
left,  as  follows. 


p—  %xx 
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7,XX 6xzX $X>X 1 OX+X 1  2&X I:4X6X    &C. 

4-   %yxx 

—  \&x  —  6x*x  —  yx*x  —  ig  X6x  &Ct 

4-  6y^2x 

*—  $X*X 1 2XX  —   ux6x  &c. 

+  8jy#5:v 

—  12*  x —  i6x6x  &V. 

4-  ioyx*x 

— ~  1^X6X  &c. 

&. 

+     ^ 

rl-  f  ***  +  fa'x  +  ^V-xtx  fcrV. 

—   yxzx 

—  $xsx —    6X6x   &c% 

&c. 

+    yx 

—  ^f-xti&c. 

y  zz  — ^xx  —  6xzx \5X*X  —  ?jx*x  —  ^-x^x ~x6x   &c. 

yzz  —  \XZ  —  2X*  —  yx*  —  f^J  —  Ve1^6  —  W X?   &c' 

y*  ZZ   9X*  +  6V  4-  ^-x6    &c. 

y*  ~  —  yx6  &c. 

Ex.  27, 


Lctj/  =  ^    4-  —  4-  3*  +  2**  — il;  to  find 

^  XX  XX  X 


_yx_ 

XX  XX 

j  in  a  defcending  Series.  Here  the  Terms  in  the 
horizontal  Row  muft  be  placed  to  proceed  from  the 
greater  Indices  to  the  leffer  :  And  the  Work  will  be 
as  below. 


AX                 X 

+  2XX  +  2X + ~ 

^              ^    °               X      ^    XX 

XX 

A.X                    X             X    $> 
1       X     ^          X*     '     2X+ 

y- 

XX              X 

2^4-4x4-04- r+  ~  A   &c- 

1    ^       *          '    XX          X*      '      2AC+ 

11          i 

Xz    +ajc         #  1 + 7 FT"    &c* 

Here 
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Here  obferve,  that  any  given  Quantity  might  have 

been  inferted  between  the  Terms  \x  and t  and 

x 

fay  might  be  extracted  an  infinite  Variety  of  Ways. 

But  if  that  fluxionary  Term  had  not  vanifhed,   then 

we  had  been  obliged  to  fubftitute  a-\-z  or  a—z  for 

x  in  the  given  Equation  before  it  could  be  refolved. 

Ex.    28. 

Suppofe  the  given  Equation  cxlx  +  yx  zz  ay9     by 

cxzx      yx 
Redu&ion  y  zz  — -  +  — —  ;    then  the  Work  will 

a  d 

be  very  eafily  performed  as  in  the  following  Table. 


cxzx 
a 

yx 

cx^x         cx*x             CXSX 
3aa  +  3.4a*  "  '    3.4.5^ 

y  = 

y  = 

cxxx         cx*x          cx*x            CX5X 
i_  -J-  4- - 

a           ^aa  n    340s         3.4. 50* 
ex*           ex*           cx$                ex6 

1                                                 1                                   -,-n-          I                     _____     £,£ 

3a         3-4**       3-4-5*'       3-4.5-6*4- 

x*  X*  X* 

Therefore^  =  icaa  X :  ——.  +  — — 1  +  -TTT7ST 
*  2.3a*       2.3.4a*        2.3.4.5^5 

fc?c.      But    (by  Sch.  II.  Prob.  2.    Scft.  II.)    1  + 

x  xz  x*  x*         cJ  __  ■    -  ■■■ 

~r  +  ~zz:  +  TTIT  +  ~z„  : ~t  &c-  —  Number 


iaa 


2.3a 


2.3.4a' 


x 
of  the  Hyp.  Log.  — .     Therefore  yzzicaax Num. 

#  x 

of  the  Hyp.  Log. 2caax:  1  +  —  + 


xx 
laa 


And  by  the  fame  Rule  the  Fluent  of  x*y  zz  xx  —  x 
— yx'x>  will  be  found  y  zz  — ,  ^U, 
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III. 

t 

When  the  given  Equation  contains  firffc  Fluxions 
alone,  or  if  it  contains  jirft,  fecond,  or  third  &c. 
Fluxions,  as  in  the  following  Example,  where  2axy* 
—  aytx  +  zxy1 — iyl  x'zzo,  to  find  x  exprefled  by  y 
and  given  Quantities  -,  it  will  be  refolved  by  the 
following  general  Method. 

1.  Make  the  Equation  ~oj  and  affume  an  inde- 
termitfd  Series  to  reprefent  the  Series  required  ;  as  x 
zz  Ay"  +  By"+r  -f  Cyn+S  +  Dy+',  &c.  wherein  the 
Indices  n,  n  +  r,  «  +  j  continually  increafe  if  jy  be 
very  fmall,  or  decreafe  if  it  be  great. 

2.  To  find  the  firffc  Index  n  ,  fuflitute  into  the 
given  Equation  the  Jirji  Term  Ay",  its  Fluxion,  and 
fecond  Fluxion,  &c.  inftead  of  x,  x,  and  'x,  &c.  (if  they 

be  there)    and   then  you'll  have  a  new  Equation,  as 

la  Ay  —  nn  —  n  X  a  Ay"  +  iAzy2"  —  2nzA7y™  zz  o, 
fuppofing  y  zz  i .  Make  two  (or  more)  of  the  Terms 
equal  to  nothing  that  have  the  leaft  Indices  equal  to 
one  another,  for  an  amending  Series  ±  or  thole  that  have 
the  great  eft  Indices  equal,  for  a  defc  ending  Series  •,  then 
by  equating  their  Indices  or  elfe  their  Coefficients, 
n  will  be  found.  Or  if  there  happen  to  be  only  one 
Term  with  fuch  leaft  or  greateft  Index,  make  its  Co- 
efficient zzlo,  which  will  deftroy  that  Term,  and  per- 
haps give  the  Value  of  n;  Thus,  in  this  Example  tor 

an  afcending  Series,  you'll  have  iaAyn  —  nn-r-n  x 
aAyn  no,  or  «»  —  n  zz  2,  whence  n  zz  2. 

3.  For  the  other  Indices  •,  fubftitute  the  Value  of  n 
into  the  foregoing  Equation,  and  you'll  have  2a hyx 
—  **A/+2Ay—  8Ay  —  o.  Then  take  the 
leafl  Index  in  an  afcending  Series,  or  the greatefi  in  a 
defcending  one  from  each  of    he  reft  y  and  find  all  the 

H  poffible 
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poffible  Numbers  that  refult  by  adding  all  thefe  Re- 
mainders to  themfelves  and  to  one  another  as  oft  as 
poffible,  and  then  you  have  r,  s,  /,  &c.  here  4  —  2 
zz  2  only  one  Remainder  *,  then  2,  4,  6,  &c.  zz  r,  j, 
/,  &c.  And  therefore  the  Series  is  Aya+BjyH-Oy6-r 
Dy3  &c.  =s  x\ 

4.  For  determining  the  Coefficients  A,  B,  C,  6fr. 
fubftitute  into  the  given  Equation  the  Values  ofx,  x9  x, 
&c.  exprelTed  by  the  foregoing  Series  Ay2-  -f-  By4  + 
Gy6,  &c.  and  put  the  Sum  of  the  Coefficients  of  every 
feveral  Power  of  y  equal  to  nothing,  and  thence  A,  B, 
C,  &c.  will  be  gradually  found.  Thus  x  zz  2Ay  + 
4By5+6Cy:,&c.  £zz2A-i-i2By-  +  3oGy4-,  &c.  where 
jzz  1,  thefe  being  fubftituted,  the  Work  will  be  per- 
form'd  as  below. 

5!  If  the  fir  ft  Equation  for  the  Coefficients  be  an 
adfetled  Equation  containing  feveral  different  Powers 
of  A,  then  that  Equation  will  afford  feveral  Roots  or 
Values  of  A  ;  and  as  many  different  Roots. fo  many 
different  Series  may  be  obtain'd.  And  if  A  has  feve- 
ral equal  Values  or  Roots  in  this  Equation,  then  you 
muft  divide  the  leaft  Remainder  above  by  that  Num- 
ber (of  equal  Roots  of  A,  one  of  which  you  affume 
for  its  Value  •, )  then  proceed  as  in  Art.  3.  taking 
this  Quotient  for  another  Remainder. 

6.  If  a  Series  be  required  to  be  exprefs'd  in  Terms 
of  that  ghianiity  whofe  2d,  3d  Fluxion,  &c.  is  in  the 
Equation  j  it  muft  firft  be  got  in  Terms  of  the  other 
Quantity  that  has  no  iecond,  third,  &?V.  Fluxion  j 
and  then  the  Series  reverted. 

Schql.  As  there  are  fluxionary  Equations  that  ad- 
mit of  feveral  Solutions,  and  may  have  the  Root  ex- 
prefs'd  various  ways  -,  fo  there  are  Equations  that 
cannot  be  refolved  at  all  as  being  impoffible  ;  and 
others  that  are  very  difficult  to  be  refolved,  and  may 
require  the  ucmoft  Skill  of  the  Analift,  and  fome- 
times  a  different  Procefi  from  thefe  Rules. 

Ex. 
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Ex.    29. 

Let  iaxyz  —  afx  +  2x'1y% — 2fxx  zz  o  ;  to  find 
x  exprefled  by  y  and  given  Quantities. 

The  Form  of  the  Series  found  by  the  foregoing 
Rule  is  *  zzA/  +  By+  +  Cy6  +  Dy3  &c.  This  and 
its  Fluxions  being  fubftituted  into  the  given  Equation 
will  be  as  follows. 


+  2axyz 

—  ayxx 

+  z*y 

—  2y*x~ 


+  2aAy*+  2aBy*-\-  2aCys  +     zdDy*  &c. 
—  2ahyz — i2aBy* — ^oaCy6 —  $6aDy*  E#f. 

_  8A'j+— 32ABj6~3?^/  fc?r. 


Then  equating  their  refpective  Coefficients  ;    2aA 

—  2^zA— o,  therefore  A  may  be  taken   at  Pleafure. 

■ —  2&z 

Again  —  io^B  —  6 A2  zz  o,     thence  B  zz —  . 

After  the  fame  Manner  C  zz  -3^1  ,  and  Dzz-^- 

c^  wri  a  ^A2  3  A*     , 

&c.       Whence   x  zz  Ay2  —  -~ — y*    4-    - — y6  — 

- — rJ8  &c- 

Other-wife  thus  for  a  defcending  Series. 

Make  the  Terms  2Aj2W — 27z2A2_y2Wzzo,  or  1 — nn 
zz  o,  whence  »zz  1  ;  this  fubftituted  for  n  will  pro- 
duce 2*Ay+2Ay  —  2 A2/  zzo.  Take  the  greatefl: 
Index  2  from  the  red:,  which  is  1,  and  there  remains 

—  i;  therefore  r,  j,  /,  &c.  are  —  1,  — 2,  — 3, 
tSc.  and  the  Series  is  Ay  +  B  +  Cy— :  -f  Dy— *  fcff. 
and  the  Operation  will  be  as  follows. 

H  2  +iaxy.\ 
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+  2axyz  +  2a  Ay  +  2aB  +  2aCyt    &c. 

—     ay'x  — 2aCy—1    &c. 

_  2^'iT  —  zAy  +4AC  +  SADr-1  6ff. 

C  +  aA1  a  +2*A     t2DD  +   4BC     ,.« 
or  \1  zA*f  l4ABy  +  JBB  J ,  24AD jr-x  €ft.  =o. 

Hence,  equating  the  Coefficients ;  2  A" — 2A*z:o, 
*     and  A  may  be   again  taken    at  Pleafure  ;    likewife 

B ;  =  — ,   G-=  7gA-,  D  =  -bA„  &c.  whence 

the  Series  is  known,  and  x  zz  Ay  — 

a* 

+    96Ay  y  ^c* 

Ex.    30. 

Let  a^y  —  a7yy  + yy  xzzzo,  to  find  y  in  an  amend- 
ing Series. 

AffumcyzzAx"-{-Bx1l+r+CxH+'9  £rV.  and  fubfti- 
tuting  the  firft  Term  and  its  Fluxions  for  y  and  its 
Fluxions,  we  have  nxn — ixn — 2XazAx"—2 — 
nz  x«—  1  xazAzxin—3  +  nAzxzn—J  zz  o.  Since  the 
Index  n — 3  is  the  leaft  Index,  make  its  Coefficient 
nXn — i  xn — 2.  zz  o>  and  take  one  of  the  Roots 
?izz 2.  Whence  the  Indices  will  be  — 1,  1,  3, 
fub:ra6lthe  lead,  — 1  from  the  reft,  and  there  re- 
mains 2,4;  therefore  r,  s>  t  zz  2,  4,  6  &V.  whence 
7  =  A**  +  B**+C*6  &V.  and  the  reft  of  the  Work 
is  as  follows. 


fli 
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—  a-yy 

+  yyx> 


—  4**A2*  —  32tfAAB^  — jia*ACxs   &c. 

—  48^  BB 
+    2AV       +  6AB**   fcff- 


Hence   24tf;Bzz4tf2A%    and   A   may  be   taken   at 
Pleafure;    let   A  zz — ,   then  B  zz -,  alfo  C 

=  "^r'    D  =  -^ir^     Whence  ^  = 

xl  x*  x6  x* 

2a    T   24^     ^     720**       ■      40320^7 

Otberwife  for  a  defcending  Series.  , 

Let  2n — 1  and  n — 3  be  fuppofed  to  be  the  greateft 
Indices,  then  n — 3ZZ2/Z — 1,  and  #zz — 2,  and  thefe 
Indices  will  be  — 5,  — 7  ;  and  taking  — 5  from  — 7 
the  Remainder  is  —2  5  therefore  r,  j,  *zz — 2,  — 4, 
—6,  £s?r.  Wherefore jyzzA^-2+B^-44-C^-6,  (Sc. 
the  reft  of  the  Work  will  be  thus, 


+  a*y 

. —  #*yy 

+yyxz 


— 24^Ax— 5—  i20^B^— 7 — 3 3 6^3 C^— 9  &V. 
+ 1 2**  A  V- 7  +  640*  AB*-9&V. 

—  2A**-5  _  6ABx.-7    ~  4BB  ^~9    &Cm 


Therefore  A  zz  —  12*',  BZZ36**,  C  zz 3—ai  &c. 

1368  ■        ' 

And  y  zz  —  i2tf3#— 2  +  36^  #—4  _ ^7*— &  .&v. 


Ex.    31. 

Let  the  Equation  be  x  —  \yy  —  4yly  +  2#  vy  — 
txy  +  jyj  -\-2y>yy  to  find  #  in  y  afcending. 

Let 
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Let  x~Ay"+Byn+r+Cy'i+s  &c;  and  fubftituting 
Ayn  and  its  Fluxion  for  x  and  x,  there  arifes  —  nAyn~~l 

i  i+x  5 

+  47  —  4yi+A^2      -— iA2jz*+7jp  +  2jy3zzo.  Sup- 

pofe  »— i  and  i  to  be  the  leaft  Indices,  and  you'll 
have  —  hhyn— x  +  ±y  zz  o,  and  #_izzi,  or  »zz2, 
and  all  the  Indices  will  be  i,  2,  4,  2t,  3.  Take  1 
from  the  Reft  and  the  Remainders  are  1,  It,  2,  3  ; 
whence  r,  s9  t  &c.  are   i,  ii,  2,  27,  3,  C5V.   and 

tf=Aj*+By'  +  Cy3*+DjH-,  &V.  hence 
—  ^|_2Ay_  3Bya  —  ^Cy2%- 

+  ly\  +  iy 

—  Ay1 

By? 

+  2A4ys        * 


4D7?  {5V. 


+  2yx* 


—  *x 

+  7yl 

+  V1 


+ 


A, 


+  jy 


* 

therefore  A  zz  x,  like  wife  Bzz  —  1,  Czz2,   Dzo, 
£sfc.   and  the  Series  is  x  zz  *jf*  —  y*  +  2jp,  &V. 


Ex.    32. 

Let  &  —  cz1  —  2xzz  —  czz  +  2.v>  +  c\  zzo,  to  find 
z  in  a  Series  of  x  afcending.  Put  zzzA#"  -f  B#"+' 
+C#"-H  csff.  and  by  Subftitution  according  to  the 
Rule,  we  have  ;;>AJ#3B—3  — cnzAzxzn—z  —  inAxn+l 
—  nccAx"—1  -f-  2X*  +  ^5  =  o  -,  and  fuppofing  the  lead 
Indices  n—  1  and  o  to  be  equal,  we  have  tzzzi.  And 
all  thefe  Indices  will  become  o,  2,  3  :  And  fubftracling 
the  lead  o,  the  Remainders  will  be  2,  3  ;  whence 
r,  s,  /,  &c.  zz  2,  3,  4,  &V.  and  the  Series  is  z  zz 
A#;+-B#J+C#*+D#5  £?f.  and  the  Operation  as 
follows, 


-<A2— 6cABx*. 
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+A^+9A2B^  +  i2AiC^  +  ^AT)^ 

ScACx*  -9cB\r,x* 
—  i  or  AD 

-  2Ax*  *         -  6Bx*  &V. 

-<:2A— 3faB^—  4^C^    _  5^D^  fcfr. 

+    2tf5  * 

Here  A3— cAa  — r2A +f5— o,    andAzz+<:or 
_  c :  If  A  zz  +  £,  then  B  will  be  infinite  ,  therefore 


Sett.  I. 
+  *5 

—  2#2i; 

—  clz 
-f-  2tf3 
+  'J 


A  zz  —  c ,  and  then  B  zz  —  - 
6? c .  And  %  zz  —  ex  —  g-  — 


i 

67' 

"877 


Czz  —  -£— ,  Dzzo, 


8w 


GV. 


If  you  take  Azz+f ;  then  fince  the  Equation 
AJ—  cAz  —  £2A+^zzo,  contains  two  Root*  zz  c  ; 
therefore  divide  2  (the  lead  Remainder)  by  2  (the 
Number  of  equal  Roots)  and  the  Quotient  is  1. 
Then  by  Help  of  the  Remainders  1,2,  3,  &V.  you'll 
get  the  Series  zzzA^+B^+C^,  &c.  with  this  pro- 
ceed as  with  the  former,  and  you  will  get  other  Series 
for  the  Value  of  z9  wherein  B  may  be  taken  at 
Pleafure. 

Ex.  33. 

Suppofe  ey  +fzmy  +  dyzm— *z  zz  zfz9  to  find  y. 
AfTumejy  zzAz"  +  Bz*+r  +  Cz'+'&c.  then  putting 
Azn  and  its  Fluxion  for  y  and  y ;  and  you  have 
enAz"—1  +/»Azw+"-1  +  dKzmJtn—1  —  zt>  zz  o  ;  take 
the  Indices  »—  1  zzp9  then#zz^+i,  and  the  Indices 
become  />,  p+ni,  and  the  common  Difference  zz  w, 
andr,  j,  tzzm9  2m,  3^,  &c.  Whence^  zz  Az^"*"1 
4-  BzH»+i  ^  C^+^+S  Uic.  therefore 


SS 


ey 
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+  *y  = 

+   fzmy    zz 


And 


p+i  .eAz?  +p+ 1  +m.cBzP+m  +p+ 1 +2m.eCzP+*m&cc. 
+  p+j.fAzf>+m  +  p+i+^.fBzP+*»  &c, 
+        d&zP+m  +  dBzt+2m8cc. 

-zt 

i 


Hence  A  zz 


Bzz- 


/>+i.* 


p+i+tn.e 


A,    C 


=  „    *  +  P+2±m'f  B,  6fc.  and  putting  i=h-i, 

and  <?=:  — +^+i,    then  .y  zz — -  —  =■ 
/  *e        t+m.e 


-Az*+m 


t+m.f 


Bz*+™. 


$  +  im.f 


Ctf+a*  &c. 


i  +  im.e  t  +  Sm'e 

Ex.   34. 
Let  x  zz  oc+fiz^z^z,  to  find  x  by  a  Series  of  i. 


Nf« 


Suppofe  x  zzjy  x  *  +  ]3zw    ,  this  in  Fluxions  gives  x 


i*~i 


~y  Xoc-\-$zm      +  pmpyzm—Jz  X  «+pzw*  zz 

a  +  pzM  ara,  that  is  ay  +  $zwy  +  pm$yzm—l%  — 
azff2  —  Pz^+^i  zz  o.  Let  y  zz  Az"  -+-  Bz"-i-r  + 
Qzn+S  &c.  then  by  Subftitution  a^Az"-1  + 
»13Az,,+w— f  +  pm?Azn+m-1  —  ccz"  —  fiz*+m  zz  o. 
And  putting  the  Indices  n  —  i  zz  ?r,  then  »  zz  w  +  i, 
and  thefe  Indices  are  «■,  tt  +  w,  and  the  common 
Difference  m,  whence y  zz  hz'nJr1  +  Bzw+X+W  -f- 
Cz*+1+2m  &c. 


«y 
+  fxm^.yz^—y 


«-+I.aAz,r+7r+l-t-w.«B2*+w  +  7rTI+2w.«C2,r+a*e< 

+  ^+F.PA  +7r^.I+OT./3B        &c. 

4-  |uw(3A  +/*«j3B  &c. 

Hence 


ft 
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Hence  A  zz  —  -,  B  zz  — 


TT  +  l'  7T-T   IX7T+I  -\-mX0l 


£ —  — —  &c.    whence 


7T+I   X7?  +    I   +WXT+1+2>«X* 

putting  j  zz ,  fz=7T  +  i,  ^r=*  +,a«j.    P,  Q,  R, 


each  preceding  Term  with  its  Sign,  then  x  zz  a+(3z^ 

x  •  —  —  ^S-  P  -      ^Tm.q         _  (H-^-g  R  _ 
£         f+w  f  +  2m    ^-       s  +  sm 

&c.  zz  PI:  a+p^T&z 

Ex.  35. 


Let  jv  z=^+/2;"  +^2-72  +te^c.Xa-[-j32;"+yz2/z+^3'7^. 

X2wi;,tofind^by2;.  Suppofe^zz^^^^pz'-^-yz^^ozs"'"^ 
this  put  into  Fluxions,   and  then  the  whole  divided 

by  KTpzn +yz~-':\  &c.yo,ih2Lvez7rzxe-t-fzn+gz2n&>c. 

—j X  oc  +  j3z«  -|-  y&n &c  +iA+I.yXn{4zn—I1-inyz*n—'  bV. 

Let  y  —  Azm  +  Bz^-f  >"  +  C^^5  &V.  then  Az'72  and 
its  Fluxion  being  fubftituted  for  y  and  j,  for  the  firft 
Term  of  each  compound  Quantity  in  the  foregoing 
Equation,  and  there  will  be  —  ezw  4-  ma,Azm—1  + 
/ot_|_IXr;13A%w+77"-1  &V.  zz  o  ;  and  making  the  Indices 
7t  and  m —  I  equal,  then  w  zz?r  4. 1 ,  and  the  other  In- 
dex is  tt4-  i  4-7/,  and  the  common  Difference  »,  whence 
jyzz AzM-1  4-  Bz7r+I+?z  4-  Cz*+j-tt2"  &c.  And  put- 
ting  TT  +  i  zzp,  thenj/zzpAz72"  4-  p-\-n  X  Bzw+n  +p+2n 
XCz7r+2"  &c,    put  »/  —  /*  4-  1,  then 


—  rc* 
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_  ezv  —  fz^+n  &c. 

—  ezv 

—  /zH-«           _  gz*+**&c. 

+  ay 

+  p*A 

+  p+nx*B  +p-\-2nx*C      &c. 

+  Pzy 
+  yzzny 

+  p?A         +p+nx$B        &c. 
+         pyA       fcff. 

+  mnfiyz"—1 

+  mnpA      +       ^#j3B        fc?r. 

+  imnyyz1"—1 

+     imnyA        &c. 

D=z    *='-  ?  ^A  =gj  rB  zg^  }  pc 


,     E  = 


/>  +  4»  X  * 


■,efe 


And  x  =  Az^  +  Bz*+"  +  Cs?+*?  +  Dz*+3»   &c.     x 


^+lQzw+7^+^3"^ 


^7^7^+I 


IV, 


The  Fluent  of  an  irrational  Fluxion  may  fometimes 
alfo  be  found  by  affuming  an  indetermin  d  Series  as  in 
the  laft  Rule. 


Ex.   36. 


#*• 


Suppofe  z  zz  vlxlx9    where  v  zz  ,  and  y  zz 

y/iax  —  xx  .  I  take  Ai^2x?  for  the  firit  Term,  and 
aflume  as  many  Terms  of  the  inferiour  Powers  of  v 
and  *,  or  their  Products,  as  I  think  will  be  fumcient  j 
for  which  no  general  Rule  can  be  given.  But  you 
need  take  no  more  than  the  fir  ft  Power  of  y9  becaufe 
all  the  Powers  above  will  be  exprefs'd  by  the  Powers 

of 
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of  *,  which  are  fuppofed  to  be  already  in  the  Equa- 
tion. ThusIaffumez  =  Ai>J*'*+B'z;i+Ctf2  +  E*4-E 
Xvy  +  F#3  +  Gxl  +  H*  =  Flufc.  vzxzx.  Put  this 
Equation  into  Fluxions  making  xzzi,  and  writing 

a 
every  where  —  for  v  9  then  reduce  it  from  Fractions, 

writing  lax  —  xx  iox  yy  where  it  occurs.  Then  col- 
led feverally  all  the  homologous  Terms  (or  thofe  of 
the  fame  Powers  of  all  or  any  of  the  Quantities  x,  v9 
j),  thus 

+  %Avzxzy  +  2aAx>v  +  $aCxzv  +  ^aDxv  +  2aBv 
_  1  _  3C         —  2D        —  E         +  aE 

-f-  ^¥xzy  -\-  aDxy  +  aTLy\   _ 
+  aC       +  2G     +  H    ]"  -  °* 

The  refpective  Coefficients    then  being  equated, 

there    will    be  found  Az},  C=|^,    D~saa, 

E=|a*,   B= ---$«',    F  =  -a^,  Gz-j-^, 

x*vz 
Hzz—4^4-.     And  thence  %  rz —  sa^v*     + 


*  axz  +  j  aax  +  j 0 *  x  vy  — -*7  azx*  _  Ts_  ^a-2,  —  |  ^^. 

iV<?/£,  If  any  of  the  Quantities  B,  C,  D  &c.  come 
out  equal  to  nothing,  ftill  the  Series  will  be  true,  pro- 
vided they  don't  deftroy  the  Quantity  A.  But  if  A 
vanifo  by  reafon  of  fome  of  the  other  Quantities  being 
nothing  -,  or  if  they  involve  fome  impqffible  Equations ', 
then  the  Series  is  not  true  ;  and  you  mult  try  again  by 
afluming  more  Terms  of  the  Powers  or  Products  of 
#,  v,  y.  But  in  many  Cafes  it  cannot  be  done  in  finite 
Terms. 

V. 

In  a  jluxionary  Equation  where  the  variable  Quantity 
is  very  great,  and  you  would  exprefs  the  Fluent  by  an 
of c ending  Series:  Or  in   any   very    much   compounded 

I  2  fluxionary 
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fluxionary  Quantity  whofe  Fluent  is  required  ;  take  a 
given  Quantity  extremely  near  equal  to  the  variable 
Quantity  •,  then  inftead  of  that  variable  Quantity  fub- 
fiitute  into  the  Equation  the  Sum  of  this  given  Quan- 
tity and  a  new  variable  Quantity,  and  likewife  the 
Fluxion  for  the  Fluxion  •,  then  find  the  Fluent  in  fim- 
ple  Terms,  and  this  will  be  a  Part  of  the  whole  Fluent 
required  ;  and  the  Operation  repeated  as  often  as  ne- 
ceffary  will  give  the  whole  Fluent. 

Ex-    37- 

Let  z  =  x^/aa+xx  \  fuppofe  r  very  near  equal  to 
x,  and  putr  +  v  —  x9  and  aa+rrzzss,  then  xzzv9 
and  Z  — 1?  X  \/aa  +  rr-{-  irv  Jf-vv  ZZ  V\/ss  +  irv  +  i'V 

=  *X:*+— „— 87T-  +        ,£, 

0  .  fx;  55  —  rr     ,  ss  —  rr 

—  &c.  zz  <y  x:  J+ '  + : — v    — rv* 

n>£          aav7v              aarv^v 
+  &c.  zz  5i;  -f- + r-    —    — &c. 

5  '  25^  255 

nTT1                              rvz            aav>            aarv* 
Whence  z  zz  sv  + 4-  ->~-,- „ &c. 

1      25        '      6s>  8s~> 

Now  in  this,  fubftitute  —v  for  v9   and  fubftract  the 
Refult  from  the  hit  Equation,   and  then  z  zz  isv  -f- 

a?v" 

-  —  &x.    And  this  is  the  Fart  of  the  Fluent  cor- 
3S> 

refponding  to  the  Difference  of  the  Quantities  r-\-v 

and  r— %   or   to    2v9   that  is,   to  thefe  two  different 

Values  of  .v.     Hence  if  v  be  taken  extremely  fmall, 

ami  there  be  affumed  fucceffively  for  r,  the  Numbers 

or  Quantities  b9  c9  d,  e,  /,  &c.  in  Arithmetic  Fro- 

greflion,    whofe  common  Difference  is   2V ,   that  is, 

Jo  that  *v~b—czzc  —  dzzd  —  e,  Sec.   till  /  (the  lalt 

Value  of  r)  be  zz  v  ,  then   the  Sum  of  all  the  Parts 

ng  to   each    (collected   by    the  foregoing 

v:  z  required.     Or  if 

you 
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you  will,  you  may  exprefs  the  Quantities  h9  c,  d,  e,  &c. 

by  r,  r,  r,  r,  &c. 

Ex.  38. 

Suppofe   z  —  \k</ —  ;  ktr+vzzx. 

rr  "  lax —  xx 

(  2dbr      2dbv       Tb  2.  " 

\pp+dd — r  — —+~xr+v 

tbenz—±v\/ 


aa 


iar  +  2av — rr — 2rv—~vv 

.       2dbr      bbrr  ibbr     idb 

(putting  sszzpp+dd 1 ,  /  zz —  — , 

r  a  aa  aa         a 


I  hb 

ss-\-tv-{-  — vv 
1        l    aa 


Then  dividing  the  Numerator  by  the  Denominator, 

tea — nss       '         bb  ss 

and  putting  e  =  — — ,  f=-^+-jT     + 

nzsz  —  ntqz            .          .        •      /  ss  r   TT 
: — — ,  we  have  Z—\v   / \-ev+fvz  tsfc.  zz 


.^x: —   +  ■jL~ v  + — — rr v*  &c.    Whence 

z  —  —    +  ~vz  +  — — r-2 — ^»  &c.  In  which 
fubftituting — 1;  for  i>,    and  fubtracting  the  Refult 


,     ^         .               ^                  sv      4-/sz—qzez 
from  the  Equation,    we  have  z  zz  —  -1 -fi/5 

+  cJY.  for  that  Part  of  the  Fluent  belonging  to  2*8, 
or  to  the  Difference  of  the  Quantities  r+v  and  r — v. 

Where  it  is  difficult  to  get  many  Terms  of  the  Series, 
as  in  the  laft  Example,  v  mud  be  taken  fo  much  the 
/matter  1  and  the  Operations  o/iner  repeated  berore  we 
can  obtain  the  whole  Fluent :  And  the  working  with 

Numbers 
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Numbers  inftead  of  known  Letters,  may  fome- 
times  be  preferable,  when  the  Quantities  are  very 
complex. 

Befides  the  general  Rules  before  delivered,  there 
are  fome  particular  Rules  which  in  fome  Cafes  will 
find  the  Fluent  in  finite  Terms.     As 


VI. 

When  one  of  the  variable  Quantities  is  wanting 
in  the  Equation  :  Then  ajjume  for  its  Fluxion  the 
Product  of  the  other  Fluxion  and  a  new  variable 
Quantity,  which  fubftitute  for  the  other ;  and  you 
will  get  an  Equation  which  put  into  Fluxions,  will 
give  the  Value  of  the  exterminated  Fluxion ;  and 
then  the  Fluent  will  give  the  ajfumed  Quantity  ;  and 
from  thence  the  other  Quantity  will  be  had. 

Ex.   39. 

hetyy*xzzax*+2axzyz+ay*9  where  x  is  wanting. 

zy 
Afifume  —  zz  xr    and  expunging  x,  aazy  zz  z*  -f- 
a> 

2azzz  +  a*9  whence y  zz +  22H .  In h luxions 

aa  z 

7zzz         .    '   aaz  r       zy  iztz 

y  zz +  iz ,  therefore-^ -  or  x  zz  — — 

J  aa  zz  '  a  a1 

H .  Whence  the  Fluent  is*zz — -  + 

^      a  z  4^J 

zz 

ax  2.302585  Log.  z.  therefore y  being  known, 


a 


z"> 
will  be  known  (by  the  Equation^  zz  —   +    22   + 


aa 


~J,  and  confequently  x  by  the  laft  Equation. 


VII.  Some- 
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VII. 

Sometimes  the  Fluent  may  be  had,  by  firft  putting 
the  Equation  into  Fluxions,  making  fome  of  the 
Fluxions  invariable. 

Ex.  40. 

ax4~yx  xy     ,,,     . 

Let ¥—  —  x  +  y <- .  Makejyconftant, 

y  x 

and  put  the  Equation  into  Fluxions,   then  -^~ . 

y 

•       .      .    ,     xyx  —  xy                   a+yXX       xyx 
+  x=x+y  +  -^— r- — — >  =  and 7—  =  -<-, 

xz  y  xl 

,     x  y 

whence  a+yXx1  =  #y%   and  — —  =  —  f*  -.  and 
J >/x  \/a+y 

the  Fluent  is  x/^—\/a+y» 

VIII. 

Sometimes  the  Fluent  may  be  found  by  ajfuming 
other  variable  Quantities  to  make  up  the  Fluent, 
and  finding  their  Values  by  Help  of  the  given  Equa- 
tions and  their  Fluxions. 

Ex.  41. 

Suppofe  yx —  xx  =:  ay.     To  find  x. 

ay 
Divide  be  y  —  x,  and   x  = — - — .      Affume  v% 

y — x 

and  fuppofe  the  Fluent  xzzaxz- 302585  Log.y  —  x+v. 
then  will  x  =  3~ *x+w_  (fee  prob>  2t   Se(fl<  IL) 

y x+V  ' 

and  by  multiplying,   yx  —  xx  -\-vxzzay  —  ax-\-av9 

from  this  fubtraft  the  given  Equation  yx  —  xxzzay* 

and  there  remains  vxzz — ax+avy  whence  if  i  =0, 

then 
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then  will  v  zz  — tf  j  therefore  #^2.3025850  x  Log. 

Ex.    42. 

Suppofe  azzuzx  —  xx.  AlTume  zzza  +  x  -\-v7 
then  zzzx  +  'i;,  the  Values  of  2;  and  z  fubftituted 
in  the  given  Equation  give  ax+av  zz  ax+xx+vx 

—  xx>  that  is  av  zz  vx9  or  iz  —  zz  --— ,  cbe- 

V  cv 

ing  fome  given  Quantity  ;  whence  xzz  ax 2.302585 

v  v 

Log. — ,  therefore  zzzfl+i;+«x  2. 30258 5 Log.  — . 
*>  c 

Or   zzza+x  +  cx  Number  of  the  Logarithm 

x 


2.302580 

Ex.   43. 

Suppofe  z  zz  X^'x,   where  X  is  the  Hyperbolic 

XV"H 

Logarithm  of  x.     AfTume  z  zz +  si  this 

0  w  +  1 

put     into    Fluxions    there    arifes    z  zz  Xv*  + 

»X"-IXX*m+I 
^77^ +  ^  zz  XV#,     therefore   s  zz 

-      #X;: — lxmx  x 
-^+\ (writing  —  for  X)  5    Again  affume 

—  »X«— Ix*+1 

5  zz   z +  /,  this  in  Fluxions  gives  / 

n  X  if— 1  X  Xw— 2*w# 
zz .         Then     again     /    zz 


nxn — ixXw— 2^w+x       .  Ttm       A      •     _ 

— +    u.        Whence     u     zz 


m  +  i 


nxn—ixn—ixX*    ">x*x  and      u    J 


00  -f- 1 ' 
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^r1 
Whence       z  zz ■ — -     —     „ + 

n  x  ^ZTi  x  X*-V +1      »  x^T  X  Iw  X  X*~  V*+I 


;#  +  i  m+i 

+  fcfr. 

IX. 

For  compounded  fiuxicnal  Quantities,  afllime  an 
Equation  with  indetermiri 'd  Coefficients,  to  comprehend 
the  Fluxion  given  ;  wherefore  the  Equation  mult  be 
fuch  that  when  put  into  Fluxions  the  highefi  Power 
may  be  the  fame  as  that  of  the"  Fluxion  propofed. 
Then  comparing  the  homologous  Terms,  the  Coeffi- 
cients will  hedetermin'd.  And  fometimes  the  Indices 
may  be  found  this  Way. 

Ex.  44. 


To  find  the  Fluent  of  pyy + qay\/yy -f  ay  +  aa  xy. 

i 

Aflume  the  imminential  Equation  Ay+BXyy+ay+aa7, 9 

in  Fluxions 

Ayy  -4-  Aay  +  Aaa    1 

SAyy+zBy  >  y  y/yy+ay+aa    = 


+  \Aay+iBa 


$ 


/5y  +  f^xi/  v/x^  +  <*y + **  • 

Here  4Az=/>,   Atf  +  3B  +  -;Aa~qa,  Aaz  +  iBazzO. 

—  ap 
Whence    Azilp,  B  =:     ^    ,  and  likewife  B  =  i^ 

—  A^-     Now  if  the  Fluent   be  pofllbl?,    thefe  two 
Values  of  B  mull  be  equal,  whence  8tfzzp. 

K  If 
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If  the  Fluent  cannot  be  had  this  Way,  aflame 
the  Form  of  it  different.  If  Ay'-f-B^  +  Qy +  D 
\/yy  4-  ay  4-  aa,  were  aflumed,  then^>zz8£  as  before. 

If  pyy+qa  \ZxPJrtiy¥**  XJ   be  propofed.     If  Ay+B 

3. 

y^yyj^ay-^aa    be  aflumed,    the  Fluent  can  only 
be  found  when  i6q  zz — p. 

If  "Ay^+By^+Cy+Dx/yy+ay+aa^  the  Fluent 
can  only  be  had  when  zp  —  tioq. 

Ex.  45. 


To   find  the  Fluent  of  ax+by  x  x  +  cx  +  dy  xy 

zzo.     Affume  for  the  Fluent  x  +  ccy    xx+fiy    zz  A 

a  given   Quantity  ;     and    taking    the   Logarithms 

it  L:  x+xy  4-  t  L:  x+fiy  zz  L:  A.         In     Fluxions 

irx  -\-0c7ry  rx  4-  TPy  ,       ,    

y    _l_  — =l_  _.  0  .    reduced    tt  rr  X  xx 

+  j3T+ar  XJX  +  aTr+^T  X  #y  +  ap7r+aj3r  Xjj  ZZO; 

and  comparing   the  1  erms  with  thofe  of  the  given 
Equation,    when  reduced  ;  you'll  have  4  Equations 

7T-\-rzza9  (3Xtt4tZz£.  ^4(3^  zz c,  <*$*  +  <*$r  —  dm 

/ZZ — t  h-\-c—m 

Whence  putting  m  zz  y/b  4-  c  — \ad*  &  zz — —- — , 

/y  +  f  +  ;w  ^  £ — jf  4-  am  —ab-\-ac+am 

(3  zz  ,  tt  zz ,  t  zz . 

ia  2m  2m 


V-H-* 


Then    the  Fluent  is  2##  4-^4-  c  —  mxy 

• ^  c — b  -J-  m 

2ax  4-^4-^4-  mxy  zzBa  given  Quantity. 


After  the  fame  Manner  the  Fluent  of  axz+bxy+cyy 
XX  +  dx%  4-  fxy  4-  gyy  xy  zz  o,    may   be   found  ; 

afluming  the  Fluent  x  4-  ay]  x  x  4-  j3y  xx+yy 
r  \  a  conflant  Quantity  \  and  fo  of  others  confuting 
of  more  Terms.  Ex. 
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Ex.  46. 

~i  •  «•    1    1     t~i  r    ax  +  bxx 

To  find  the  Fluent  or  ; . 

ex  -f-  xx 

Let  the  Fluent  be  fuppofed  d  x  Hyp.  Log.  cxr  + 
r+'i   in  Fluxions  ^x   rr;r-'x  +r+i  X^y    Qr 


</rr#  +  ixr+i  X*tf  ax  +  hoc 


then  *fr* 


^  +  xx  ex  +  XX 

a 

—  a,    and    dxr+i  zz  b.     Whence  r  zz   ,   _ — , 

be  —  a 
and  d  zz .     Therefore  the  Fluent  required 

a  be 

.     be — a  J^  ITZ^ 

is  X  Hyp.  Log.  ex         +  x 

Here  follow  fome  more  Examples  wherein  the 
Rules  before  laid  down  are  promifcuoufly  ufed. 

Ex.    47. 

To  find  the  Fluent  of  z  Fl.  z  F:  z  F:  z  &c.  x  F: yz. 

Let  A  zz  F:yz 

B  zz  zA  zz  jyz# 

C   zz  ZB  zz  zzA   zz  JZ22 

D  zz  zc  zz  z2B  zz  z* A  zz  jyz*i; 

fcfr. 
And  azzF:  As,  (3  zzF:  *z,  yzzF:  fts,  <?zzF:ri;,  &c. 
and  let  £zzF:zi,   rzzF:z|3,  dzzF:zy,  &c.   then 

1.  FrAzzzzA — B,  as  is  evident  by  putting  the 
Equation  into  Fluxions  ;  for  the  fame  Reafon  Fiocz 
—z* — b9  F:tlz-—z2 — c,  Fiyizzzy — i,    &c. 

2.  Since  azzzA — BzzFiAi;,  and  b  or  F:zi  zz 
F:Azz%     Suppofe  the  F:  Azizz^zJA-f-J,    this  in 

K  2  Fluxions 
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Fluxions  gives  s  —  — 


The     Doctrine 

zzk 


—  *C,  therefore  j  zz 


—  j.C.     Whence  b—izzA —  jC.     And    F:  otz  z- 
(2a — bzz)  zzA  —  zB  —  i2;zA4-{C  —  ±z7A  —  zB  + 

3.  F:  $z  =  2,3  —  c ;    but  r  or  F:  %,3  z=  F:  cczz  zz 

F:  ZA  — BXzi; ;   fuppofe  irs  Fluent  —  ±z*A  —  ±zlB 

4-  s,   this  in  Fluxions  gives  J  ~  —  iZJA  +  ±zzB  ~ 

^D.     Whence  j  —  jD  ;   and  fri2'A — i^B+iD  ; 

■    \m        z*A—  2zzB+2zC— D 
and  therefore  F:  (3;s  z= g —  y. 

4.  By    the    fame    Method     F:  yz  = 
%4-A — 4Z5B-|-62:7C— 42D4-E 


Whence 


24 


And  fo  of  others. 


FI:jf&=A. 

F:  zFiyzzzzA  —  Bz«  zz  F:  Az. 

,.  .  ^  .^   .     zza— 22B+C     _    : 

F:  3  F:  3  F:jz  = -^- =  F:  *z  =s  0. 


F:iF:i;F:^F:ji;zz- 


1  X2 

!A  —  32;2B4-3^C  —  D 


:F.j3z=y. 


1x2x3 

z*A— 4z3B+6saC— 42D4-E 

F:*F:*F:*F:*F:jw  = IX2X3><4 

6ff.  =  F:  72;  =  J1. 

Alter    a    like   Manner    the    F:  zn— l  x  F:  jyij  ~ 

z'1       _            F:jz*;s 
—  X  F:y2;  — . 


Ex.    48. 

Suppofing  A=F:j2f,  »,=JF:iFyi,  PziF^F.-iFyrc, 
y  —  FiiriiFrzFrys;,  &V.  as  before.  To  find  the 
Fluent  of  z"y. 

Put 


Seel.  I.         c/FLUXIONS.  69 

Put  F:  z"y  zz  zny  +  s  ;  in  Fluxions  z"y  zz  zny  + 
»V2W— Ji  +  s ,  therefore  J  =1  —  nz"—lyz  zz  —  tzz*— XA, 
and  j"=  — »z8— XA+/,  in  Fluxions  /zz»x~i  X 
J^fT^k  zznX n^j  X  z*-2*  ,  and  /  zz  nx^iXZ"—** 
+  i? ;  in  Fluxions  v  zz—nx  n—i  X  n — 2Xzn~~zocZ 
zz — nxn— 1  xn—  2  x  s8~"3|3  ,  and  1;  zz — /z  x 
n — 1  xn — 2  x  znsp  +w,  and  w  zz  n  xn—> 1  X 
#—2  x  » — 3  X  z""~4y  ,    &V.     Whence 


F:  z"y  zz  z^y  —  nzn~-1  A  +  n  x  n — 1  X  zn—za,  — 
nxn — 1  xn — 2x2^3  ^nxn—i  xn — 2  X»— 3 

X  Zn~*y &C. 


Ex. 


49- 


Let  %xy —  laxyy  zz  gjw**  —  ayzx.     Put  jy  zz  zx> 

and  j/  zz  zx  +  *£,    and  expunging  yt  y  ;  %xzz  — 

2azzx  —  2axzz  zz  —  azzx.     Again    put  x  zz  zv% 

and  x  zz  zv  +  i/ij,    which   fubftituted   in   the   laft 

Equation,   it  becomes  %vzz —  %avz  zz  azv. 

aa              •         —aas  ■•        ' 

Let    "j  zz  — ,  and  1;  zz  -,    and  the  laft 

Equation  becomes  3^2;  —  ^sz  zz  —  zi. 

Let  s  —  a  zz  /,  and   /  zz  /  ,    and   you'll  get   the 

Equation     %tz   zz  z't ,      or    pz  —  zi  zz  o,    or 

1Z           t  z* 

*— zz  o,    and  the  Fluent  zn~-1  or  —   zz 

b  zz  —  .     Whence  by  Reftitution,  j3  +  #*  zz  ##y. 


0 


E  x,    50, 


To  find  the  Fluent  of  azx  -\-b-\-rxxzzz  e+fx 
Xx  ■,  \uty  zz  b+rx,  then  the  Equation  is  transformed 

into 
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into  yzy  +  yz  zz  e+fxxx;  multiply  by yr         zz 

«  a  a 

. . *  a      —  —  i  —  

b  +  rx* r        ,   then  will  —  zy  r      y  +  yr  z  zz  e+fx 


XxX&+rx  t      And    the  Fluent   is  zy r    zz 


b  +  rx" r /  ±+i 


vide  by  y  r    zz  b  +  rx  r  ,     and   you'll   have  z  zz 
e+fx  fXbrrx 

a  aa-\-ar 

Ex.    $u 

To  find  the  Fluent  of  —  +  %L  ~  —  =  Q 

Multiply  the  Equation  by  —£- ,    and    we    have 

axa—ryhx  byb—xxay  cxaybz 

— -£c +  ^r~ ^pr*  and  the  Fluent 

xayh 
is        -zzA  fome  given  Quantity. 

Ex.   52. 

To  find  the  Fluent  of  p-  zz  *   +  1  —  A  . 

p         x         y  z 

The   Fluent   is   Log.  p  zz  Log.  x  +  Log.  jy~ 

t  t        *y  #y 

Log.  z  zz  Log.  — ■  j  and  therefore  pzz  —  . 

Ex. 
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Ex.    53. 


To  find  the  Fluent  of  cc  +  fizn  z^z  zz  F. 

Let  F  zz  f  _'  2 %»+*— »  +^  •,  this  in  Fluxiocs 

gives  x  =  -  *+lZ™*+^^*>  fuppofe 

;  _  _  7T^  xj+^^+^+/3inFluxions 

p+I  X  |cx-h2  X  «^z 
s(x-\-* 

i  zz  t+i-«Xt+i-2»x«+^  _2— ^g,  fuppofe 

/A+I   X^+2X»*P* 

,    _    7T+    I— »XT+I— IWX^+M^        3     i+'jLt 

*  — — zzzz — 2    *       J  + 

ju,h-i  X  /x+2  X  ^+-3  X  »5P5 

— if»+* 

i>,&x.  Whence  Fur""*"'"2 *'*+I—n+s+t+v,&;c. 

/x+i  X  n? 


'     ry,n) 


f*-f-I 


That  is  Fl:  a+.oz"*   zTg  zz  --  —  z"^1  — »  _ 
M-i  X  n§ 


fr  +  2  X  *fr>z"  ^  +  3  x  ^z- 

C  +  fcfo 


7T+    —  j»xv'-h    2a 


|*+3  x  ***" 

Otberwife. 


Suppofe   F  =  "_±.^'_frtl  +  ,,    then  /  = 

7T-f  I 


(M—  I 


#3  X  ft-j-  zT-H;z 

*+*  Let 
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,u—  I 

Let  s  =. i_____J______ +  / ;  whence 

7T+I   X  7T+  h-« 


^— 2 


^  Xm— I  X  «^z  X  a+]S^       z*+2nz  ,  . 

t  z:  - 1- —      •     *- ,  and  let 

7T+I   X  TT+I+tl 

t  =  ^F^^'x»+^^^+-  +  „.  &c< 

7T+I    X  7T+I+«  X   7T+I+2H 


-s  A* 


Whence    F:    a+ibs**  ots  _S_  — -Li — 

TV  -f-  I 

^^2"  u—i  X  »£2* 


TT+l+n  X  a+^2"_  7T+I+2W  X  a+/3z* 

a— 2  X  0&Z" 

c  +  sv* 


Ex.   54. 


To  find  the  Fluent  of  *  +  P  +yz**+3zi*  Wc?  x 


2*55,  having  the  Fluent  of  cc+(6Zn\  z"z  given. 

rt  _________  y_t 

Suppofe  «  +  /Sz*  +  yz2*  -}-  oz3»  &V.    =  a-f.#zB 


XI  +o+Cz2'1  +D23^c.  then  «+#2,l+yz2,,+oz3*&c. 


.:  *  +  <22"  x  1  +  o  +  Cz2*   +  &c.^  **  5    but 


!  +  o  +Cz2"+  &c.  *  =  1  +  o  4-  -Cz2«+-Dz3« 
1 
1  ._  i* 


+  -LE    J 


zv   +  &V.       Multiply    this 


Series  into  a  +  £zn,  and  we  lhall  have  a  +  fizn  + 

yZz1  +023"  &5V.    "Z  a 
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«+  o      +  -Cz"+  —  Dz3 

M 


'I  £s?f.     And   equating 

+  (32»    +  o  +  — C 

I* 
the  Coefficients  of  the  feveral  Powers,  then  a  =  a, 

*  =  *,  y=-C,    *=:  —  D  + -C,  ctV.    Whence 

c =^,  d  =  -d— M,  e= -fit-  '-^cc  - 

£  f* 

— D,  fcSV.     Therefore  Fl:  * +.52"  +yza*+&3*fc?r.  X 
2»i  =  F:  *+&"]  z*z    x     into      i    +    -^z2H   + 

a.$ — 0y 


uz 


*>%?  +  Ez4«  fcfV, 


Therefore  if  the  Fluent  of  7-^JP  z*z  be  known, 
the  Fluent  of  this  compound  Fluxion  wiil  be  known, 
by  Form  nth  of  the  Table,  and  this  is  uferul  when 
the  Quantities  yz2n9  *z'\  &c.  are  very  fmall. 

Likewife  the  whole  Fluent  when  a+£zfl  becomes 
zzo,  will  be  found  from  this  Rule,  by  Form  17th 
of  the  Table. 

Ex.    55. 

To  find  the  Fluent  of  zrxyy. 

Let  xrymy=A,  A£=b,  B£=C,  &c.  then  the 
Fluxion  given  is  2"  A ;  then  by  Rule  VIII.  put  F:  2rA 
zzz"A+s;  in  Fluxions  z"A=z*A  +  nAzr~Tz  +  j* , 
bri=— »z*— lAz  =  —  «2n— TB;  afTume  ;z-^-:B 
-  /,  then  izznx ^T X z"-*Bii  =1  n  x ;:-  1  2r-2c  : 
Let  / n« X a — 1  X 2"— 2C  +»  ;  then  0  z:  —  nXn  ■  1  X 
«— 2  x  2"— 3Ci;  =  —  »X»— iX»— 2X3*~ ?I>.  Then 
affume  u  =z — HX^z:7x^r2X2',-3D  +  w,  Efo 
Then  at  laft  F:  z'tffy  or  F:  2*  A  =  zn A  — «B",r«B  + 

L  tfX 


74  The     Doctrine 

nX^iXz^-C— nxV^X^=^Xzr^T>+nXn~^i 
X  n^i  X  S^j  X  2;"-4E  — 13  c. 

Then  by  the  very  fame  Rule  that  thefe  are  had, 
you  will  get  the  Fluents  of  A  or  xrymy,  and  B  or  Az, 
of  c  or  Bi;,  (3c.  in  any  particular  Cafe  -,  expungino- 
by  Degrees  x  y  or  z  as  there  is  Occafion,  by  Help 
of  the  given  Equations.  The  above  Series  is  the 
fame  as  is  found,  Example  48. 

Suppofe  the  given  Fluxion  is  zxzyy,  and  rr —  xx 
—yy*  and  —  xxzz yy,  alfo  xz  —  —  ry  and  yz  z=  rx  ; 
r,jy,  x  being  the  Radius,  Sine  and  Cofine  in  the  Circle. 
Then  we  fhall  have  F:  zxzyy  —  z A — B,  where  Azz 
F:xyy,  and  B  :=  F:  Ai; ;   here  A=nF:  rr-yy  Xyy  = 


r*yi 

y6 

4 

6 

xy* 

X  rx  ~ 

and  B  z=  F:  irr  —  lyy  Xy^z  zz  jr*- 


iyy 


.^rr—yyyX — —  *    whofe  Fluent  is 

\/rr—\y 

found  from  the  Table. 

And  thus  I  have  explain'd,  as  clearly  as  I  could, 
the  mod  general Methods  of  iol  ving  this  difficult  Problem. 
The  Reader  perhaps  may  think  me  too  prolix  on  this 
Head  :  But  it  mult  be  confider'd  that  this  is  a  Problem 
of  the  greateft  Extent  and  life  in  the  whole  Practice  of 
Fluxions  \  nay  it  contains  almoft  the  whole  Science; 
and  we  cannot  be  too  particular  in  treating  on  that 
which  is  the  Foundation  of  the  greateft  Part  of  the 
Praclice.  But  alter  all,  we  mall  find  it  exceeding  dif- 
ficult in  may  Cafes  to  find  the  Fluents  of  Quantities, 
by  any  Methods  hitherto  known.  And  it  is  much 
to  be  wihYd  that  we  had  fome  eafier  Methods  of  find -( 
inq;  Fluents,  efpecially  of  compound  fiuxionary  Quan- 
s,  without  the  tedious  Labour  of  reducing  them 
to  infinite  Series,  which  in  many  Cafes  converge  fo 
flow,  an  \  are  lb  much  compounded  as  to  be  in  a  man- 
ner uleiels.  The  following  Propofition  is  dehgn'd  to 
remedy  this  Difficulty  in  lome  particular  Cafes. 

PROP. 
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PROP.     XL 

To find }  the  Fluent  of  a  given  Fluxion  by  the  Table. 

i.  The  following  Table  comprehends  all  Sorts  of 
Fluxions  and  their  correfpondent  Fluents  ;  not  only 
fuch  as  can  be  exactly  had  infinite  Terms,  and  thofe 
depending  on  the  Quadrature  of  the  Conic  Sections,  but 
aifo  thofe  that  can  only  be  had  by  infinite  Series. 

2.  Thefe  Forms  are  all  number'd  in  the  firft Column; 
the  fecond  Column  contains  the  Fluxions,  and  the 
third  gives  the  Fluent  thereof.  The  21ft  and  all 
the  following  Forms  relate  to  the  Transmutation  of 
Fluxions ;  here  the  Fluxions  in  the  fecond  and  third 
Columns  are  equal,  the  fecond  being  transform'd  into 
the  third,  and  the  Fluxion  in  the  third  Column  always 
belongs  to  fome  of  the  foregoing  Forms. 

3.  Here  z,  v,  y  exprefs  variable  Quantities,  and  all 
the  reft  are  given  ones,  which  may  reprefent  any 
Quantities  whatfoever  affirmative  or  negative.  But 
in  the  6th,  8th,  and  10th  Forms,  the  Nature  of  them 
requires  negative  Quantities,  and  therefore  they  are 
witten  negative. 

4.  In  the  fecond  Column  are  fet  down  all  the  ne~ 
cejfiary  Conditions  relating  to  the  Signs,  Indices,  &x. 
in  each  Form  :  likewife  in  what  Cafes  the  Form  will 

fail,  and  when  the  Series  will  terminate.  But  the 
Fluents  in  Form  11,  12,  13,  and  14  are  defign'd  al- 
ways to  terminate,  and  are  derived  from  the  fore- 
going ten  Forms,  which  therefore  may  be  called 
original  Forms. 

5.  In  thefe  original  Forms,  though  the/r/?  of  the 
Fluents  there  given  may  in  molt  Cafes  be  fufficient, 
yet  there  are  kveral  Varieties  both  of  numerical  and 
geometrical  Fluents  \  fo  that  the  molt  fimple  and  ele- 
gant may  always  be  choien  to  fuit  any  particular  Cafe. 
It  is  fufficient  to  prerrnfe  this  concerning  the  Nature 
of  thefe  Forms. 

L  2  A    TABLE 
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A     TABLE 

Of  FLUXIONS  and  FLUENTS. 

L  z=  2.302585092994045684  &c. 
N  =    ,017453292519943295  &c. 

Forms.    Fluxions. 

Fluents. 

I 

7#/s  Form  fails 
when  n  zo, 

2f 

• 

2 

z—*z  zz  j> 

^-Lx Log: 2.  Or L x Log: Az. 
Or  <p  zz           of  the  Hyperbola  be- 
tween  the  Afifyptotes,     whofe   in- 
fcribed  Parallelogram  is  any  Space 
RR,  -and  Abfcifa  (taken  in  the  Af- 
fymptote)  Rz  or  z. 

3 

— rz — ^+x 

*+&Z» 

w#*»  p-  zz  —  1 . 

4 

zn—  sz 

9  =  "^  X  Log.  of  *  +  #z<  . 

^  ~  'gRR  °^  an  Hyperbola  be- 
tween the  ArTymptotes,  whofe   in- 
fcribed  Parallelogram  is  RR,  Ab- 

fciffa  —  +  25"  . 
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Fluxions. 


z        z 


+  0Z* 


Here  &  and  $ 
are  affirmative. 


4* -i. 
z        z 


OL  —  $Z« 


"~<P 


Here  &  is  affir- 
mative^and —  0 
negative. 


Fluents, 


2N 


—  x  Degrees  in   that  Arch  of 
a  Circle  whofe  Radius  is  i,  and  na- 

tural  Tangent  <f- —  . 

Arch         _     ^.a  .       ,    _  ■     •    . 
q>  zz — - — r=r  of  a  Circle  whole  Radius 


l* 


Rv/^i8 


&z* 


is  any  Line  R,  and  Tangent  R^/- —  . 

4  Sectors       .  a 

:  In,    X  of  the  Circle  whofe  Ra- 

»RRv/*<3  J~- 

dius  is  R,  and  Tangent  Rv/  J- — , 


P  =  -2=  X  VUlg.  Log.  01  — 

L  T  cs/g&+y/<* 

P  =  ~Fr  X  Log .  of     . . 


9  — 


«\/«j3 


xLog.  of 


cc  +  &Z»  +  2x/*0Zn 


Area 


X  Log.  of 


•0Z* 

$z« 


»+fiZv — 2y/a0Zv 

of  the  Hyperbola  be- 

tween  the  Afiymptotes,  whofe  in- 
icribed  Parallelogram  is  RR,  and 
Abfciflas     (terminating    this    Area) 

4  Seclors 
<P  z: « ±r-  of  a  right  angled  Hyper- 

bola,  whofe  femitranfverfe  is  R,  and 

$zn 
Tangent  at  the  Vertex  Ry/  — . 
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'orms. 


Fluxions, 


zK      Z 


a,  +  j3tf 


Here  a    and  j3  are    affir- 
mative. 

_   is  an  affirmative  proper 

A 

Fraftion* 
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Fluents. 


X—  * 


— jtX   int0  AL  x  Log.  v/i  —  2^+^+BNxP 
VOL       3"   +  CLxLog.y/i— itx+xx  +  DNxQ^ 
+  EL  x  Log.  y/i — 2ux+xx  +  FN  xR  &V. 

Kzan  Arch  or £-.    #  zz 1    . 

A  cc 

ay  b,  r,  &c.    zz  Sines     ">  of  iK,  3K,  5K  &V,  to  1800. 

s,    t,  #,  &c.   zz  Cofines  f     Radius  n  1. 

P,  Q,   R,  &V.   zz  Degrees  of  Arches   whofe   Sines   are 

ax  bx  ex 

— = =,  —  ■,  ■--,  &?*. 

Y/I 2J^  +  ^^  v/l ltX-\-XX  v^1 2i^^-t-^^ 


CASES. 

1.  If  i  =4,  then  A=(_2j=)-i.B=2^.C=i.D=o=E=F  fcfc 

2.  If  -zzf,  A=(2j=)i.B=2a.  Czz— 1.  D,E,F&V.  zzo. 


3.  If   -  =  «,  A=— 2J.B  =  2tf.C=— 2/.Dz=2^ 

J  A        4 

4.  If  i  =1,  A  =  2  J.   Bzz20.  C  —  2t.  D 


2^.-V 

>E,F£sfr.=< 

ib.j 


A 


5.  If  7  zz  |,  A  zz  —  2j.  B  zz  2*.  C  —  —  2/.  D  —  2 

A  E=  1.  FOV.  zzo. 

6.  If  -  =  |,  A  zz  it.   B  z:  2*.    C  zz  2J.   D  zz  —  2*. 

A  E  zz  — 1.  F&c.  =  o. 


jr.  If.  -  =  j,  A  =  —  2/.  B  zz  ia.   C  zz  o.    D  zz  2*. 

E  zz  — iu.  F  zz  2r.   &V.  zz  o. 


8o 
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Forms. 

Fluxions. 

8 

zx      z 

CL-fiz* 

Here   a.  is  affirmative^  and 

— •  #  negative. 

-•    /x  £#  affirmative  proper 

Fraftion. 

i 

■'■    '■    -■'-  .  •■■ 
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Fluents. 


— j — izrX  int0  AL  x  LoS*  x  —  *•    +  BL  x 

y&hOL   *    Log.  </i  —  2sx  +  xx     +     CN  X  P     + 
DL x Log.  s/i— itx+xx    +    EN  x  Q^ 

+  FLxLog.  y/i—iux+xx  +  GNxR  &c. 

^ j. 


a    r     c    iSoDeg. 
K  zz  an  Arch  of  -— ^-.    *  = 1   . 

A  a 

a,  b9  c,  &c.   =  Sines     >  of  2K,  4K,  6K  &?*.  to  180°. 

j,    /,  u,  &c.   =  Cofines  J      Radius  zz  1. 

P,  Q,   R,  fcfr.*±  Degrees  of  Arches   whofe   Sines    are 

**  ^  ^  r  r> 

—  zrr ,     —  >         . ?   ^^ 

^ 2SX+XX  v/1 2tX+XX  \/l 2UX  +  XX 


\  CASES. 

1.  If  -  =|,    then  A  zz  —  1,    B  zz  —  2s,    C  —  2a. 

A 

2.  If  -  zz»,  A  zz —  1,  B  zz —  2^,C=  —  20,  D,Et5V.zzo. 


j.  If  -  —j,    Az  —  i,Bz  ( — 2j  zz)  o,  Cz=2^,  Dzzi 


..If 


,  Azz — 1,  Bzzo,  Czz — 20,  Dzzi,  E,  F&V.zro. 


5.  If  -  zz  a,  Azz —  1,  Bzz  —  2j,  Czz2^,Dzz 2ty  Ezz2^. 

I        r 

6.  If  -  ZZ|,  Azz— i,Bzz— 2/,Czz2^Dzz— 2J3EZZ— 2.7, 

A        '    F  £ff r.  zz  o. 


7.  If  -  zz  -j,   A  zz — 1,    Bzz  —  2  ;,     C  zz  2a,    D  zz — 2/, 

E  zz  2#,    F  zz  1,    G,  &V.  zz  o. 

__  _fcV. 

M 
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Forms. 


Fluxions. 


-„— i  • 

zz       Z 


J*  +  P 


<?> 


tf 


H#-f  j8  «    affirmative. 
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Fluents. 


0>  =  ^-  x  Log.  of  v/  P*  +  vA  +  ^"  . 
V73 


L  ( = 

(S  =  -— -xLog.of  «+2(3%"+2v/^+fe''x^ 

(?)  =  -^r^-  X  Log.  of  v/  a  +  P*  c/d  x/fc" . 


-L 


»v/h 


X  Log.  of  «  +  2P^  —  2^^"  +  pzzz 


A   =    t>^,    ^o  °f  tne  rignt  angled  Hyperbola,   whofe 
Semitranfverfe  is  R,  and  Ordinate  Rv/—! . 


2 
0   zr  ■  0  X  &ffgr  of  the  right  Hyperbola,  whofe  Semi- 

•  rjRRv'P 

tranfverfe  is  R,  and  Ordinate  J?±:_ x/^+Hzn  x  &zn  . 

2 

(?)   =  -tt^— 77  X    5^^r    of     the     right    Hyperbola, 

whofe     Semitranfverfe    is     R,      and      Ordinate 

2R       ' 

v/a+^x  Pz"  9   when  a  ftands  for  a  nega- 
tive Quantity. 

4  Seftors     c    .       .  f     __        _    ,         ■*.*»■. 

(?)  ~  or   the  right  Hyperbola,   whofe  Semi- 

*  r,RRy/# 

R 


tranfverfe  is  R,  and  Ordinate Xv/^+fe"  5 

when  a  ftands  for  a  negative  Quantity. 


84 


The    Doctrine 


Forms. 


10 


Fluxions. 


Z*~XZ 


</»- 


a -/3a' 


4> 


Here   a  |j  affirmative?  and 
—  /3  /j  negative. 


Se<a.  I.  ^/FLUXIONS, 


Fluents. 


2N 


0  —  — —  x  Degrees  in  the  Arch  of  a  Circle 

T         *\/? 

whofe   Radius    is    I,    and    natural   Sine 
/fa 


<P 


N 


VP 


X  Degrees  in  the  Arch  whofe  Radius 


2        £ 


4>  = 


is  i,  and  Sine  —  vA — I32"  X  P2"  • 


X  ^hi>  whofe  Radius  is  R,  and 


*Rv/P 
Sine  Rv/^51  . 


<?  = 


Arch 

7r"v^ 


,   whofe  Radius  is  R,  and  Sine 


2R, 


4>  = 


_*/« — ^z"  xfts" ,  or  verfed  Sine  —  $z> 

oc  ex. 


X  Seclor  of  a  Circle,  whofe  Radius 


^RRv/,3 

is  any  Line  R,   and  Sine  Rj  — - 


A  = 


2  Setters 
isRRv/(3 


of  the  Circle  whofe  Radius  is  R, 


2R 


and  Sine y/  ojSs*  —  j3xz277 
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Forms, 


II 


12 


Fluxions. 


ct  +  $Zn    Z^+^Z 


Here  \    is  any  affirmative 

whole  Number. 


N.  B;     This    Form   fails 
when:~  +h     is    any 

negative    whole    Number 
from  _  i  to  _  a  inclufive. 


ot  +  $ZA  Z 


M      cy* A>J 


z 


Here   a    is   any  affirmative 
whole  Number. 


N.  B.  this  Form  fails 
when  - is  any  affir- 
mative whole  Number 
from  i    to  a  inclufively. 


Seft.  I.         ofFLUXIONS. 

Fluents. 


8? 


ZTJ    Xf— »iX«— 2iX«— 3»X&JV. 


till  £~ 


An 


+ 


(3  xJ—  nX i—  20XJ1— 3» X&c   .  .  .' .  tilU— a?) 


<P 


i V\    X   OL 


^^X(3  *-2n  X  0*" 


i  —  2r,  X  a 

A  —  — - = — —  B 


—  3>i  X  a 


e? 4*1  X  fa* 


fcfr.    till 


<F— 3*  X  Ps" 

f  +  1 A)iX« 


<?  —  An  Xl3*" 


<P  =.  Fluent  of  a+(3z^   z*z. 


€    —    7T    +     I  +    A>]  . 

A,  B,  C  &V.  each  preceding  Term  with  its  Sign, 


<3   XcH->,X<H-27,  XJ+3*  X&V.  ....  till  cH-a* 


—  **  Xfj-nXj+inXj+SiiX^ till  8+An 


4 


+ 


— *— A  — —  "  15 


*  +  /,  X  a 


*  +  2*j  X  a 


«  +  3"X* 


-  J  +  ^xg^  c  _  e?f.  tiu  -  4=^*£2-f. 

t  +  41  X  <*  f  +  A»  x  a 


0  zz  Fluent  of  «  +  |3z^  2W£. 
\  i**+x 

y  ZZ  a+(3z»l 
6    ZZ   7T  +   I  —  AH  —  U. 
^  ZZ  £  +  /*>,    +   4, 

A,  B,  C  £sV.  each  preceding  Term  with  its  Sign, 
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\Ft 


orms* 


13 


14 


Fluxions. 


+ 


OL  +  jSjS"1        z*z 


Here  1  is  any  affirmative  -whole  Number. 


IT  ~4"  I 

N.  B.  'This  Form  fails  when +  ^ 

is  any  negative  whole  Number  from 
—  i   to  —  t  inclufively* 


ij<  —  r 


*  +  (&?     z*z 


Here  r  is  any  affirmative  whole  Number. 


N.  B.  This  Form  will  fail  when  ^  +  J 
is  any  affirmative  whole  Number 
from  1  to  r  inclujive. 


Sea.  I.         e/FLUXIONS, 
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Fluents. 

rT 

xr  Xfx+l 

X/*+2  X 

^  +3  X  &ff .  . 

•      •      • 

till    ^  +T 

"4 
-B 

+ 
+ 

cT-HX  $  +  2r)  X 

/*  +  t  X  *ia 
J  +  T«— *  X  7 

:  +  fcfr.  till 

A  +  - 

till  J+tn 
?H  ™X>i 

*+TU 

t 

2   X  n«   „ 
~ -r. 

1X7 

£  +  T1J  — 

-3*xr 

<p  z:  Fluent  of  <*+pz*  z*z> 

y  H  a+Pz"  . 

<£  ZZ  7T   +    I    +    jtAfl. 

A,  B,  C  £s?f.  each  preceding  Term  with  its  Sign, 


JXJ— *XJ— 2»jXJ— 3wX&?f.  • 

.  .  till  <?+*  —  m 

/ft 

T       T 

9 

7)   a  j^X//.— iX/a—  2X/*—  3X&V.   .  .  .  till  ^  4-1 — t 

—  7      — —  +  — -A  +    — IE 

^ — TfiX^a  ^  —  t+2X)i«  jw— r+3X»ia 

+  !Z^±.^x2c  +  tfft  tm  J^XyFi 

(x — T+4XW  J*71* 


<p  zz  Fluent  of  a+#z^    2w;s. 

V  ZZ  a  +  (3z"  . 

^  ZZ  7T    +     I     +    nj,  g 

A,  B,  C  &V.  each  preceding  Term  with  its  Sign. 


N 


Ths     D  :  :  rii 

r 

— 

- 

1  J: 

z  -  i  ~ 

r  .  ;.--     --     ■.-.-.  •.-    -_:-. 

-r-  -- 

T 

..  .-;•   -,;.-■  :.•  -•.  :  ;\,7. 

T-. 

1 

16 

~ 

*—'■''■ 

I  " 

into 

-       .       ;".;     x 

:  --:    --  :     - 

5 

;                - 

-:-  .-:* .   • 

.;  ~~?  ~~  - 

•.--"  —  '..          /  ,-T7  r; 

.  .•  -   - 

-     ..  . 

1 

;:    v.  :     .r  '-.'..  a  :>..>.;.- 

Scd.  I.         ^FLUXIONS. 


Fluents. 


*    _  *  +  "a  —  J+21IE    _       +  3   c 


2  +  4* 


Dq — &V.  x  into  «+p^» 


.<»+* 


I    Z7T    +    I. 
<^  IZ  *    +  jotij. 

A,  B,  C  £sf f .  each  preceeding  Term  with  its  Sign. 


7T-f-I 

I"— 3" 


■A? 


+ 


T  + 


2^ 


% 


3" 


+  l  +  n        7r+I  +  2>3        7r-f-i+3^ 


+ 


4> 


D<7 


7T+I-1-47} 


+  fcrV. 


A,  B,  C  &c.   are  the  Numerators  of  each  pre- 
ceding Term  with  its  Sign. 


■A?  —  = 


J  +  «X/3 


<T+2t5  X  |3 


«  +  3»  X  a 


C*>  ©V. 


*+3*  X  p 

<T  =  7r  +  i  +  i  +  p  X  r 


<p  —  whole  Fluent  of  &+pz*y  z"z. 
A,  B,  C  fife,  each  preceding  Term  with  its  Sign, 

but  without  the  Quantities  /,  g,  b,  Sec. 
When  any  of  the  Quantities  ?,/,  g,  &c.  are  want- 

the  refpe&ive  Terms  will  vanifh. 


N    2 
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Forms. 

Fluxions. 

18 

e+fz"  +gzl"  +bz*  &c  x  into 

x+(dz*+  yz2n  +  £z3r&c'~  zvz. 

1 

-7T  —J —  I  [ 

N.  B.    This  Form  will  fail  when 

is  any  negative  whele  Number  what- 
every  or  when  any  Denominator  is  0. 

10 

mzy  +  nyz  x  js*~ y"-1 

or   5!    .    nz.xznym. 

y            z            •* 

. 

20 

rzyv  +  mzzy  +  nyvz   x 
into  zn~lym~1vr~i. 

Seel.  I.  cf  FLUXIONS.  93 


Fluents. 


+F 


**■}"■  , 


H ~ — — z2* 

p+2r.X* 


b\ 

—  ~~~ 

I 

M 

={+-  ?   yB 

=t+J 

pc 

/  +  j'-X* 

'Zj* 

i 

—  P 

} 

£A 

"S^*! 

'h^: 

~|3D 

24' 


+  Gfc   X  into  z*>  X  a  4-^  +  y2F  +te3*  &V.'tt+I 
*  =  »+!. 

A,  B,  C  8V.  the  Coefficients  of  the  ift,  2d,   3d  Gfc 
Terms  reipeftively. 


tf^/71 


s> 


':.".'„.'' 


3jr» 
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Given  Fluxions. 

21 

e+fz""  z^-'z 

A  /V  <z/i?y  whole  Number  whatever. 

22 

• 

e  +fz*  x  g  +  hz* 

23 

e  +fz*     x  g  +  hz*  zxi*-Jz 

Here  x  is  any  whole  Number  greater  than 
0 ;    r   is  half  of  any  whole  Number 
whatever. 

24 

._.. ...   ~m               • 

e  +  fz^'z^-'z 
g  +  hz*  lm 

Here  either  a  or  r— x  mnft  be  a  pqfitive 
whole  Number  greater  than  0. 

Seft.  I.        c/FLUXIONS, 


'Transform  d  into  others. 


m. 


X— I 


V  V 


v  —  e      x 


v-e  +fz\ 


fzxf>~*z        hzx*~*z 


pxe+fz*      pxg  +  hz^ 
p=fg-eh. 


-X— I 


hv 


v—  e      x  p  + 


/ 


ifv 

w 


eh 

v  =  e+fzK 


s 


v—e      x 


._!     /-  bo 


r—A—i 


vmv 


p=fg-eh. 

e+fz* 


e/r-1 


V- 


g 


hz"  ' 
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26 


27 


28 


The    Doctrine 


Fluxions. 


e  +  fz*mz*-lz 


k  +  /zQx  g  +  fari 


m-\-r 


Here  r  is  any  affirmative  whole  Number 
whatfoever. 


3*8-13 


e  +  fz*  +  gz2* 

N.  B.  This  Form  fails  when  ^eg  is  greater 
than  ff. 


e+fz9  +  gz2t  z^^z 

x  is  any  pojitive  whole  Number  greater 
than  o  ;  m  is  the  half  of  any  whole 
Number. 


,*0- 


z"~lz 


Here  e  and  g  are  affirmative. 

a   is  the  half  of  any  affirmative  whole 

Number  greater  than  1. 
N.  B.  This  Form  fails  whenff  is  greater 

than  4eg. 


Seft.  I.         of  FLUXIONS. 


Transform  d. 


f-hv 


mr 


771 

av  v 


d  +  av 


•r — i 


f—hv       hvmv 

+       w 


a  zzgl  —  kh. 
b  zzfg  —  eh. 
d=fk  —  el. 
e+fz* 


V  zz 


g  +  bz9 


g 


Z™—lZ 


—  X 


-lx 


zxQ—iz 


P    '--/+gz>      P 

p  zzs/ff-vg. 


¥+gz' 


V 


-w 


X — I 


m 


p  =  <?  — 


x  p  + 


V 


ff 


g 


V  . 


Ag 
v  —  If  +  gz» 


V+-S 


2  A — 2 


V 


V-is 


n2A— 2 


X 


V 


0^-3     p+v*       Qsg^-3     p+y± 

s  ~  </ig\/eg-fg  . 

V  5:    —    ii    +£S*      .' 

V=  +  1/  +#s     . 

o 
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Forms. 

Fluxions. 

29 

z^~xz 

h  +  kz"  x  e  +fz*  +  gzz!> 

N.  B.  This  Form  fails  when  ^eg  is  greater 
than  ff. 

3° 

• 

zx®~lz 

k+  /s6  x  e  +  fz9  +  gz2" 

Here  x  is  any  affirmative  whole  Number 

greater  than  0. 

3i 

• 

k  +  lz%  x  e+fz*  +gz2i> 

Here  e  and  g  are  affirmative. 

a   is  the  half  of  any  affirmative  whole 
Number  greater  than  2. 

N.  B.  Tbts  Form  fails  when  ff  is  greater 
than  s±eg. 

Seft.  I.         o/FLUXIONS 
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Transform d. 

' 

gkkzxQ~'z            ggz^-'z 

ggzie—Jz 

cd.h+kz?         dp.b+gz* 

pc  .  a  +  ££a 

p  z=  >/ff—¥g . 

CI  . 

2 

c  ==  ak  —  gh . 
d  zz  bk-gh. 

^   ,  ?» — i 

#<7   /xro 

//z^-i;                  <l>  —  |/'X 
f.A  +  /z8              ^£A— ' 

4 =  gk  - 1//. 

*  =  eg  —  if. 

/  =  ell—  fkl  +  gkk. 

v  —  if  +gz*  . 

/kz^-s->z        V  +  1J      J 
f  .*  +  /z8          20i^"_3 

V—  -^                2?VV  +  rrV 

q  -  l^/eg—gk. 

r  -ly/eg  +gk. 

*  -  \Zigs/eZ  —  fs  ■ 
t  -  ell  -  fkl  +  gkk  . 

I              .                    1  9 

v  zz-\s  +  gzl   . 

V=  +is+£zi*. 

O    2 
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Forms. 


32 


Fluxions. 


Z^Z 


m 


k+  lzH  x  e  +fz  +  gz 


Here  m   is  half  of    any  pofitive  whole 
Number. 


33 


•m 


z^~lz  x  e  +  fz{ 
h  +  kz9  +  lz^ 


Here  x  is  any  affirmative  whole  Number 
greater  than  o. 


N.  B.    This   Form   fails   when  4  hi  is 
greater  than  kk. 


Seal.  of  FLUXIONS.  ioi 


"Transform W. 


2m—  1 


vW 


ap  +  azfi 


a  =  ell— fkl  +  gkk. 
el-*-fk+\te 


v 


k  +  lz' 


VV 

X 


lxv^~e 


*Pt~x  k-=?f-le+fv 


A  — I 


/  x  v  —  e '  z^z* 

X 


^/A_I       h-¥f-k+h' 


p  -  s/kk  —  ^hl. 

v-e  +fz\ 
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Forms. 

Fluxions. 

34 

z^^z  x  e+fzr" 

h+  kz*  +  /&* 

Here  h  and  I  are  affirmative. 

A  is  any  pofitive  whole  Number  greater 
than  o. 

m  is   the  half  of  any  affirmative  odd 
Number. 

N.   B.    This  Form  fails  when  kk  is 
greater  than  ^hl,  or  when  a  is  ne- 
gative. 

35 

• 

zx*~Jz 

h+  kz*  +  /z2(j  x  e  +fz*  * 

Here  h  and  I  are  affirmative. 

A  is  any  pofitive  whole  Number  lefs  than 
m-\-\. 

m  is  the  half  of  any  pofitive  odd  Number. 

N.  B.   This  Form  will  fail  when  kk  is 
greater  than  ^hl3  or  when  a  is  nega~ 
tive. 
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Transform' a. 


— 1/-] 

vv  —  sv  +  <7 ' 



X  ^  + 

0  */'-2  /2 

v  2W 

vv+*v+?) 

.ii- 

© 


p  +  vv 
V 


'     -     •        '7 ^       *  w     _____ 

0j/**-  2jiA-\-2m-3  p  +  V V 


0  —  ffh  —  efk  +  eel. 
b  zzfk  —  iel. 

s  zz  y/ '  ily/al  —  bl. 
p  zz  Is/al  —  ±ss. 
q  zz  iss  —  ell. 


v  zz  — ,  4 j  +  Ive+f: 


za  • 


V=    +2J    +/v/*+/s9 


,A — I       s2m — 2A+2 

—  gVV+gjV+y1      x\m?  /V 

($sfx-2(flm  XJ+V' 

X—  I      ^2»— 2A+2 

—  ew  —  esv  +  a\      xv+iS  lv 

x 


a  zzffh  _  <?/*  +,,/. 

£    =  /*-  2*/. 

J    ZZ    y/ '  ll  y/al  —  £/. 

/>  zz  l^/al  —  }js. 
q  zz  al  —  -ijj<?. 

*  =  —  i*  +  v^ — TTT  ■ 
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The    Ufe  of  the  foregoing    Table    of 
Fluxions. 

I.  \AT  HEN  it  is  required  to  find  the  Fluent  of  a 
V  V  given  Fluxion,  by  this  Table  ;  it  muft  firft 
be  found  out  to  what  Form  it  belongs.  To  this  End 
jubftitute  n  or  9  (as  the  Cafe  requires)  for  the  numeral 
Index,  and  then  it  may  be  compared  with  the  feveral 
Forms  in  the  Table.  Or  the  given  Fluxion  may  (and 
often  muft)  be  reduced  to  another  Expreffion,  by  di- 
viding it  by  the  higheft  Power  in  the  Radical,  (that  is 
by  taking  the  higheft  Power  of  the  variable  Quantity 
out  of  the  Radical)  and  affecting  the  other  Quantities 
with  it;  by  which  Means  the  Fluxion  will  acquire  a 
new  Form  and  Expreffion,  for  the  Sign  of  the  Index 
will  be  changed,  (and  this  1  call  reducing  the  Index), 
Then  fubftitute  n  or  9  for  the  numeral  Index,  and  fee 
what  Form  in  the  Table  it  will  agree  to. 

x 
For  Example,  let  -  —  •  be    given  ; 

aa+xxs/bb  —  xx 

here*1  will  be  xQ,  0  —  2,  and  i9=zi  *  and  x  or  xl—Jx 

iQ—z 


•  X  V" 

x  i  therefore  the  Fluxion  is 


aa+xSy/bb—x* 
then   comparing   this    with  the  Twenty-third  Form, 
we    (hall   haveAzzi,  which  ought   to   be  a  whole 
Number,  and  therefore  it-comes  not  under  this  Form. 
Now   reduce   the   Index   by  dividing  by  xx9  and  we 

fhall  have  — .■ __    -J 

^Xi+  aax— z  y/ —  i  +  bbx—* 

X—'l—^X 

where  9   will    be  —  —  2. 


1  +***— *v/— I  +bbx~ 

and  the  Index  —2  —  1  =  9  —  1,  therefore  a~i  ; 
and  therelore  it  belongs  to  Form  23. 

2.  If 


Sect.  I.         /FLUXIONS.  I0J 

2.  If  the  Fluxion,  then,  is  a  Binomial,  you  mint 
firft  try  if  the  Fluent  of  either  Expreflion  can  be  had 
in  finite  Terms  by  Form  3d  or  15th,  (which  may  al- 
ways be  known  by  the  Notes  in  the  fecond  Column) ; 
if  it  cannot,  then  try  whether  it  can  be  had  in  finite 
Terms  by  any  other  of  the  Forms  for  Binomials, 
which  will  be  eafy  by  comparing  the  Indices.  If  it 
fall  under  the  nth,  12th,  13th,  or  14th  Form,  there 
will  be  required  two  (or  perhaps  three;  Operations, 
whereof  the  firft  is  always  for  the  Fluent  of  the 
original  Fluxion,  and  is  to  be  found  by  fome  of  the 
firft  ten  Forms.  But  if  it  cannot  be  round  in  finite 
Terms  by  thefe  Forms,  then  the  I  aft  Recourfe  is  to  the 
15th,  1 6th,  17th,  or  1 8th  Form,  as  beft  fuits  the 
Cafe. 

3.  Having  found  to  what  Form  (or  Forms)  the 
Fluxion  belongs,  you  have  no  more  to  do,  but  only 
to  write  the  relpeclive  Values  of  the  general  Quantities 
in  the  Fluent  belonging  to  that  Form,  and  multiply 
the  Refult  by  fuch  given  Quantities  as  the  given 
Fluxion  was  multiply'd  into,  and  you  have  the  Fluent. 

4.  And  in  compound  Binomials,  or  Trinomials, 
fuch  as  belong  to  the  21ft  and  following  Forms, 
iince  thefe  are  transform'd  into  fingle  binomial 
Fluxions,  ftanding  in  the  third  Column ;  therefore 
you  muft  proceed  with  thefe  according  to  the  fore- 
going Directions  for  Binomials ;  and  the  Fluents  of 
thefe  (fingle)  Binomials  being  found,  will  be  the 
Fluents  of  the  Trinomial  or  compound  Binomial 
Fluxions  ftanding  in  the  fecond  Column,  refpectively. 

5.  But  there  are  feveral  Sores  of  compound  Fluxions 
which  cannot  be  refolved  without  fome  further  Re- 
duction. Now  there  are  thefe  two  other  Ways  of 
reducing  a  given  Fluxion  to  a  different  Form  or  Ex- 
preflion. The  firft  is  actually  to  multity  by  any 
Power  of  the  Quantity  under  the  Vinculum  (in  any 
Binomial  or  Trinomial  Surd)  and  then  leffcn  the 
Index  of  that  Surd  by  the  fame  Power  if  it  is  in  the 

P  Numerator, 
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Numerator,  or  increafe  it  in  the  Denominator :  This 
alters  the  Power  of  the  furd  Quantity.  The  other 
Way  is  actually  to  divide  by  the  Quantity  under  the 
Vinculum,  and  then  leflen  the  Index  of  that  Surd 
by  1  if  it  be  in  the  Denominator,  or  increafe  it 
by  i  if  it  is  in  the  Numerator :  This  alters  the  Di- 
menfion  of  the  fimple  variable  Quantity.  And  in 
both  you  will  have  the  more  Terms  according  as  you 
multiply  by  a  greater  Power,  or  continue  your  Divifion 
the  further.  But  the  laft  Term  only  will  be  of  a  like 
Form  with  the  given  Fluxion,  differing  only  in  the 
Index  of  the  Surd,  or  of  the  variable  Quantity. 

6.  Therefore  in  any  Fluxion,  but  efpecially  in 
compound  Binomials  and  Trinomials,  if  there  be  a 
Surd  in  the  Numerator  you  may  lejfen  its  Dimenfion 
at  Pleafure  (or  take  it  quite  out  ot  the  Numerator) 
if  you  multi-ply  by.fome  Power  of  the  Quantity  under 
the  Vinculum,  and  lejfen  its  Index  by  the  fame  Power. 

7.  Alfo  in  any  given  Fluxion,  if  the  Index  of  the 
fimple  variable  Quantity  be  too  high,  (as  20,  3' ,  r0, 
&V.)»  or  when  it  is  too  low  or  negative,  (as —  ,  — 0, 
—  29,  65V.)  it  may  be  alter'd  at  Pleafure,  by  dividing 
by  fome  rational  Compound  Quantity  in  the  Denomi- 
nator if  there  is  any,  or  elfe  by  the  Quantity  under 
the  Vinculum,  and  fubtrafting  1  from  its  I  dex,  if  it 
is  in  the  Denominator,  or  adding  1  in  the  Numerator*, 
and  continuing  the  Divifion  to  a  proper  Number  of 
Places. 

For  Example,  if -r be  given;     reduce 

a  a  ~y"  xx 

1     t    I  A   •    u  x^xyZ—i+bbx^  , 

the  Index,  and  it  becomes — — ,but 

i   1  ciax 

•    neither  Way  will  it  agree  with  any  of  the  Forms  ; 

-0—  1 
for  in  the   firft  Cafe  Gzz2,  and  xzz xI^Jxzzx1      x, 

which  makes     zz  »  ;  and  in  Cafe  2d,      zz  —  2,    and 

X" xx—x°—  lx7  and  Azzo;  but  a  ought  to  be  a  whole 

Number. 
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Number.     Therefore  (by  Art.  6.)  I  multiply  both 

Numerator  and  Denominator  of  —    by 

aa+xx 

bbx —  xlx 


^/bb — xx,  and  it  becomes 


aa  +  xx  s/bb  —  xx 

bbx 
now  the  firft  Term  .  comes  under 

aa  -j-  xx  s/bb — xx 

the  23d  Form,  being  of  the  fame  Form  as  that  in 

— xzx 
Art.  1.     And  the  latter  Term 

aa  +  xx  s/bb  —  xx 

being  actually  divided  by  xx+aa  {according  to  Art.  7.) 

—  x  aax  ,       .     t 

it  becomes  —        ■  +  :        ~~ —  - ,  the  lat- 

s/bb — xx  aa+xx\/bb — xx 

ter  Term  (like  that  Art.  1.)  belongs  to  Form  23d  ; 
and  the  former  to  Form  10. 

Or  thus. 


Pivide  — ~ .    by  aa+xx,  and  it  becomes 

aa  +  xx 

x s/bb  — xx         aaxs/ *  bb — xx       „    ,  ,       T    , 

_. l . ,.,    Reduce    the   Index 

xx  xxy^aa+xx 

%    %     —aax—z—JXs/bb—xx 
in  the  latter  Term,  and  it  is  1  +aax-z , 

which  belengs  to  the  2 3d  or  24th  Form,  where  a  zz  1  j 
and  the  firft  Part  belongs  to  Form  12. 

By  thefe  Operations  the  given  Fluxion  is  reduced 
to  feveral  Terms  -,  all  which  (except  the  laft)  muft  be 
flill  further  reduced  if  there  be  Occafion,  by  repeating 
the  fame  Method,  till  at  laft  all  the  refulting  Terms 
will  fall  under  iome  or  other  of  the  Forms  in  the 
Table  •,  as  in  the  Examples  here  given,  and  many 
more  will  follow  afterwards.     By  thefe  Sorts  of  Re- 

P  2  dudtion, 
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du&ion,  a  given  Fluxion  is  prepared  for  a  Solution, 
when  it  does  not  fall  direcYiy  at  firft,  under  any  of 
the  Forms. 

8.  In  Form  16,  when  the  Denominator  of  any 
Term  happens  too,  that  particular  Term  mull  be 
found  thus  ;  take  the  known  Part  of  the  Numerator 
(that  is  leaving  out  the  Powers  of  z),  and  multiply  it 
into  2.302585  Log.  z,  and  you  have  that  Term.  And 
the  faid  known  Part  of  the  Numerator  will  be  the  Value 
of  the  Capital  Letter  in  the  next  following  Term. 

r— r 

For  Example,    In  finding  the   Fl:  x^x^/i  +     -, 

xx 

,A-L  ,BJ_ 

#+  *       XX  4       XX 

we  have  this  Series  -—  +    — + 

42  o 

xx xx  .  fcft .   Inftead  of  the  third  Term, 

2  4 

take—  .»BxLog:#    But  BrijAiz-i  (without  #)j  there- 

x*- 
fore  — j.B  zz  —  1  =  C      Then  the  Series  is 

4-  o 

A-  — 1XI 

1 X  2.30258  Log:  x  + •  — 


4 

-  + 

P 

1 

XX 

9.  Though  theft  Forms  contain  Variety  of  Loga- 
rithmic Fluents;  yet  each  of  them  may  be  changed 
feveral  Ways  into  different  Quantities.  Thus,  when 
a  Logarithm  is  in  the  Fluent,  you  may  multiply  (the 
Number  whofe  Log.  is  there)  and  then  divide  it  by 
fpme  compound  Quantity,  which  you  fee  will  make 
it  fimpler :  Or  you  may  fquare  it  and  take  half  the 
Logarithm  :  Or  you  may  extract  the  iquare  Root 
and  take  double  the  Logarithm  :  Or  you  may  multi- 
ply it  or  divide  it  bv  any  given  Quantity  :  Or  make 
the  Numerator  and  Denominator  change  Places,  and 

then 
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then  change  the  Sign  of  the  Logarithm,  &c.  And 
thus  you  may  always  find  the  fimpleft  Expreflion  for 
the  Logarithmic  Quantity. 

V  /7V»  VV 

Thus,  Log:  -  =  Log:  ~ay  =  jLog.  -  =  2  Log: 

^;=-Log:^y,. 

10.  And  it  you  have  an  untraceable  Fluxion  that 
will  anfwer  to  none  of  the  Forms  -,  it  may  fometimes 
be  transformed  into  others,  by  Prop.  9,  which  may 
then  be  relblved  by  the  Table. 

The  following  Examples  will  make  the  Procefs 
very  plain. 

Example    i. 
To  find  the  Fluent  of 


xx  —  aa 


Here  n  zz  2,    by  which  expunging  the  numeral 

xn — Jx 

Index,    the  Fluxion  will  be  reduced   to ,— - 

— aa+x** 

which  is  a   Fluxion  belonging   to  the  4th   Form, 

Therefore  a,  zz — aa,    (3zi,   z'zzx,  and  — —z~^ 

c  2.3025  

X  Log.  or  u±pz*  = ' X  Log.  xx  —  aa  zz 

2.3025851  Log.  s/x^—c? ,  the  Fluent  required. 

Ex.  2. 

rx 

Let  the  Fluxion  — be  given. 

Here  rzz2  •,   whence  the  Fluxion  will  be  reduced 

'r,—  I 

rx        x 
to  — — ,  a  Fluxion  of  the  9th  Form  ;   whence 

cLzzbb^  pzzi,  zzzx9  and(?zz2.30258Log.^-rv//»^f^ 
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x 

zz  Fluent  of  :  —  5  therefore  the  Fluent  o 

\/bb  +  xx 


rx 


zz  2.302585?"  x  L:  x  +  <ybb  +  xx. 


^/bb  +  xx 

Ex.  3. 
<T<?jW  /£<?  Fluent  of 


^ 

c — ax3\ 


3 


Here  »  zz| ,  and  the  Fluxion  becomes  c — ax^     5  x 
bx^-'Xy   which  belongs  to  Form  the  3d  and  nth. 

Or  rather  thus,  by  taking*3  out  of  the  Radical,  the 


Fluxion  becomes  — a  +  ex  3'  x£#  l5  x,  which 
belongs  to  form  15th.  Here  «z  — #,  (3  =z  £ ,  2—  #3 
»=  —  li    **——*■    «■=  —  tV>    £=i|5    *  =  f. 

Then  fince 1-  u  zz  —  2  a  negative  whole  Num- 

ber,  therefore  the  Fluent  will  be  had  in  finite  Terms, 


icx15         yqrx15  __ps 

and  is  zz  b  x: TTr  —  TTT  :  X— a  +  ex     3j 

%  2. 

Qoabx';-\-ycbe  *\5 

~Xc  —  ax3    ,    the   Fluent    re- 


2$qa 
quired. 

Ex.    4. 

7*0  jW  the  Fluent  of 


z^/zz  —  cc 

This  belongs  to  Form  the   12th,  having  by  Form 

bzz 

the  3d  the  Fluent  of  — s    in    which    Cafe, 

y/zz  —  cc 

57~i,  r  ~  2,  and  —  1  zz  1  — 2  z=  *■  —  »,   and  the 

given 
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riven  Fluxion  becomes  —  ■- .      But    fince 

—  zzi,    therefore   the  Fluent   cannot  be  had  by 

tj  # 

Form    the    12th.       Wherefore    I    reduce     it    to 

hz — 22» 

— '  ,  which  is  a  Fluxion  of  the  10th  Form, 

vhere  *?  zz —  2,  «zi,  0  zz —  tt;   and  the  Fluent 
= XjO  1 745  3  Degrees  of  the  Arch  whofe  Sine 

€ 
C 

s  — . 

2 


Ex.  5. 


Let  the  Fluent  of  — \/iax+xx9  or  ax%      x  */  2a  4-  * 
fo  required. 
This  belongs  to  the  9th  and  13th  Forms.     To  get 

:he  Fluent  of  —  by  Form  9th ;     here 

V  2a  +  x 

tziia,  (3  =  i,.2z^,  ^zi:  Whence  the  Fluent 


=  2.302 $L,og:a+x+s/2ax+  xx :zz  0.     The  given 

luxion  therefore  would  become  axvx  X  2a-\-xK 
Adhere  *  zz — i,  ^  — — x,   tzi,  <*  zz  20,  |3zzi, 
CI,  zz^,  y  z  2^+^,  <Fzzo:  And  the  Fluent 


fix    *x  K/2a+x  is  zz  a<p  +  #*  yA^+tf,  by  Form  13. 
^nd    the     Fluent    of    #*"""*#  v/2#+#   zz   tftfp   + 


Ex. 
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Ex.  6. 

bzzz 
To  find  the  Fluent  of 


aa 
Z: 


aa 

This  will    be  had   by  Form  the  6th  and  nth 

z 
To  find  the  Fluent  of  — by  Form  6th 

aa  ' 

aa-Tb 

aa 
Here  a  zz  aa,  |3  zz  —  ,   i  zz  2,  then  the  Fluent  is  z 

a 
a  +  ~  z 

b  T  b  h  T 

—  X  2.3025  Log.         ^-=-X2.3o25xLo{ 

tf — -rz 
b 


y7         =  0.     Then  by  Form  nth,  u  —  aa,   Q  z 

aa 
—  — ,^zz_i,   w  =  0,  x=i,  y  =  l,  *  =  3,  ^J 

whence  the  Fluent  of is  zz — 

Wz  w 

-f     -  -  -  zz  bbo>  —       2; ;  and  confequently  the  Flu 

— aa  aa  *         * 

bzzz                                b*  b± 

ent  of is  zz  b*$  — z  zz 


aa  aa  aa 


aa--bFzl 


Log.  J 


b+z  b' 

2.3025  Log.  V  3-—  :  -  — 


2. 


Es 
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Ex.    7. 

y4# ox 
• 

CI    m-mm     X 

- ,t 

This  by  Form  23d  is  transformed  into  £x^-j-3^"X 

— —  -     Where  a— 1,  e+fzQ  zza— xzzv9  g  +  Jbz* 
—  1 

zz^a — 3^  p  zz  a:    By  Form  the  9th  the  Fluent  of 
■    ,-- —  ■  is  ——X  2.30258  X  Log.  \/yj+\/a+zv 

:zz<p.     And  by  Form  13th,   Fluent  of  — bv—ly 

- .  ba  1 

y/tf  -t-  31;  is  zz  —  — <P —  bv"-s/a  +  3^      r=      — ■ 

f-            iT^T!!!!!!"         2.202z$ba 
b</  a-xxw~3.x —j X    Log: 

\/  3a—3*  +  \A*  —  3*- 

Ex.   8.  

7b  /»i  /fo  /*/«£#/  0/ t ■  • 

bb  -\ ## 

a 

xr~~  x      -  -— — — 
This  by  Divifion  is  reduced  to  ~--y/aa — x*    S=J 

v^*  ~  **  .     The  Fluent  of  ^^-y/aa  —  xx 
b  hb 


XX 

Fa* 


bb  4-  —  XX 

a 


L    _           ,       j       ,,.         */^ — **         2.202  ^8# 
(by  Form  9th  and  1 3th)  is  zz  .v       —  — ^     D    - 

X  Log.  Jg  +  vA*--**    .     And  by  Form  the  23d, 

X 

xxs/ca  —  xx    .  r  ,  ~b    "l"""1       0  v 

. — v . .  16  transformed  to p  -\-  —v\      X  -77 

H  +  lxx  r  f  *. 
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zz iV%v  .      :  For g+hz*  zzbb  +  -xx>  e+fz* 

77       7         &  a 

bb  +  ba v 

a 

zzaa—xxziVyp—bb+ba,  0/:=— 2,  ^z=|,  rzr— 1* 


Mci,  Now  byForm  the  6th,  the  Fluent  of 


*-«* 


=2.3o258v/-)T-xLog.of  , 


^         a 


pb 
And  by  Form  nth  the  Fluent  of  -^~X 


/> v 

r        a 


_   ?    ,_v^;WhencetheFluentof*  '*v^y 

200  £4  77         ^ 


1S~      ^  ^"+      ^         °S*  x 

a  —  s/v 
ia  x  2.30258  Log: :  +  pp 

+    2#*  =  2W 


E  x, 


9- 


<T>5tf  -Fto/  0/  bbx~2x  X  —        *    ■  ■  *V  required, 

^/ab  +  ax 
Here  0  =:  1,    and    the  Fluxion   would   become 


bbx—*—lx  X  — —===->  therefore  the  given  Fluxion 

\/ab  +  tf*9 

^to*  -f-  ibbaxx+bbxzx 

is  reduced  by  Multiplication  to -p, - 7— 

xxv  ab  +  ^xv  ^+^ 
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bbx  ibba*—** 

zz  — zzzzzzz — +  — ■     ■        —  _-    -j- 

y/ab + ax\/a  +  x  \/a+abx—l\/ 1  -f  ax— 1 

i  each  Term  whereof  belongs 


\/a+abx— ly/i  +ax—* 

to  the  23d  Form.     Let  e  +fzQzza+xzzv,  g+hzBzz 

ab+ax,  Ozzi,  rzz —  |,  mzz —  1,  pzzab^aa,  then 

bbx  bbv~~^v  .    r  _,  . 

-  zz  — -  ,   whole  Fluent  by 

\/ab +ax\/a  +  x         ^/p  +  av 

ibb 
Form  the  9th  will  be  —7-   x   2.30258  Log: 

r  ibb 

y/av+y/p+avi   =   —7—  X  2.30258  Log: 

'  ~ -  2^ 

v/^+^x+  v/^+^tf:  =1  2.302585  x  -77  X  Log: 

...  _  o^ 

of  v^+tf  +  \/£  +  x  :    zz  — t-A,  the  Fluent  of 

the  firft  Term. 

Again  for  the  2d  and  3d  Terms :  Make  e+fz9  zz 
i-\-ax—  lzz.v,g+hz*zna+abx— x,  fizz— i,/>zztf -— £, 
Azz  1  in  the  fecond  Term,  and  Azz2  in  the  third  Term, 

2  bbif^h) 
which  therefore  will  be  transform'd  into  —  — 

Vp+bv 

.     bbv~~*v  —  £fo^y         .     .  _        .  bbv~~~~*v 

and ,  whole  Sum  is 


v^p-h^  i/p+bv 

bbv^v  v  —  i  v 

— .  By  Form  the  9th  the  Fluent  nf- 


b  — 77  x  2.3025  Log:  v/fo+x/p  +  ^>:  =2.30258 
v*  _ 

2      T  yba-\-bx  ba+ax  2    «       A     , 

X  -77  xLogV— -1— -  +  x/~       - :  =-71 B.    And 

Q2  bv 


1 1 6  The    Doctrine 

by  Form  the  nth,  the  Fluent  of :  -  is  z=  hvr 

+— j-vp+bv,  multiply  the  Sum  of  thefe  Fluents  by 

•~bb9  and  you  will  have — — -Y$-bv^s/p\bvzz 

ba—tfb  ^        b      —7 : ,.  ,      ,,    . 

-fr — B  — — \/ab+ax^/a+x9  to  which  add  the 

ibb  ibb 

firft  Term  — ^-A,    and  you  will    have   — 7— A  + 

ba  —  ibbn        b      — .. .  .      _'. 

~ — B */ab  +  ax^/a+x,    the  rluent   re- 

y/ c?  X 

quired, 

Ex.    10. 


z 


To  find  the  Fluent  of  — z—</azbz  _  &z  4-i6bzzz  . 

4*2                                £ 
The  given  Fluxion  will  be  reduced  to  -* v 

4-bz 

axbz  —  a*z  +  i6bzzz  azbz—2z 


\/albz  —  a*z  -h  i6bzzz        4\/ i6bz—aiz—1  +azbzz—z 

a>z  A.bzz 

*_ + — 

4.by/a?bz — a^z  +  i6blzz       \/azbz—aiz-\-i6b2-zz 

each  of"  thefe  Terms  belongs  to  the  27th  Form. 

For  the  firft  Term,  vzz  —  i&+azblz—\  pzz\6bb 

a*  ,    . 

►—  — 7T,  x=i,    mzn  —  j,  0  — —  i,    and   it  will  be 

transformed  into  - 


r 


&  a 

whole  Fluent  by  Form   the  9th  will  be  —  — —  x 


—  a 


2.3025$  Logzv:  v+ypg+w.zz-—-  X  2.30258  x 


azbl  ab 


Log:  —  \ ;a*    +   — s/a~bz  —  &Z  +  i6blzl. 


Again 
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Again  for  the  other  two  Terms,  here  vz:-.*^  + 

a6 
i6bzz,  pzzazbz  —  — — ,   m~—i>  9  =  i,  Am  in  the 
640*- 

fecond  Term,  and  =2  in  the  third  :    And  thefe  two 

Terms  by  Form  the  27th   will  be  transformed  into 

-   a*v              '            vv  a*>v 

and + 


1 6bb^/pg  -f-  w          1 6bb^/pg  -{-vv         32  bby/pg  -;•  vv 
whofeSumis  2* -  '£* .  . 


1  bbby/'pg  -{-vv  32  bby/pg + vv 

whofe  Fluent  (by  Form  the  oth)  zz  V/^+w  _  -^L 

16^  32  W 

\/azbz  —  *'2  -f  i6bbzz 

p  ■ 

—  2.302585 x     rr  X  Log:  —  |^?  +  i6bbz  +  \b 
s/azb~  —  a*z  +  i6blzz  :  Whence  the  Fluent  of 


xLog.of :  v+^/pg+vv:  zz 


\bz 


\/tfbz  —a*z  +  ibbzzl  is  zz  — T\/ azbz— a*z+  i6bbzz 

4b 

a                                     azbz  ab 

-  —  X  2.3025S5  Log:  — 4*1  +  — -     X 

32W 


)/a%b*  —a*z  +  i6£z2z  :  —  -777- X2-3°258sLog:  16W2 


—  \<P  -J-  4b^/azbz  —  a^z  +  i6bzzz. 

I    (hall    aild    a   few    more  Examples,   chiefly   to 
Bluflrate  the  Method  of  Reduction. 

Ex.    ir. 

dzs     l  z 

j^ct —  be  propofed :  Divide  by  z  and  it  will 

e+fz  r    "  ' 

dz     5       z 
be  reduced  to  — .     This  belongs  to  Form 

/+«-  7th, 
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7th,  where  «=— r,  ^=5,  ^=2,  xzz\/—9  K  zz  z6* 

fz  ° 

a—,58jj%5-9  £=,951056;  czzo,  and  ^=,809017* 
*=— ,309017 -,  #=:— 1  ;  where  always  obferve  that 
the  Cofines  of  Arches  above  900  are  negative  Num- 
bers :  then  will  be  found  P,  Q,  R  in  Degrees  ;  and 
the  Logarithms  of  vA  —  isx+xx9  </i  —ltx+xx  , 
y/i  —  2ux+xx,  for  which  Logarithms  put  S,  T,  Vj 

d 
Then  (by  Cafe  6th)  the  Fluent  is ~    x    into 

—  ,309017  X2LS+,95io56x2NP+,8o90i7X2LT 

—5S7785x2NQ~.LV. 


Ex.  12 


Given  x—ix  x  aa-~xl}  \  this  by  Form  21ft  (putting 

z  • 

v—aa—x1)  is  transformed  into  v—aaS     x = 


—  I  x  N>- ;  which  belongs  to  Form  7th  and 

— aa+v 

14th, 

Ex.    13. 


be  given,  this  is  reduced  to 


Let 

* 

aax—J 

abb  —  bxx\ 
x  xaa+xx** 

.—.,-..           1             • 

-*L_,  both 


abb^-bxx\z  abb  —  bxz^  x 

which  Terms  belong  to  Form  24. 


Ex. 
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Ex.  14. 

Let-        — -^    - — —  be  propofed;    Divide  by 


b+xxab  —  bx 


x+b,  and  it  is  reduced  to  ***«+^Wx« +g. 

rf*-**]1  ab-bxV 


+    faXtf+y'    ^     The  twQ  firft  Terms  j^j^g 

to  Form  24th,  and  the  laft  to  Form  25th. 

Ex.    15. 

Let  := — be  given  5      Divide    by 

a+y  y/ab+cy—yy 

y—2y 

a+yy  and  it  will  be  reduced  to  " 


a\/ab  +  cy  —yy 


y~y         + z 


aa^/ab  +  cy  —yy         aay^a  +y^/ab +cy  —yy 
The  latt  Term  belongs  to  the  3 2d  Form,  and  (by 
reducing  the  Index)  the  two  firft  Terms  become 

r^y r^y 

a</—  1  +  cy—1  +  aby~*      aa^/—  1  +  cy1  +  aby—* 
both  which  belong  to  the  27th  Form. 

E  x.    16. 


Gf*n  A*S«> -**  +  **  .    this   (by  Mukipli- 
a~x 

cation)    is  reduced  to 


a~-x 

daak 


a  —  x  ^/aa  —  bx  +  xx 

dx%x 
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dxxx  —  bdxx  ,       „  A . 

- —  —  ;    the    nrft   Term   belongs  to 

tf  —  x<\/aa—bx+xx 

Form  32.     And  dividing  the  reft  by  — #  +  #,  they 

— dxx  ,        W — ad  xx 


are  reduced  to 


\/tf  0  —  bx  +  xx        y/aa  —  bx  +  xx 


+     t  «**-«»***_  .    The  laft  belongs  t0  Form 

a — xs/aa  —  bx  +  xx 
32,  and  the  two  former  are  Fluxions  of  the  27th 
Form. 

Ex.    17. 


x     3 x  X  ab —  xx3 


Giixen  ■ — ;    this   (by  reducing 

a*  —  %aaxz  -f  x±  ° 


the  Index)   becomes  — -3— ,  which 

1  —  §aaxr- 2 +a*x— 4 

belongs  to  Form  33d. 

Ex.    18. 


z~1zs/aa — zz        .  .  .     . 

Z>/ 0*  propofed  -,  becaufe  40* 

«4, —  aaz*  +  z* 

is  greater  than  a4-,  it  cannot  be  refolved  by  the  33d 

Form,  therefore  I  divide  by  a**  —  aazz  +  -~+,  which 

.           .            Z~~*Z\/a'a  —  zz  Zi/aa — zz 

reduces  it  to 1-  ~ 


a*  aaxa*—alzz  -f-z* 


z^z  \/aa  —  zz 

—    •; ' ;  the  two  laft  Terms  belong 

a4-  x  a*  —  alzl  +  z+  ° 

to  Form  the  34th  •,  and  the  firft  is  further  reduced  to 

* -• _-  —   ■ —    :-  >  which  belong 

aa*y  1  —  aaz~z  a^s/a-  — -  zz 

to  Forms  10th  and  3d. 

Ex, 
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Ex. 


9- 


XX 

Let  there  be  given  '  ;  this  is  re- 

aa—ax  -^xx^/aa—ax 

.       .  aaxx  ax%x 

duced  to  — 


aa—ax  -{-xxxaa—ax^  *"       aa—ax+xxxaa—ax^ 

the  former  Term  belongs  to  Form  the  35th  ;  and  the 

— "~"~  ax 
latter  by  Divifion  is  further  reduced  to  *     -  4- 

aa—xxv 

a^  x   ' '  a^xx 
— ,----  ;   the   firft   belongs   to   the 


aa — ax-\-xxXaa — ax\ 

binomial   ForYns,  and  the  red  to  Form  2 5  *  where 

obferve  that  the  Part  firft  found  (belonging  to  Form 

35J  deftroys  a  Part  of  this  laft  Fluxion ;  and  then  the 

a^x 
whole  is  reduced  to  this,  — —  - 

aa  —  ax-\-xxxaa  —  ax\  e 

ax 


aa — a  Xs  x 


Ex.    20. 

<yrn  —  I  n> 

Given   ; ; — ,  extract  one  Root  b 

a+bz"  +czzn-\-dzin 

of  the  Denominator  (fuppofed  to  be  put  n  o),  then 

will  h — z"z=o,  by  this  divide  the  faid  Denominator, 

and  let  the  Quotient  be  e-\~fzn-\-gz'ln ;  then  the  given 

zrn~1z 
Fluxion  is  reduced  to  this  z=z: — tz^=zz=z=z=  , 

h — zn  x  e  -f  fzn  4-  gzlu 

which  belongs  to  the  29th,  30th,  or  31ft  Form. 


R  Ex. 
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Ex.  2r, 

'There  is   riven  ■ ■ — ,  extract 

a-\-bz"-\~cz2"  +dzin  -\-tz^n 

two  Roots  £,  h  of  the  Denominator  \  then  you  have 
a  —  zn  zz  o,  and  h  —  zn  zz  o,  divide  the  Deno- 
minator by  a  —  zn  x  h  —  "z\  and  let  the  Quotient  be 
*  +fzK  +gzzn.     Then  the  given  Fluxion  becomes 

zrn—  lz  zrn—Jz 


a—znxJd—zrxeJrf%nTgz'-n         s  x  h— zn  Xe-{-fzn-\-gzn 

===== —  —  (putting  a — hzzs9)  both 

s  x  a — zn  X  e  +fzn  -^gz^ 

which   Terms   belong   to  the  29th,  30th,    or  31ft 

Form. 

If  the  given  Denominator   has   no   Roots,    yet  it 

may  be  divided  into  two  Quadratics  by  the  Rules  of 

z71 — '  z 

Algebra,  as  — — j ■ •     which 

p  -j-  azn  +  zzn  X  r  +  sz"  +  zzn 

may  be  transformed   to  Trinomials,   as  in   Ex.  8, 
Prop.  9. 

Ex.    22. 

zrn-"z 
Given  t,  here  rand 

a +bzr-  -{-kzznxe  -rjz'1  -j-gz2" ) 

2m    mint   be  Integers  j     put   p  zz  \/bb — 4^,  and 

k 
the  Fluxion  is  refolved  into  thefe  two  Terms,   —  x 

P 


X 


bZ?+kznxe{fzn+gzA  —+kz"xe+fz"+gzs-'\ 

2  2 

b — p 
then  dividing  by  the  Denominators  — —  +  kz",  and 

2 
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j-  kz\  if  there  be  Occafion  ;    and  the  refuiting 

Terms  will  belong  to  the  32c!  Form,   and  perhaps  to 
fome  others  of  the  foregoing  Forms. 


Ex.   23. 


x^ — lx 

To  find  the  Fluent  of ,    where  <?,  a 

J   e±fx*  +x*x 

are  Integers  ;  and  ^e^>ff. 

™  r  •        .  1    •  »  K  +  kX 

I  ranstorm  it  into  this  x*—  Jx  X  : u h 

1  -f-  qx  -f-  xx 

L-[-/x 
— — — +  &c.  by  Ex.  14.    Prop.  IX.    and 

X   •^—  /  X    —j-"   XX 

the  Fluent  of  the  feveral  Terms  will   be  found  by 
Form  28. 

Scholium. 

Although  the  Conftruction  of  many  of  the  fore- 
going Forms  depends  on  feveral  Things  that  have  not 
yet  been  delivered  ;  yet  it  may  be  proper  in  this 
Jlace  to  give  a  (hort  Account  thereof,  that  the  Reader 
may  not  be  intirely  ignorant  of  them,  which  he  will 
the  better  underftand  after  he  has  read  fuch  Parts  of 
the  following  Book  as  they  are  founded  on. 

1.  It  is  plain  by  Prop.  III.  that  the  Fluxions  in 
Form  1,  3,  19  and  20  belong  to  the  Fluents  there 
afiigned. 

2.  Form  the  16th  is  calculated  in  Example  13, 
Prop.  X  and  Form  the  1 8th  in  Example  35.  Like- 
wile  the  Fluent  in  Form  the  15th  is  found  by  Prop.  X. 
AiTuming  Az*+X  +  Bzw-r,1+I  +  Cz*+Zn+l  £sfc.  x 


•z — ^ 


■+Pz«*         —  Fluent' of  *+p2^   z  z. 

3.  By  Prob.  II.  Seel;.  II.  the  Fluxion  of  any  Quan- 
tity divided  by  that  Quantity  is  the  Fluxion  of  the 
hyperbolic  Logarithm  of  that  Quantity  j  and  that  the 

R  2  Number 
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Number  2.302585  reduces  the  common  to  the  hyper- 
bolic Logarithms.  Now  if  theFluents  in  Form  2,  4, 
6  and  9th  be  put  into  Fluxions  according  to  the  afore- 
faid  Rule,  it  will  appear  that  they  will  refpedlively 
produce  the  Fluxions  in  thefe  Forms. 

4.  In  Example  3d,  Prob.  X.  Seel:.  II.  it  is  fhewn, 
that  the  hyperbolic  Space  between  the  Aflymptotes 

is  zz  Fluent  of         ■    x,  in  which  if  you  write  RR 

a+x  ' 

for  ab9  Rz  (or  2)  for  a+x,  and  Rz  (or  i)  for  x,  you 

will  have  RR— ,  whofe  Fluent  is  the  hyperbolic  Space 

in  Form  the  2d.  Likewife  if  you  write  RR  for  ab, 
rr-  +  2"  for  a+x,  and  *zn—  lz  for  x,  you  will  have 

tiRRpz"-^  „  ....« 

•  as  in  Form  the  4th.     And  laftly,  write 


RR  for  ab,  and  vA-^-v/i32;,,  for  a+x,  and  v/|3  x 

l-nz1"*1  z  for  x -,  and  likewife  write  ^A — v/P2"  f°r 

—13— 1 
a+x,  and — v^X^s3,       2;  for x,  and  the  Difference/ 

of  thefe  Fluxions  will  be  JRRv/?XzT'     s    f  as 
in  Form  the  6th.  *  —  P*" 

5.  By  Ex.  9.    Prob.  X.  Sect.  II.   the  hyperbolic 

Sector  is  equal  to  the  Fluent  of X  t, »  m 

n  2         bb  —  // 

which  writing  R  for  #  and  b,  R  v/-£ —  for  /,  and 

a. 

~ R  v/~"  X21     i;     for    jf  ;      you'll      have 

"MS^X'^'A'.  as  in  the  6th  Form. 
4  X  *— (3z" 

6.  And 
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6.  And  by  the   fame  Example,   the  hyperbolic 

aby 

Sector  is  zz  Fluent  of  .  ;  zz  (writing  R 

iy/ak>-\-yy 

for  #  and  0)  —  ■— ;  now  ir  you  write  R\/- — - 

2y/i\K+yy  u 

for  j,  and  iy/R^/—  xz*      21  forj/,    you    will  have 

»RRv//3 "x  s^-'z       .      rl 

;    in    like  manner  ir   you  put     • 

w  +  .<& 

2R      ; — — -  R 


-y/a.^  4-  ^-zZ7i  zzy>    or  -— v^j&z'+j^z2"  zz 


2R 


j,  when  a  is  a  negative  Quantity,   or  -^-\/<z>  -t-  r*zn 

v — a 

—j,  when  a  is  negative,  and  expunge^  andjj-,  you 

will  get  the  Fluxion  of  the  9th  Form  any  of  thefe 

Ways. 

7.  Since  the  Length  of  any  Arch  of  a  Circle  (whofe 

_    .       .    _v  .         3.1416R     _ 

Radius  is  R)  is  zz -x  Degrees  in  that  Arch  ; 

180 

or  Length  of  the  Arch  zz  ,01 7453R  X  Degrees  in 

that  Arch  :    And  by  Example  the  5th,   Prob.  VIIL 

Seel.  II.     The  Arch  =  Fluent  of    RR'     s    if  you 

RR  +  tt  * 

write  R4/ for/,  and  —  */—  x  as1*"*"1*  for  /. 

ft  2        V       QL  » 


-A  —  I 


you  will  have    **%/«£  X*a   Jj_  9     whofe    Fluent 

2  X  a+,'3z" 

therefore  is  zz  that  Arch  zz  ,oi7453R  X  Degrees  in 

2  Seffors 
the  Arch  zz g- —  ;  from   all  which,  the  Con- 

ftru&ion  of  Form  the  5th  will  eafily  appear. 

8.  In 
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8.  In  like  Manner  by  the  fame  Problem,  the  Arch 

R y 
zz  Fluent  of  -       ,        i7~  \  }n  which  writing  for  jy 

\/ .RK  — »  yy 

'^Z,v  2R. — 

R\/J — 5   ov- —-y/»pzn  — ^-zz\  and  the  Fluxion 
for y,    you  will   get  - x 


vA  —  $zn 


I);— I 

z' 


and  r,Rv/j3  x  —        ^  ■-  ,  from  which  all  the  other 

Varieties  in  Form  the  10th  are  eafily  deduced. 

.  9.  -  Form  the  1  ith  is  gradually  calculated  by  Cor.  2. 

Prop.  IV.  where  it  is  demonstrated  that  the  Fluent  of 

fx-\-i 

fc+^Z"!      2 P^*Z  IS  ~  ■ 

in  which  writings  for  />,  <p  for  A,  7  tor  a+£z^        ^ 

you  will  have  the  Fluent  of  a  -j-/^'   2;       z  ;     again, 

— - 11* 

writing  7r-fn  for^>,  Fluent  of  a+^zM  z^'i;     (now 

found)    for   A  •,    you     will    have    the    Fluent    of 
"-h  £z^  z"^2^;  again,  writing  ?r  +  2r  for/),  and  the 


Fluent  of  a+gz<H  z"-H^  (lad  found)  for  A,    you 

get  the  Fluent  of  I+J^V^^i;,   and  fo  on. 
In  like  Manner  the  12th  Form  is  calculated  from 

Cor  3.  Prop.  IV.  where  the  Fluent  of  a+ Qz^zz  zz\ 
£ = —  .   And  by  a  like  Pro- 

eels  the  13th  and  14th  Forms  are  gradually  calculated 
from  Cor.  4  and  5,  Prop.  IV.  Tttefc  four  Forms 
might  have  been  differently  exprefs'd  from  what  they 

are 
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are  in  the  Table.     For  Example,  Form  the  1  ith  may 
be  exprefied  thus  ;    let*zz7r+i,  ^  —  tt+i-}-* 

+  ^    then    the   Fluent    of    *+  0z^z*+,"z    =r 


—  *)  Xexe  +  v\Xe-\~2r,xe+3'*X&c.  to  a  Places 

— X  0 

/T  x  d  x  d+  dX^2«x^3i  X&V.  to  a  Places 

-,TgA-— ~B-     C ==— D-b-r. 

continued  to  a  4-1  Places  ;   where  A,  B,  C,  &?<:.  are 
the  firft,  fecond,  third,  &V.  Terms  with  their  Signs, 

p  zz  Fluent  of  a.+&zn\  z  z,  yza+^i 

10.  The  1 7th  Form  is  derived  from  the  1  ith  5  for 
when  z  and  y  are  o,  all  the  Terms  vanifh  except  the 
firft,  in  which  caking  o,  1,  2,  3,  &c.  Terms  (for 
each  of  the  Terms  in  the  Quantity  e+fzK  -\-gzZfi&c.) 
and  multiplying  each  by  its  refpeclive  Coefficient, 
and  the  Sum  of  all  by  0,  you  will  at  laft  obtain 
this  Form. 

11.  The  Fluxions  in  the  2  ift  and  following  Forms 
are  transform'd  by  Prop.  IX.  and  their  Truth  will 
appear   by  the   bare  Subltitution   of  the  Quantities 

lerein  contained. 

12.  There  ftill  remain  the  7th  and  8th  Forms, 
whofe  Calculus  is  fomething  more  difficult  :  Thefe  I 
nveftigate  after  the  following  manner.     Let  T,  U, 

W,  &c.  ftand  for  the  Quantities  v/i — 2sx-\-xx9 
i/i — 2tx  +  xx9  \/i — 2ux  -f-  xx j  &c.  then  the 
uxion  of  LxLog.  T   (or  the  hyperbolic  Log.  T) 

vill  be ; ,  and  the  like  for  U,  W,  &c.  as 

1  2SX+XX 

Is  plain    from  what  is  delivered  in  Art.  3.     Again, 
le  Fluxion  of  NP    (as  will  appear  by  Art.  8.)   is 

-        **>xx>  ^d  fo  for  the  reft  NQ,  NR,  ££% 
—  "*  +  **  Laftly, 
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Laftly,  we  mult  take  for  granted  (for  I  lhall  not  flay 

to  demonftrate  it  here)  that  the  Product  of  all  the 

Squares  of  T,  U,  W,  63V.  if  A  is  an  even  Number, 

or  the  laft  drawn  into  the  Squares  of  all  the  reft,  if 

A   is  an  odd   Number,    is   always  equal   to   i  -|-#x. 

Thefe  Things  premifed,  let  us  inveftigate  any  one 

x 
Cafe  ;  as  for  Example,  to  find  the  Fluent  of  — ; —  ; 
r  i4-#j  5 

180 
here  a  3:3  and zz  60  :    Here  £,  c,  u>  &c.   zz  o, 

and  /  zz  —  1,  and  therefore  v/i — 2tx+xx  zz  i-f#; 
and  all  Arches  above   180  are  excluded;   hence  I 

afiiime  LA  x  Log.  \/i  —  2sx+xx  +  BNP  +  CLx 

x 

Log.  i  +  x  zz  Fluent  of  ■        3  .     This  in  Fluxions 
gives 

Ba — As+Ax .         Cx  x  - 

; X  4 ; —  zz  — ; — ?  ;    put  Ba — AjzzI. 

I 2SX  4-  XX         '     I  +X  I  +X*        V 

\  +  Ax  C  1 

then : +   — ; —    zz  — ; — -  ;     reduce 

I 2SX+XX  l+X  I+X*      * 

them  to  a  common  Denominator,  then 
4-  I    4-  Ax    +  Ax* 


I    2SX    +     I 

*z4-*j 


Here  the  Denominators  being  equal,  we  have  1 — is 
zzo,  or  2jzzi  ;  and  equating  the  Coefficients  of  the 
homologous  Terms  in  the  Numerator,  I  4-  C  zz  1, 
A  +  I— 2jC  or  A+I  — Czzo,  andA  +  Czzo. 
From  whence  will  be  found  A  zz — j,  Czzj,  Izzf, 

Bzz —    zz   (becaufe  aa  zz  1,)    a«.     Whence   the 

2a  K  *  '    2 

Fluent  is  — ;Lx  Log,  v/i — zsx+xx  +  *  *NP  4- 

?Lx  Log.  1  4-*. 

This 
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This  done,  I  put  *x  =2  — —  -9  and  (by  Prop.  IX.) 

transform  the  Fluxion  into  this  other  *         x 

,  whofe  Fluent  therefore  you  have  above. 

In   equating  the   Coefficients,  if  you  had    made 

A+I — C  — 1,  and  the  other  Equations  zz  o,   you 

xx 

would  have  got  the  Fluent  of  ■. 

0  1  +  x* 

After  the  fame  Manner  may  the  8th  Form  be  in- 

veftigated,  remembring  what  was  faid  of  Sines  and 

Logarithms,  and  obferving  that  (if  you  put  T,  U, 

W,  &C.   for   I X,    \/~l 2SX+XX,    \/l 2tX+XX)9 

the  firft  T  into  the  Squares  of  all  the  reft,  if  a  is 
an  odd  Nnmber  ;  or  the  firft  and  laft  into  the  Squares 
of  the  reft,  if  a  is  an  even  Number,  is  always  equal 
to  i  — xx  :  The  Demonftration  of  which  belongs  not 
to  this  Place. 

Here   note  that  in  thefe  two  Forms,  you  may  if 
you  pleafe  put  P,  Q,  &c.  for  the  Degrees  of  Arches 

a                          b 
whofe  Sines  are  =",  ~  -  &c. 

V  I  2SX+XX      i/l—2tX  +  XX 

their  Fluxions  being  the  fame  as  the  other.     But  then 

(IX 

if  the  Arch  whofe  Sine  is  ■  ■ , .       .  ,_,.     ■    ...    be     lefs 

y/ 1  —  isx  +  xx 

than  a  Quadrant,  the  Arch  whofe  Sine  is 
■  will  be  greater  than  a  Quadrant. 

VI 2SX  +  XX 


PROP. 


130  The    D  o  c  t  r  1  n 


PROP.    XII. 

To  correal  the  Fluent  of  a  given  Fluxionary  Equa- 
tion or  Proportion. 

When  the  Fluent  is  obtained,  by  either  of  the 
foregoing  Propofitions,  from  any  given  fluxionary 
Equation  or  Proportion ;  it  is  only  obtained  in  gene- 
ral. But  fince  the  Defign  in  any  particular  Problem 
is  to  find  the  contemporary  Fluents  ;  (uch  general 
Equation  or  Proportion  therefore  is  for  the  mod  part 
imperfect  till  it  be  corrected  by  the  following 

Rule. 

1.  Inftead  of  each  feveral  variable  Quantity  (or 
Member)  in  the  Fluent  fubjiitute  fuch  a  determinate 
Value  thereof,  as  each  of  them  is  known  to  have  in 
any  one  certain  and  particular  Point  or  Place  :  Then 
fubftratl  each  Side  ot  the  refulting  Equation  from  the 
correjponding  Side  of  the  Fluent  -9  and  the  remaining 
Equation  will  be  the  correal  Fluent.  And  the  fame 
Rule  obtains  when  the  Fluent  is  expreffed  by  a  gene- 
ral Proportion. 

2.  Or  any  particular  Part  of  the  Fluent  may  be 
otherwife  had  thus  without  the  foregoing  Correction  : 
Subfiitute  the  Values  of  the  variable  Quantities  for 
any  particular  Time,  Place  or  Point  •,  do  the  fame 
for  another  given  Time  or  Place  -,  and  the  Difference 
of  the  refulting  Equations,  gives  the  correiponding 
Part  of   the  Fluent. 

3.  Sometimes  it  may  be  fufficient  to  add  fome 
given  Quantity  on  one  Side  of  the  Equation,  which 
may  afterwards  be  determin'd  according  to  the  Nature 
and  Circumftances  of  the  Queifron. 

Demon- 
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Demonstration. 

Let  XzzZ  be  the  Fluent  obtained  in  general,  from 

a  given  fluxionary  Equation,  XzzZ.  Now  fince  X 
may  not  be  equal  to  Z  (by  Cor.  2.  Prop.  II.),  take  d 
a  given  Quantity  and  let  X=zZ+d  be  an  Equation 
for  the  contemporary  Fluents.  Now  at  a  certain 
Time  when  X=£,  let  Zzzc  \  then  you  will  have 
the  particular  Equation  bzzc-\-d  at  that  Time  ;  this 
Equation  taken  from  the  former  will  leave  this  general 
Equation  for  the  contemporary  Fluents,  X — bzzZ+d 
—c—d,  that  is  X— bzuZ—c.         Q^  E.  D. 

Scholium. 

Thefe  Things  are  to  be  thus  underftood  when  the 
variable  Quantity  in  the  Fluent  continually  increafes 
(or  decreales).  But  in  Cafe  it  increafes  and  decreafes 
by  Turns,  or  paiTes  through  one  or  more  Maximums 
or  Minimums  :  Then  the  feveral  Parts  of  the  Fluent, 
between  any  given  Point  and  each  Maximum  or  Mi- 
nimum muft  btfeparately  found  by  diftinct  Opera- 
tions, and  each  corrected  by  this  Proportion,  and  then 
the  feveral  Parts  collected  into  one  Sum. 

Example     i. 

Let  axzz2\y,  and  the  Fluent  is  axzzyy,  now  when 
jyzno,  let  x—O,  and  then  ax — ozzyz — o,  or  axzzyy, 
which  therefore  needs  no  Correction, 

Ex.    2. 

Again  let  ax~2yy^  and  finding  the  Fluent  ax  ~yy. 
Now  when  jyzzo,  let  x~b  ;  and  the  Equation  be- 
comes ^=0,  this  fubftracted  from  the  other  Equa- 
tion, leaves  ax  —  ab —yy>  the  contemporary  Fluent 
required. 


S  2  Ex. 


.•■• 
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Ex.  3. 


xL         yz 

Let  bx —  xxzzyy,  the  Fluent  is  bx zz  — , 

22 

but  at  a  certain  Point  of  Time  x  zz  b9  and  alfojyzzrj 

TV 

then  the  Equation  becomes  bb  —  kbb  or  ibb  zz  —  , 

therefore  the  correct  Fluent  is  bx  —  ixx —  ibb  zz  iyy 
—  iyy.  That  is  by  Reduction  yy  —  bb  +  2bx  —  xx 
zzyy. 

E  x.   4. 

r      7  .        3cxlx         cx^z        .      _ 

Suppofe   ibyy  zz  — ,   the   Fluent  is 

z  z 

byy  zz  -r—  •,  but  when  y  zz  r,  the  Quantity  —  zz  A. 
z  z 

_        r*5 


Therefore   the  correct  Fluent  is  bxy1  —  rl  zz  - 
—  A.  z 

Ex.  5. 

yz  xx 

Let  IF  ~  Vy-TZ  '  Effing}  g™»  »  the 
Fluent  is  —  zz  y/xz+y*j  but  when  7  zz  *,  x  zz  o, 
and  j/  zz  Vj/Z  +  ** ,  therefore  the  contemporary 
Fluent  is  -* — - —  zz  </xl  +yz  —y,  or  y— a  +  ib 
Xy  zz  ib\/xz  -r-j/z. 

Ex.   6. 

x 
Let  by  zz  —pzzzzzzzr :    By   Form    the    9th   its 
v  aa  +  xx 

Fluent  is  by  zz  2.3025  Log.  x  +  y/ aa  +  ##  ;  but 
when  y  zz  a,  ^zo,  then  the  Equation  is  ba  zz 
2.3025  Log.  a.     Therefore  the  corrected  Fluent  is 

by  —  ba  zz  2.3025  Log.  x  4-  \/aa+xx  :  —  2.3025 

Log. 
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Log.  a  ;      that     is     by  ~  ba  zz  2.302585  Log. 

x  -j-  s/a  a  +  xx 

— — — —  , 

a 


PROP.     XIII. 

To  inveftigate  a  Problem  by  the  Method  of  Fluxions. 

■ 
Rules. 

1.  Let  all  the  Quantities  be  denoted  by  proper 
Symbols,  as  is  explained  in  the  Notation  of  Fluxions, 
and  let  fome  one  of  the  variable  Quantities  (with 
which  the  others  may  always  be  compared)  be  fup- 
pofed  to  increafe  uniformly  :  And  this  may  be  called 
the  Principal  variable  Quantity.  Then  the  given 
Equations,  or  fuch  Equations  as  are  deduced  from 
the  Conditions  of  the  Problem,  mud  be  turn'd  into 
Fluxions,  fecond  Fluxions,  &c.  by  Prop.  III.  in 
order  to  get  as  many  Equations  among  thefe  Fluxions, 
as  you  have  Occafion  for. 

2.  But  becaufe  fometimes  fome  Doubt  may  arife 
about  the  Signs  of  the  Fluxions :  Obferve  that  any 
fluxionary  Equations,  deduced  from  the  Equations 
of  Curves,  or  from  any  given  Equations  in  the  Pro- 
blem, will  contain  the  Fluxions  with  their  proper 
Signs.  But  in  any  Proportions  made  between  Fluxions 
or  Moments,  as  in  fimilar  fluxionary  Triangles  and 
the  like  •,  then  the  Fluxions  or  Moments  of  Quanti- 
ties that  decreafe  muft  be  actually  made  negative ; 
and  thofe  that  increafe  muft  be  written  affirmative : 
Or,  which  is  the  fame  Thing,  (fince  one  Part  of  any 
Whole  increafes  whilft  the  other  Part  of  it  decreafes, 
therefore)  inftead  of  the  negative  Fluxion,  you  may 
take  the  proper  Fluxion  of  the  increafing  Part  of 
that  Quantity. 

3.  Since 
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3.  Since  Velocity  is  always  meafured  by  the  Spaces 
uniformly  defcribed  thereby  ;  fo  may  the  Fluxions 
be  meafured  by  the  Moments  uniformly  generated  by 
the  Fluxions.  Therefore  the  Moments  (uniformly 
generated  or,  which  amounts  to  the  fame  Thing, 
confidered  as  artfing  or  vanifhing)  may  be  put.  for 
the  Fluxions,  and  the  Refult  will  always  be  the  very 
fame  in  all  Operations.  And  fince  in  many  Cafes, 
efpecially  in  geometrical  Problems,  the  reafoning  and 
calculating  with  the  Moments  will  be  more  eafy  and 
evident  than  with  the  Fluxions ;  the  Equations  that 
are  gained  thereby  muft  at  laft  be  changed  into 
fluxionary  Equations,  by  fubftituting  the  Fluxions 
inftead  oi  the  Moments,  which  muft  always  be  fup- 
pofed  to  be  taken  in  the  firft  Inftant  of  their  Genera- 
tion :  Or,  at  leaft  when  the  Operation  is  over,  thefe 
Moments  muft  be  fuppofed  to  be  diminijtfd  ad  infi- 
nitum^ that  their  firft  Ratio  may  be  always  obtained. 

4.  In  the  Resolution  of  any  Problem,  the  Nature 
and  Conditions  of  it  are  to  be  clofely  examin'd  and 
ftrictly  purfued  according  to  all  the  known  Methods 
of  Algebraic  Reafoning,  by  attentively  confidering  the 
Relations  of  the  Quantities,  and  their  mutual  Pro- 
portions and  Dependance  on  one  another  •,  and  forming 
your  Procefs  according  to  thefe  their  Properties,  by 
duly  comparing  together  the  Quantities,  their  Mo- 
ments or  Increments,  their  Fluxions,  or  fecond  Fluxions, 
Sec.  as  the  Cafe  requires ;  till  you  get  a  competent 
Number  of  Equations  or  general  Proportions,  And 
then  you  muft  proceed  to  expunge  fuch  Quantities 
as  are  fuperfluous,  till  at  laft  you  get  a  fluxionary 
Equation  or  Proportion  with  the  Quantities  required. 
Then  if  there  be  Occafion, 

5.  Find  the  Fluent  of  the  faid  Equation  or  ge- 
neral Proportion  by  Prop.  X.  or  XI.  and  correct 
it  by  Prop.  XII.  And  then  you  have  a  compleat 
Equation  or  general  Proportion  containing  the  Quanti- 


ties fought, 


6.  But 
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6.  But  to  obtain  an  Equation  of  the  indetermin'd 
Quantities,  by  having  the  correct  general  Proportion 
before  found,  or  by  having  only  the  fluxionary  Pro- 
portion ;  you  muft  afiign  to  each  indetermined  Quan- 
tity in  the  faid  Proportion,  (or  in  the  Fluxion  thereof) 
fuch  a  determined  Value  as  it  is  known  to  have  in 
any  particular  Cafe  •,  and  from  thence  you  muft  draw 
an  Analogy  from  the  Fluxion  alone  (of  the  general 
Proportion),  or  from  the  correal  Fluent  alone,  (or 
fometimes  from  both  together.)  From  whence  there 
will  be  had  an  Equation  between  the  Quantities  re- 
quired ;  or  at  lead  between  their  Fluxions,  whofe 
Fluent  muft  then  be  found  and  correfted.  And  note, 
thefe  determined  Values  (of  the  Quantities)  may  be 
either  exprefs'd  in  Numbers  or  Symbols,  as  any  one 
mail  think  proper. 

Sometimes  it  may  be  fufficient  to  affume  a  given 
Quantity ,  by  which  multiplying  one  Side  of  the 
Proportion  it  will  be  turned  into  an  Equation ;  and 
this  given  Quantity  may  afterwards  be.  determined 
according  to  the  Nature  of  the  Queftion. 

Thefe  are  the  general  Rules,  but  after  all,  many 
Things  muft  be  left  to  the  Sagacity  and  Invention  of 
he  Artift. 

Corol.  Hence  every  Problem  belongs  to  Fluxions, 
n  which  the  Increments,  or  the  Proportions  of  the  In- 
:rements  or  Moments  of  the  feveral  variable  Quan- 
:ities  contained  therein,  can  in  all  Cafes  be  computed 
tnd  exprefTed  by  Equations. 

Example  i. 

"0  find  the  Velocity  wherewith  the  Ordinate  BM  of  aF  I  G, 
Circle  increafes  in  every  Point,  whilft  it  moves  uni-      1, 
formiy  along  the  "Diameter  AD. 

Let  ADznir,  ABzzx,  BMzzy;  and  by  the  Na- 
ure  of  the  Circle  2rx — xxzzyy,  this  Equation  put 

into 
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F  I  G. 
i. 

into  Fluxions 

gives  irx — ixxzziyy,  or  - 

— x  .  •  . 
all  Points 

general  Equation  for  the  Increafe  of  y  in 

Therefore  in 

A  where  y  is  o,  and  x  is  o, 

r — x   . 
xzzx 

YX 

becomes —  z=y,  therefore y  is  infinite.  If  CBzzBM^ 

or  r — xzzy,  thenxnj/,  and  x  znd  y  increafe  equally, 
But  in  C  where  r — xzz o,  then  y — o,  therefore  y  doej 
not  increafe  at  all.  In  b  where  Cbzzbm,  then  j/zz — x, 
therefore  y  decreafes  as  faft  as  x  increafes.     Laftly  in 

D  where  j =o,   and  xzzir,  yzz  — —  =  —  Infinity, 

and  there  the  Ordinate  decreafes  infinitely  :  And  in 
all  the  intermediate  Points  it  has  all  the  intermediate 
Degrees  of  Increafe  or  Decreafe. 

E  X.      2. 

To  find  the  Space  a  defcending  Body  will  defcribe  in  any 
Time  by  the  uniform  Force  of  Gravity. 

Let  zzz  Space,  xzz.  Time,  vzz  Velocity,  acquired 

in  that  Time.    By  the  Principles  of  Mechanics  z  oc 

it  . 

vx  ccxx,    and  therefore  z  ex  vx  sxxx;  that  is  the 

Fluxion  of  the  Space  is  every  where  as  the  Velocity 
into  the  Fluxion  of  the  Time  ;  that  is,  (becaufe  the 
Velocity  is  as  the  Time)  as  the  Time  into  the  Fluxion 
of  the  Time. 

Now  if  only  the  Ratio  of  the  Space  and  Time  be 
required,  it  will  be  fufHcient  to  take  the  Fluent ;  and 

x  * 
then  zqc— ,  or  zQtx1,  that  is,  the  Space  is  always  as 

the  Square  of  the  Time. 

But  if  the  abfolute  Quantity  of  the  Space  is  fought, 
we  mult  reduce  the  gei  »*ral  Proportion  or  its  Fluxion 
to  an   Analogy  from   fome  particular  known  Cafe. 

Thus 
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Thus  it  is  known  by  Experiment  that  in  the  Time  /FIG, 

or  1  Second,  a  Body  would  acquire  fuch  a  Velocity       1. 

as  to  move  through  s  or  32!  Feet  uniformly  in  that 

Time,  or  to  have  defcended  through  k  s  or  10A  Feet 

in  that  Time.     Whence 

sx 
t:s::  x  :  ~  zz  Fluxion  of  the  Space  2;  when  xzzt ; 

wherefore  from  the  general  Analogy  (ijcx  xx)  we  have 

sx  sxx 

tj>:tx::z:  xxy  and  z  zz  — -,    and   finding   the 

sx2. 
Fluent,    z  zz  — -,  which  needs  no  Correction  (be- 

caufe  whenzzzo,  atzzo). 

sx 
Or  thus  from  the  Fluxion  and  Fluent,  -r  :  tx  :  :  3 : 

* 

#*  sxx 

— ,  whence  zz:  — — . 
2  2// 

Or  laftly  thus,  fince  Is  zz  z,  when  tzzX9  therefore 
From  the  general  Analogy  (z  txxx)  it  will  be  \  s  :  tt 

sxx 
:  :  z  :  xx  ;  whence  zzz  — ,  and  thus  the  fame  Equa- 
tion is  obtained  any  of  thefe  Ways. 

Ex.   3. 

If  a  Body  is  projected  upwards  with  a  given  Velocity  a, 
to  find  how  far  it  will  afcend  in  any  Time  x. 

Let  z  —  Space,  v  zz  its  Velocity  ;  then  by  Me- 
chanics z  oc  vx.  Now  fince  the  fir  ft  Velocity  is 
given,  therefore  the  Space  s,  which  would  be  uni- 
formly de (bribed  in  the  Time  t9  of  its  whole  Afcent, 

sx 
will  be  given  ;  wherefore  t  :  s  :  :  x  : zz  Moment 

of  the  Space  z  at  the  fir  ft  Inftant,  that  is  when  azzv. 

T  There- 
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'  '        SX 

F  I  G.  Therefore  from  the  general  Proportion  (2  ex  vx,)  — 

1  *  '  '  •  1  •         svx     , 

:  ax  :  :  z   :  vx  :  :  z  :  vx  \  whence  z  zz  — ;  but 

ta 

the  Velocity  the  Body  lofes  is   as  the  Time,   there- 

ax 
fore  /  :  a  :  :  x  :  —    zz   Velocity    loft,     whence 

ax        .       _  sx  sxx 

v  zz  a  —  — -  ,    therefore  z  zz  -—  —  - -- ---  ;    and 

t  t  11 

sx  sx z 

the  Fluent  z  rz  —  —  —77,  which  needs  no  Cor- 

/  2tt 

reclion. 

Hence  if  x  be  greater  than  2/,  the  Body  will  have 
defcended  again  below  the  Point  it  was  projected 
from. 

Otherwife  thus. 

Let  z  zz  Space,  v  zz  Velocity,  s  zz  Velocity  ge- 
nerated by  Gravity  in  the  Time  t\    then  by  Mechanics 

z  oc  vx.  Now  fince  the  firft  Velocity  is  given  ;  there- 
fore the  Space  d,  which  would  thereby  be  uniform- 
ly defcribed  in  a  given  Time  t,  will  be  given  j  where- 

*        dx  , 

fore  t  :  d  :  :  x  : zz  Moment  or  the  Space  z 

at  the  firft  Inftant,  that  is  when  a  zz  v.     Therefore 

dx 
from  the  general  Proportion  (z  oc  vx)  —  :  ax  :  :  z 

1  dvx 

:  vx  2  :  z  :  vx,  whence  z  zz  — —  5  but  the  Ve- 

lticity  the  Body  lofes  is    as   the  Time  •,    therefore 

t  :  s  :  :  x  :  -~  zz  Vel.  loft  \  whence  v  zz  a —  -  - 

dx           dsxx  , 

therefore  z  z: ;    and  the  Fluent  z  zz 

dx 
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dx  dsxx       .  .  d 

7  ~~  TatT*  t  :      :  :  l  :  a  =  7'  tbere-F  J  G* 

sxx 
fore  z  —  ax  —  -tj~  . 

Hence  if  ita  be  greater  than  sx9  the  Body  will 
have  defcended  again  below  the  Point  it  was  pro- 
jected from. 

Ex.  4. 

To  find  the  Time  wherein  a  given  Cylinder  full  of  Water 
will  empty  it f elf  by  a  Hole  at  the  Bottom. 

LztACzzh,  CEzzx,  AEzzh —  x,  t  tz  Time  of     2. 

running  out  with  the  fir  ft  Velocity,  z  zz  Time  fought. 

Now  the  Moment  of  the  Quantity  running  out  OC  z 
X  Velocity  ;  but  the  Velocity  is  as  \/ce,  and  the 
Moment  of  the  Quantity  is  as  the  Morhent  of  AE, 

or  —  x,  whence  —  x  oc  z^/x,  therefore  z  oc  — 7-  5 

\S  x 

But  hit  :  :  —  x  :  —7 —  z:  Moment  of  the  Time 

at  the  firft  Inftant.     Therefore  (from   the  general 

,       — x\      —  tic       —ic  1      —  x 

Proportion   z  cc  -,-),    -g-  :  -^   '. • :  z  :  ^  : 

—  x  .        —  tx 

z  :   — 7—  ,  whence  z  zz  — ; — ,  and  the  Fluent  is 
\A  s/hx 

I 

z  zz \  but  in  the  Point  A>    z  zz  o,    and 

s/h  ■ 

xzzh,  therefore  the  Fluent  corrected  (by  Prop.  XII.) 

2tX 

Time  z  zz  it. 

T  2  Ex 


is  zzzit—    y£  i  and  when  ^zo,  then  the  who  Je 
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Ex.  5. 

F  I  G.  To  find  the  Time  wherein  a  given  Fruftum  of  a  Cone, 
3.         full  of  Water  will  empty  it f elf  by  a  Hole  in  the 
Bottom. 

Let  the  Cone  be  compleajted,  and  put  VGizp  the 
Altitude;  TG-=.h  the  Height  of  the  Fruftum,  TS 
zzxy  Circle  CDzzd,  VTzzb,  tzzTxmt  of  running 
out  (of  a  Cylinder  whole  Bale  is  d  and  Height  h) 
with  the  firft  or  greateft  Velocity,  zzzTime  fought. 
Proceeding  here  as  in  the  laft  Example,  you'll  find 

ky/x  oc  Moment  of  the  Quantity  oc  —  x  x  Circle 
Ep  x   ,    .  a\  ,  x  b  +  x   .     Therefore  z  oc 


pp  ,  ,  #V* 

. a  •.  -— /ff  —  dtf  /  —  dx 1 

X  b+x   ;   then-j-  :  -^  :  :  2  :  -^X*+* 

— —  /7V  ______ 

t  :  z  :  -7-  xb+x*  ,  from  the  general  Analo- 
gy'*' x  ° 

*         f/y>  _______ 

gy  i   therefore  z  — —  X  b  +  x*  .        And     the 

—  /  1  _  _ 

Fluent  is   2  =  ^ryf  X  :  2W*2-  +  #*2  +  j*2,  ; 

and   when    corrected,    the    whole   Time    z  zz  t  x 
2l?b  -f  *bh  +  \hh 

PP 
And   if  the    Fruftum  were  inverted,    the  Time 

11.     r       j       L            2pp—-5pb  +?bb     wu 
would  be  found  to  be  /  x  f^r — ^ •  Where 

J-Circle  AB,  xzzGS. 

Scholium. 

If£Forjybe  the  double  Ordinate  in  any  Curve 
CA-,  the  lime  of  running  out  might  have  been  found 
the  fame  Way,  only  by  fubftituting  the  Value  of  EF 

or 
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or  y  had  from   the  Nature  of  the  Curve,  into  theF  I  G- 

tyzx 
Equation  i;=j-T-T)  and  then   finding  the  Fluent, 

where  dzz  Square  of  the  Diameter  of  any  Cylinder, 
and  hzz  Height,  /zz  Time  of  the  Cylinders  running 
out  with  that  firft  Velocity. 

Ex.  6. 

Let  ACE  be  {the  Seclion  of)  a  Wall fupporting  a  Fluid      4. 
behind  it,  and  joining  to  the  perpendicular  Side  AC ; 
to  find  the  Curve  ADE  terminating  the  other  Side  of 
the  Wal^  fo  that  its  Strength  may  be  every  where  as 
the  Prejfure  it  fuftains. 

Let  AC=h,  AB-x,  BDzzy.  The  Effect  which 
any  Number  of  Particles  of  the  Fluid  prefling  at  B 
have  to  break  the  Wall  at  C,    is  as  CB  x  Number  of 


Particles  x  their  Force,  that  is    cc  h — *x#Xtf,  (be- 

caufe  the  Number  is  as#,  and   the  Preflure  or  Force 
as  x).     And  the  Sum  of  all  the  Forces  acting  on  AB 


to  break  it  at  C  is  as  the  Sum  of  all  the  h — x  x  xx 
that  is  as  the  Fluent  of  hxx — xzx>  and  therefore  as 

hx2,      x* 

,  and  when  x~h,  the  whole  Preflure  on  AC 

2  3 
to  break  it  at  C  will  be  ih*  ;  therefore  the  Effects  of 
the  Preflure  at  B  and  C  will  be  zsAB*  and  AQ.  But 
the  Strength  of  the  Wall  in  B  and  C  is  fuppofed  to 
be  as  theie  Forces,  and  by  Mechanics  'tis  known  to 
be  as  BD>  and  CE*  -,  Therefore  AB*  :  AO  :  :  BD* : 
CE\  that  is  yz  ex  x*  ;  And  the  Curve  ADE  is  a  Semi- 
cubical  Parabola  whofe  Vertex  is  A,  and  therefore 
convex  towards  AC. 


Ex. 
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Ex.  7. 

FIG.  Suppofe  a  Wind  to  blow  againft  the  perpendicular  Side 
4.  AC  of  the  Wall  ACE -,    to  finddhe  Curve  ADE 

bounding  the  other  Side,  fo  as  the  Strength  of  it  be 
every  where  as  the  Force  it  fuftains. 

LttABzux,  BDzzy,  ACzzh.     The  Force  of  any 
Particles  at  B  co  break  the  Wall  at  C  is  as  CB  x  Num- 


ber of  Particles  ex  h — x  X  x  or    oc  h—x  x  x  >    and 

therefore  the  whole  Force  of  all  the  Particles  on  AB 

to  break  the  Wall  at  C  is  ex  the  Fluent   of  hx — xx 

xz 
<xbx  —         -,  therefore  the  Force  to  break  it  at  C  by 

all  the  Particles  on  AC  is  Ihh  or  as  hh,  and  this  mud 
be  as  the  Strength  of  the  Wall  or  as  CE1  -,  confe- 
quently  xl  <xyl  and  x  ccy,  therefore  ADE  is  a  right 
Line. 

Ex.  8. 

Let  ABC  be  a  heavy  Body,  BC  a  Spring  fixt  to  the 
Block  D :  Let  AB  be  clofe  thruft  up  to  C,  that  the 
Spring  may  be  clofe  bent,  and  fixt  thus  to  the  Stock  D 
by  a  Pin.  To  find  with  what  Velocity  the  Body  will 
be  projected  by  the  Force  of  the  Spring  when  the  Pin 
is  fuddenly  pluck' d  out. 

Let  BCznb  the  Length  of  the  Spring  in  its  natural 
Poiition,  CNzzx,  vzz  Velocity  of  the  Point  B  when 
it  arrives  at  N,  wzz  Weight  of  the  Body  AB,  tzd 
Time  of  defcribing  CN.     By  Mechanics  or  the  Laws 

of  Motion^  ex  — 1-j —  <*  (by  the  Nature  of  a 

b—-x   1 
Spring) t :  Likewife  by  the  Laws  of  Motion 

x  .       b — x       x         .         bx — xx       , 

*  <*  —  therefore^  «  —  —  X-orw  <x  — - — ^nd 

I  finding 
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finding  the  Fluent,  v*  cc — — ,   and  when  xzzb,F  \  G; 

$»  oc  — — ;  that  is  the  Square  of  the  Velocity  is  re- 
ciprocally as  the  Weight  of  the  Body  :  Confequently, 
if  the  Body  is  proje&ed  horizontally,  the  Square  of  the 
Dillance  it  is  projected  to  will  alfo  be  reciprocally  as 
the  Body. 

Univerfally,  fince  b  —  x  reprefents  the  Force 
of  the  Spring  at  N-9  and  b  the  Force  of  it  at  C; 
if  inftead  of  b,  we  put  /  =  abfolute  Force  of  the 

bf 
Spring  at  C,  then  will  —  be  as  the  Square  of  the 

Velocity  for  all  Springs. 

Ex.    9. 

Let  BC  be  the  Quadrant  of  a  Circle,  A  the  Center ',  RS     6i 
parallel  to  BA.  To  find  the  Nature  of  the  Curve  DFg^ 
that  conftantly  biffecls  the  Angle  made  by  RF  and  the 
Arch  FC. 

Defcribe  the  Circle  n  e  infinitely  near  FC9  and  draw 
np  A,  and  no  parallel  to  CA-9  then  fince  the  Angle 
o  F  n  zzn  Fp,  and  Side  Fn  common,  and  the 
Angles  0,  p  right,  therefore  o  n  zz  np. 

Let  ASzzx,  SFzzy,    AB  or  Apzzv>  ADzzb, 

and  fince  on  zz  np7  that  is  x  zz  v9  therefore  xzzv9 
and  the  Fluent  xzzv9    and  corrected  xzzv—*b9  or 


b+xzz  v.  But  by  Prop.  47.  Eu.  I.  b+x  (zzvz) 
zz  yy  -f-  xx,  that  is  bb  +  ibx  zzyy  ;  whence  the  Curve 
DF^'is  a  Parabola,  whofe  Latus  rectum  is  2b9  and 
Focus  the  Point  A. 


Ex. 
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Ex.   10. 

F  I  G.  *£°  find  ri°e  ffime  of  the  Vibration  of  a  Pendulum  in  an 
y9  extreamly  fmall  Arch  of  a  Circle  -9  or  in  any  other 

Arch. 

Let  the  Length  of  the  Pendulum  CBzzr,  Cord 

ABzzcy  BFzzx^  Arch  BEzzv>  Eezzv,  Ff  zzx9  then 


cc       ex  c 


BD  zz  —  ,  BG  =  — ,  DG  =         X  c  —  x,EGzz 

[            ccxx 
^/cx "—.     Alfo   let  /  z=  Time  of  a  Body's 

defcending  or  afcending  thro'  the  Cord  AB,  z  zf 
Time  of  defcending  or  afcending  thro'  the  Arch 
BE,  then  it  zz  Time  of  defcribmg  AB  with  the 
Velocity  in  B;  by   the   Nature   of  the  Circle  v  zz 

— CX  .     The  Times  of   defcribing  any 

{  ccxx 

Spaces  uniformly  are  as  the  Spaces  directly  and  the 
Velocities  reciprocally;  but  fince  rhe  Pendulum  falls 
from  A  and  is  fuppufed  to  defcribe  tjie  Arch  AB  in 
defcending,  or  BA  in  afcending,  therefore  the  Velo- 
cities  in  B  and  E  are  as  ^/DB  and  \/dg9  or  as 


i/ab  and  y/AF\  therefore  It 


c  *  v 


V*.  '  v/ 


c—x 


V                                                tv 
z  :  -— — -  ♦,     whence  ■  z  zz .    —    zz 

V  c  —  X  IV  CC  —  CX 

1_ 

trx    xx  ,    .  n- 

-  zz  (rejecting  cxx—~ccx 


J  \crr  m 


^rr 

^      x  +  exx 

cc 


as  extreamly  fmall)  x      x  -  :    And   the  Fluent 

4vA  —  x  (by 
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(by  Form  10th)  is  z  —  —  x  Arch  of  this  Circle  F  I  G. 

/at  7* 

whofe  Sine  is  r^  —,  and  when  X±zc9   then  2  zz 

—  X  Quadrant  BH  zz  —  x  3. 1416  :    And    22    or 

the  Time  of  an  entire  Vibration  is  zz  \t  x  3.1416; 

3.1416 
Or,  which  is  the  fame  Thing,  22  zz ■  x  Time 

of  defcending   through    twice   the    Length   of  the 
Pendulum.     Or  putting  s  zz  i&r*  Feet,  r  zz  Feet  in 

3.I416  /  IT 

the  Pendulum,    then  22  zz X  J  — ,  in.  Se- 
conds. 

And  to  find  the  Time  of  Vibration  in  any  Arch 

AB-,  we  have  z  = trx    'x  = 

2y/^crr—^r,-x —  ccx  4-  cxx 


j  • 


tX~*X  tX     ^X  rv^~'- 

X  1 


4rr 
/#      *#         — py — I    ,  ,  c     \ 

zz x  1 — dxy        (putting  a  zz )   ~ 

4\A~ x  Arr) 

4vA_x  2«4  2.4.6 

whofe  Fluent,  by  Form  17th,  is  $  X  :  1  H —  + 

22-42  2*4*. 6*  r/N       n    2-.4rr 

+  -££LS  +  -g^-C.     Where  *  =  F:  i£±L 
4.4rr  6Mrr  ^^ 

3.14l6/ 

iz 3  the  Time  in  a  very  fmall  Arch. 

U  There- 
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FIG.      Therefore  the  Time  of  Vibration  in  a  very  fmall 
7.        Arch,  is   to  the  Time  in  the  Arch,  the  Chord  of 

CC  7'CC 

whofe  Half  is  c,  as  1  to  1  +  A+— B 

2\4rr  \x.\rr 

czcc   „         yzcc 

Cor.  Hence  if  the  Pendulum  r  meafures  Time  by 
vibrating  in  a  very  fmall  Arch  ;  and  if  c  be  the  Chord 
of  the  Arch  a  \  then  the  Seconds  loft  in  24  Hours  by 

•l_  •  •  k         A         1  MIL  I        864OO  X^ 

vibrating  in  the  Arch  2J,  will  be  nearly 7 

or  — ,  and  the  Minutes  loft  y . 

rr  rr 

Or  if  Time  be   meaiured  by  vibrating  in  the  Arch 

2a,  then  the  Seconds  loft  by  vibrating  in  the  Arch  2A 

(C  being  the  Chord  of  A)    will  be  ——  X  CC—cc, 

nearly. 

Ex.   11. 

#.  2I0  jW  /£*  Meridional  Parts  for  any  Latitude. 

Let  Radius  CA  =z  r,  the  given  Arch  of  Latitude 
ABzzv,  Sine  DBzzy,  Meridional  Farts  of  ABzzz. 
By  Conftmftion  of  Mercators   Chart,  as  Cofine  of 


the  Latitude  {y/rr — yy)  :  Radius  (r)  :  :  (v  :  z  :  :) 


rs 


v  :  z  zz   •■  ,  but  by  the  Nature  of  the 

\/rr  —  yy 

ry  ^  rry 

Circle  v  =  — ;     whence    z  z=    ■  * 

\/rr— jgy  rr— jyf 

2.30258V 
whence,  by  Form  the  6th,   z  zz x  Log. 

^l  =r  2.30258?-  x  Log.  Jr-^Z  .     But   in   the 
r— y  °     J  v    r—y 

Triangle 
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Triangle  EBF,  as  £5  (v^-^)  :  Rad.  (r)j2_£i?F  I  G. 

rxr4-y  8. 

(r+j)  :  Tangent  of  the  Angle  B  zz  - 


y/rr  — 


yy 


zz  r  J  ^— — ?  zz  Cotangent  of  half  the  Complement 

"*    r—  y 

of  the  Latitude  AB,   whence   z  zz  2.^02^r  x  Log. 

Cotangent  of  half  the  Complement  of  the  Latitude. 

And  by  Correction  z  zz  i.^oi^^rxLog.Cot.  of  half 

the  Co.  Lat.  —  2.30258^  x  Log.  Rad.  and  this  is  the 

Arch  of  the   Nautical    Meridian.      But   fince  the 

Meridional  Parts    in    the  Tables  are    exprefTed   in 

.                                                    2.302585  X  180  X  60 
Minutes,    therefore    2;   zz 

3-I4i59 

X  Log.  Cot.  \  Co.  Lat.  —  Log.  Rad.    zz  79I5>7°5  X 
T        Cot.  I  Co.  Lat.  _  Radius 

L°g-  Ra^ =79r5'7°5xL°g-Tan.|Co.Lat.- 

Cor.  1.  Hence  the  Meridional  Parts  for  the 
Difference  of  Latitude  of  two  Places  is  zz  7915,7  x 
Difference  of  the  Log.  Tangents  of  half  their  Comple- 
ments of  Latitude. 

Cor.  2.    Since   Radius  :  Meridional    Difference 

of   Latitude    :  :    fo  Tangent   of  the  Courfe    :    to 

.                         r  T        .■                      Rad.  zz  1 
the  Difference  of  Longitude  ;    and  — zz 

,       '  79l5>7°5 

,000126331,  therefore 

As  ,000126331   : 

To  Tangent  of  the  Courfe  :   : 
So  the  Biff,  of  the  Log.  Tangents  of  half  the  Comp. 
cf  the  Lat.  : 

To  the  Bifference  of  Longitude. 

Otherwife  thus. 

Let  /  zz  Tang,  of  the  Latitude  AB>  BC  zz  x  ; 
then  by  the  Nature  of  the  Circle  yy  zzrr  —  xx  and 

U         2  yy 
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•— — •  xx 

F  I  G.  yy  — — *#»  and  y  = •     But  by  Trigonometry, 

8.  •.  y 

y  \—r-)  :  —x  :  :  Rad.  (1)  :  /  zz  -,     and  y 

•  x 

ry 
zz  tx.     Likewife  x  :  r  :  :  y  :  v  zz  ~~.    And  by 

x 

the   Nature   of  Me'rcator's  Projection,   x  :  r  :  :  v 

/ry\       .  rry  —rrx 

(—J   :  z   zz  -^-    =  — — .      But    tzxl  zyj  z 
V  x  '  xx  xy  JJ 


r 


rr~xx,    whence  x  zz  r        and      y      zz 

v/i  +  // 

r/  .    .  — rti  . 

,  and  «%•  zz  3—  ,       and    xy    zz 


v/i  +  #  1  +//1 * 

rr/                                     — rrx  —  rti        i  +  tt 
therefore  z  zz  3 X 


rt 
- —  '.     Therefore,   by  Form  the  9th,    z  zz 

v/i  +  #  

2.30258^  Log.  /  -f-  ^/i  +  tt :  But  if/  is  the  Tran- 
gent,  v/i  +  ^  is  the  Secant  ♦,  and  by  the  Elements 
of  Trigonometry,  Secant  +  Tangent  zz  Cotan.  of 
half  the  Complement  of  AB.  Therefore  z  zz 
2-30258r  x  Log.  Cotangent  of  half  the  Complement 
of  the  Latitude  A B. 

To  find  the  Meridional  Parts  for  the  chlate  Spheroid. 

Let  the  Semitranfverfe  CA  zz  r,  Semiconjugate 
CG  zz  r,  Arch  ABzzv,  Ordinate  DBzzy,  CDzzx, 
Meridional  Parts  of  AB,  put  zz  Z  ,  and  /  zz  Tan. 
of  the  Lat.  at  B>  as  before. 

Then  by  the  Nature  of  the  Figure  ccrr  —  ccxx  zz 
rryy9    and  — ccxx  zz  WW.     But   by   Trigonometry, 

y  :  ~x  C1^-)   :  :  Rad.  (1)  :  /  zz  -0'-.     And, 
J  \  ccx  /  v   J  ccx  ,  ' 
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by  Mercator's  Proje&ion,  x  :  r  :  :  v  :  Z    zz  1HL  .      o 

And  fince  ccxtzzrry,  we  fhall  have  #  zz 


rr 


s/rr-\-cctt 


cct  .  rrcci 

,  and  y  zz  —  %    ,     #    zz 


x/rr+cat  y/rr  +  ccti^ 

— rrcctt 


—  •,    but  £  zz  y/xz  -\-y-  zz 


rr-f  o7/V* 

/ '  rHHxh  +  r+f*/*     __       rrcciy/i+tt  , 

ir+cctif  rr+tclls/rr-\-cctt 

r         .    /  rv   \  r*cct\/i-\-ttx\/rr+cctt 

^    x  rr  -f  r<r//  \/rr  4-  **//  x  rr 

rccty/i  -\-tt             .             rrr/  X  1+7/                r/ 
»■  .    or  z  zz  - -  —  -, 

rr+^//  '   r7+crtt\/i~+rt  "Vi+77 

rcct  —  r">t 

+    '  — ■  ■      Put    rr*—cc  zz#,     <rZ 

rr  +  cctty/i+tt 

Cofec.  Latitude,  thenz  zz  — *"*      ^^ 

V\  -\-tt      rr+cctts/i  +tt 
t—ii 
-z  —  rffx-  _■     f  ~     (by   Form 

cc+rrt   Zs/\-\-t 


— i 


■>  V     ^v 


the  23d)  z  —  rff  x  cc—rr+rrv        X 

—  2 

z    —    —  *  "  ! —  >    whofe  Fluent,  by 

rr  —  cc  —  rrv 

rffL 

Form  the  6th,  is  Z  zz  z  — —  x  Log: 

2r  */rr> — cc 

r^/v 
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F  *  G;  r^v+KM=^  :"  V^+/ 

8.       ■ — =  z  —  ifL  x  Log.  — 

ry/v — s/rr — cc  J      IT    1 

Vi  +  --/ 

—  z—ifL  x  Log.  .,  becaufe  by  Trigonometry 

v/i  +  Yt    or„.  1+//  =  r-    In  Minutes  Z  =  as- 

79I57~XLog-v/ r-     °r   putting    —   or 

zz  ^,   then  will  Zrz-  /-^—3~/~  x  Log, 


r 

— n .     Where   a-  zz  natural  Cofecant  of  the  Latt- 
er-—  # 

tude  to  the  Radius  I,  and  z  =  the  Meridional  Parts 
for  the  Sphere. 

Or  thus. 

Since—  zzj,   therefore :  zz  f,  therefore 

o-  <r—d         i—dy 

Z  zz  z— 7915.7;/  x  Log.  v/ j"«     ButbyTrigo- 

nometry,   </ r  =  Cotan.  -1  Arch  whofe  natural 

i—dy 

Cofine  is  dy.     Therefore,   let  y  zz  nat.  S.  Lat.  A  zz 

Arch  whofe  nat.  Cofine  is  dy,  to  the  Rad.  1  •,   and 

B  zz  Log.  Cotan.  iA—  10,  as  had   in   the  Tables; 

then  Z  zz  2  —  ygi^ydB. 

In  the  fperoidal   Figure  of  the  Earth,   we  fhall 

have  d  3 .093,   or   thereabouts,    according    to  Sir 

L  Newton i  or  dzz.148,  according  to  Maupertuis. 


Ex, 


Sea.  I.        of  FLUXIONS.  i5r 

Ex.    12. 

To  find  the  Nature  of  the  Curve  which  a  heavy  flexible  p  j  q 
Line  will  form  it f elf  into  by  its  Gravity. 

Let  the  Line  be  fufpended  on  the  two  fixt  Points 
D,  P,  and  difpofe  itfelf  into  the  Curve  BAP  -,  yf  its 
Vertex,  A^\ts  Axis,  and  BC  an  Ordinate. 

i.  The  Part  of  the  Curve  ABB  is  kept  in  its  Po- 
fition  by  a  certain  Force  at  A  acting  in  Direction  AZ 
parallel  to  the  Horizon  ;  For  if  the  Line  be  cut  thro* 
at  A  it  will  reduce  itfelf  to  a  perpendicular  Pofition. 
And  this  Force  acting  at  A  is  always  the  fame  what- 
ever Length  the  Curve  be  of;  For  if  the  Line  be 
cut  thro*  at  B,  and  then  the  Point  B  faftned  to  the 
Plane  ;  it  is  evident  the  Force  at  A  is  neither  greater 
nor  lefs ;  for  the  Refiftance  of  the  point  B  does  the 
fame  as  the  Tenfion  of  the  Line  in  B  did  before ; 
and  the  Force  in  A  or  the  Tenfion  of  the  Line  in  A 
mud  remain  the  fame. 

2.  Let  a  —  the  given  Part  of  the  Line  whofe 
Weight  is  equal  to  the  Tenfion  of  the  Line  in  A% 
and  ACrzx,  BC~y,  ABzzz,  draw  the  Tangent  BS, 
and  BR  —  BA,  perpendicular  to  the  Horizon,  and 
RS  parallel  to  it.  The  Line  BA  is  fuftained  by  three 
Forces,  for  its  Gravity  acts  in  Direction  BR,  it  is 
drawn  at  A  in  Direction  AZ  by  the  Force  a,  and  it 
is  fuftained  in  B  by  the  Tenfion  of  the  Line  in  Di- 
rection SB  •,  and  thefe  three  Forces  being  as  BR,  RS, 
and  BS,  and  BRz=.z  by  Conftruction,  therefore  the 
Force  aziRS:  Whence  by  fi milar  Triangles  BR  (2) : 

RS(a):  :  bo  {x) :  B  0  (y)  : :  x  \y,  and  ax—zy,  which 
is  one  Property  of  the  Curve. 

3.  Take  BrizBb  the   Increment  of  the  Curve, 
draw  rn  parallel  and  B  n  perpendicular  to  BS,  then 
hnB—Bo,   and  rnzzbo*     Since  BR  is  the  perpen- 
dicular 
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FIG.  dicular  Force  or  Weight  of  the  Line  at  B,  Br  or 

^"  z  is  the  Increment  thereof,  and  therefore  x  is  the 
Increment  of  the  Tenfion  of  the  Line  in  B,  and  x  is 
the  Fluxion  of  the  Tenfion,  and  therefore  the  Fluent 
#zz  Tenfion  or  Force  acting  in  Direction  nr  \  But 
in  A  where  tfzzo,  this  Tenfion  zz#,  therefore  by  Cor- 
rection, the  whole  Tenfion  drawing  in  Direction  of 
the  Curve  is  a-\-x  •,  and  this  is  the  Force  BS,  as  was 
fhewn   before  :  Therefore  again  by  fimilar  Triangles 

a+x  (BS)  :  z  (BR)  :  :  z  :  x  :  :  z  :  x,   whence  ax  + 
xx  zz  zz,  and   the  Fluent  2ax  -fnz:  zz,  which  is, 
another  Property  of  the  Curve. 

4.  If  the  Point  B  be  fo  taken  that  the  Angle  RBS 

or  SBC  be  half  a  right  Angle,  then  will  AB  or  z  be 

/  ax        \ 
zzj  j  for  then  x—y,  and  z  zz  f  — —  zzj  ^. 

5.  Since  j  zz  — 


10. 


n/2^#4-##       >/aa~\-zz 

az 
— —  •,  therefore  by  Form  9th,  j  zz  2.30258^  X  Log. 

£»  "j-  X 


a+x-{'\/2ax-\-xx  0       T        z +*/##+ 22 

_I — ^_r ! — zz  2.30258^  x  Log -Z- Z. —  5 

^  a 

whence  the  Curve  may  be  eafily  conftru&cd* 


Ex.    13. 

To  find  the  'Nature  of  the  Curve  BM  in  which  a  Body 
moving  (after  its  Fall  thro1  AB).,  it  pall  defcend  equal 
Spaces  in  equal  Times. 

Let  ABzza,  BP~x,  PM—y,  now  fince  the  Ve- 
locities of  Bodies  are  as  the  Spaces  defcribed  in  equal 
Times,  and  the  Squares  of  the  Velocities  are  as  the 
Heights  fallen  from  ;  therefore  a  :  a-\-x  :  :  (Square  of 
the  Velocity  in  the  Axis  at  P:  to  Square  of  the  Ve- 
locity 
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locity  in  the  Curve  at  M: :  Ppz :  Mmz  ::x*;  x*+y* : :  )  F  I  G. 
Xx  :  x%+y*"9  and  by  Divifion  a:x  ::  xz  \yz ;  there-      10. 
fore  xxzz  ay1,  or   x*x=:a*y9  and  rinding  the  Fluent 
&c*zza*y,  or  ay*  zz±x* :    Therefore   the  Curve  is  a 
femi  cubical  Parabola  convex  towards  BP. 


Ex.    14. 


If  a  Body  be  projected  from  any  Point  A  parallel  to  the 
horizontal  Plane  B  C,  and  be  urged  towards  that 
Plane  with  a  Force  which  is  as  any  Power  of  its 
Height  above  the  Plane  -,  to  find  the  Nature  of  the 
Curve  it  will  defcribe. 

Let  ABzzr,  AD=x,  DPzzy,  v  zz  Velocicy  ac- 
quired in  falling  through  AD,  /ziTime  of  falling, 
/=:  Force  in  D  or  P,  which  fuppofe  to  be  as  BDn. 

Now   from  the  Laws  of  Motion  v  oc  ft,  but  /cc 


•x  x 


—  and  /oc  r  —  x  ,   therefore   v  oc ,    and 

v  J  v        ' 


r — x  x 


<£,0C or  vv  oc  r — x  x;  and  finding  the  Flu- 

v 

»+i 

ent  —  oc >  but  in  A,  *  zzo,  therefore 

2  #+1 

the   Fluent   corrected  is  vv  oc 


But  the  Fluxion  of  the  Axis  is  as  the  Velocity  of  a 
defcending  Body,  and  the  Fluxion  of  the  Ordinate 
is  as  che  Fluxion  of  the  Time,   or  as  a  given  Quan- 

f~  , n-fT~ 

lyrt"\1 Y  X 

\\vib\  therefore  x  :y  :  :  (vzz)  sV — 

J  n  +  i 

X  :  h 


11. 
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bx 

F  I  G.  :  b,    whence  y  tz  -  orj/zr 

/  »H-i 

/z-f-i  "  n+i 

. ,  and  the  Fluent  will  give 


the  Nature  or  the  Curve. 

bx 
12.  Case  i.  Let^zzi,  then yzz-.      zr ;  defcribe 

the  Quadrant  y?£F;  then  by  the  Nature  of  the  Cir- 

TX 

cle,  Arch  AE  ~  Fluent  of  r  ,  therefore 

v  2rx  —  ## 

take  y  or  DP  ==  —  X  Arch  AE,   and  P  will  be  in 
j  r 

the  Curve  required. 

bx 
Case  2.  LetTzzzo,  therijr:  — -$  and>y=2^v/1y, 

or  $bbxzz  y  \   therefore  the  Curve  will  be  a  Parabola, 
as  is  well  known. 

13.  Case  3.  Suppofe  »= — 1.     Here  we   mud  have 

Recourfe  to  the  original  Procefs  itfelf,  and  there  we 

x 
fhall  have  w  oc j   defcribe  the  Hyperbola  HE 

r  —  x 

to  the  Afly  mptotes  AB>  BC\  then  the  Area  ABEHzz 

Fluent  of  ;  therefore  v  c*  </ 'ADEH,  and y  zz 

r — x 

hJL for  the  Nature  of  the  Curve  A  P. 


V^Area  ADEH 


'     .        ,  .    Jrr  —  rx  i 
I4.         Case4.   Let»=  —  2,  then/  =  fa*/- — - —  j 

Let  yffi  be  a  Cycloid,  AG  zz  v9   DE  zz  u^AGR 

being  the  generating  Circle  \  then  uzzv  +  y/rx— xxi 

and 
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Y  —  2X 

and  uzzv+ x      =      (becaufe     £  zpi  G. 

2k/yX  —  XX  4 

—  — ,)  Xx/ .     Buty  —i?Yzxxy/ , 

2^/rx—xx  x  x 

whence  y  —  h^s/v,    therefore    take    DP  ±2  by/v  X 
DE>  and  P  will  be  in  the  Curve. 

bYXrx  —  xx 
Case  5.  Let»= — 3  ;  then y  n   — __^-  , 

v/2^  tftf 


whence  y  z=  Iys/iyx  —  xx^    and   the  Curve   is   an 
Ellipfis  whofe  Semi-axis  is  AB. 

Ex.    15. 

¥0  ^»^w  whetheY  a  given  CuYve  Line  be  concave  oy      i/r, 
convex  towavds  its  Axis,   in  any  given  Point  thereof. 

Let  AB  be  the  Axis,  BC  any  Ordinate,  take  DB 
zzBF,  and  draw  the  Ordinates  De*  Fo  infinitely  near 
BC •,  draw  en  and  Cg  parallel  to  AB,  and  produce 
e  C  to  k.  Now  by  the  Nature  of  Curvature,  if  the 
Curve  be  concave  towards  the  Axis,  in  the  Point  C> 
and  the  Ordinates  increafe,  then  the  Point  0  of  the 
Curve  will  fall  between  k  and  £,  and  therefore  the  In- 
crement^ is  lefs  than  nC,  whence  0 k  or  g c — gk 
that  is  go — nC,  will  be  negative;  but  ok  is  the  fecond 
Moment  of  the  Ordinate,  and  that  is  as  the  fecond 
Fluxion  when  F  k  and  D  e  approach  to,  and  coincide 
with  BC ;  therefore  if  the  Curve  be  concave  towards 
the  Axis  the  fecond  Fluxion  of  the  Ordinate  will  be 
negative.  And  the  contrary  will  happen  if  the  Curve  i6\ 
is  convex  towards  the  Axis.     Wherefore 

Let  the  Axis  ABzzxy  Ordinate  BC~y,  then  com- 
pute the  Value  of  y  by  the  Nature  of  the  Curve, 
and  fubftitute  Numbers  for  all  the  Quantities  if  there 
be  Occalion,  then  if  its  Value  comes  out  negative  it  is 
concave  in  that  Point,  if  affirmative  it  is  convex  to- 
wards the  Axis. 

X  2  Ex. 
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Ex.   16. 

'  I  G,  -^  Line  being  inflated  into  the  Form   of  a  Curve,   and 

17.  kept  in  that  Fcrm  by  a  Force  or  Preffure  aping  per- 

pendicularly  upon  every  Point  of  the  Curve  -,  to  find  the 

Proportion  between  the  Ten/ton  of  the  Curve,  and  the 

Force  acting  perpendicularly  upon  it. 

Let  AB,  BC  be  two  equal  Particles  of  the  Curve, 
and  let  the  Force  acting  on  the  Particle  B  reduce  it  to 
the  Pofition  ABC,  compleat  the  Parallelogram 
ABCE,  and  draw  AD,  CD,  perpendicular  to  AB, 
CB ,   and  then  the  four  Points,  A,  B,  C,  D,  will  lie 

in  a  Circle.  Let  AB  or  BC  zz  z,  AD  or  CDzzr: 
Now  by  Mechanics  the  Point  B  is  acted  upon  by  three 
Forces  BA,  BC,  BE  ,  BA  or  BC  is  the  Tendon  of  the 
Curve,  and  BE  is  the  Force  acting  perpendicularly 
againft  the  Curve,  therefore  thefe  are  to  one  another 
as  BA  to  BE,  or  (by  fimilar  Triangles)  as  i  BD  to 

z.  Let  now  the  Points  A,  C,  approach  to  B  and  co- 
incide with  it,  and  I  BD  becomes  Ir,   the  Radius  of 

Curvature ;  and  z  is  the  Particle  of  the  Curve, 
whereon  the  Preilure  acts  :  And  therefore  the  Force 
acting  perpendicularly  on  any  Particle  of  the  Curve  is 
to  the  Tenfion  of  the  Curve,  as  that  Particle  of  the 
Curve  is  to  the  Radius  of  Curvature  in  that  Point. 

Cor.  Therefore  if  the  Particle  of  the  Curve  and 
its  Tenfion  be  given,  the  Force  acting  againft  that 
Particle  is  reciprocally  as  the  Radius  of  Curvature ; 
that  is,  directly  as  the  Curvature. 


Ex, 
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Ex.    17. 

EAF  is  a  Curve  Line  fupporting  a  Fluid  >  to  find  the  V  I  G. 
Nature  of  the  Curve.  18. 

Let  the  Axis  of  the  Figure  CAzzby  CDziXy  DBzzy, 
AB—zy  let  z  be  given :  By  reafon  of  the  Fluidity  of 
the  Water,  the  Tenfion  of  the  Curve  is  equal  in  all 
Points,  and  therefore  by  the  forgoing  Example,  the 
PrefTure  at  B  is  reciprocally  as  the  Radius  of  Curvature 
in  B.  But  by  the  Laws  of  Hydroftatics  the  PrefTure  at 
B  is  as  the  Height  BB  ory,  and  (by  Prob.  V.  Se£t  II.) 

the  Radius  of  Curvature  is -rr-,  therefore — ^~% 

x  y       x 

i    m  1  ^v  aa      1      aa     zy 

and  anuming  the  given  Quantity  — ,  then — ~-~, 

^         '   2  2y       x 

aax         . .         ,     t      _f  . 

or  zzyyz*  and  the  Fluent  aax  zzyzz9  but  in 

A9  xzzz  and  yzzb\  therefore  the  Fluent  corrected  i$ 

aax  —  aazzzyy —  bby^Zy  or  aax  zz  aa -\- ^y —  bb  x 

1  aa — bb  -\-yy  x  V 

s/xz+yzy  which  reduced  gives  x  zz  — — *- 

for  the  Equation  of  the  Curve  fought. 

Cor.  Draw  EK  perpendicular,  and  IK  parallel  to 
EDy  and  alfo  the  Tangent  EI;  than  if  EKzzpy  EI 
zzq,  J  —  Area  EACy   which   is  as  its  Weight,  then 

(by  Mechanics)  p  :q::s:  -  —  nTenfion  of  the  Curve, 

whence  (by  the  foregoing  Example)  fmceyzzi PrefTure 

gs      .      zy  os'x 

at  By  it  will  be  yz  :  -^ :  z  :  -<— ,  and  thence  ■ 

p  x  p 

zzyyz  zz  —  x,  and  therefore  -x—  zz  aa. 
2  p 

Ex. 


158  The    Doctrine 

Ex.    18. 

F  I  G.  <^°  fin^  an  infinite  Series  ^    or  fever al  fuch^   whofe  Sum 

may  be   had. 

AfTume  v  zz or or &V.      For 

i — x      i—  x*         i—  x* 

Example,  let  v  zz zz  i  +  x  +  x1  +  x>  &c, 

i — x 

X:  x,    therefore  vzzx  +  ±xz  +  j*3  +  \x*  &c. 

vx"-^1 
Suppofe  the   Fl:  vxnx  zz -f  q-,    then   by 

putting    this    into    Fluxions,     we    (hall    find  q    zz 
—  Xn-\-i  .  — 1v"+I  x  XnJrl  X 

n+i  n+i  i—x  ~~     n+lxx  —  i 

X  :  xvx  +  xn—Jx  +  x"—zx  +  xn— 3x>   &c. 


to 


n  +i 

x  I  Xn~\~J 

or  —  v-y    therefore  q  zz x  .* + 

x — i  n  +  i  n  +  i 

xn  xft^~I 

—    4- &c.   +  x  — v.     Whence  Fl:  vxnx  zz 

n  n — i 

vxnJrx  I  #B+J  xn  x*—1 

— —    +  --— -x:  — -   +  + ,  iSc.   + 

/z+i  n  +  i      n+i  n  n — i 

x  —  v. 

Xz  X* 

But  Fl:  vx"x  is  alfo  zz  F:.x"x  X  :  x  -\ +   — 

2  3 

X*    r„  Xn+2  XnJtl  tfw+4 

*  T  &'C.   =    — -   +  ==-   +  — =^   fcf  f. 

4  n  +  z         2X«  +  3  3X»+4 

*i  infinitum. 

Therefore         -   -{- 0  f£c.  zz 

n  +  z  2X«+j  »  +  i 

i  #a-H  x" 

+  —  —  X  :      ,-   +  ■ ,  &c  to  x. 

n+i         n+i  n  p  , 
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vxn+i  —  V  FIG. 

Put —  =  o,  and   then   x  zr  is 

Therefore  the  foregoing  Series  will  become 

ii  i  i         _. 

— —  +  ==±=  +   =■   +  =  &c. 

n+2          2X«+j          3X»+4           4X^+5 
,      _  .                  i               11              i 
ad  infinitum   =    -  ■  t  X  :  — ; —  +  —    +    ■ + 

&V.  to  1. 


n — 2 


Or,  which  is  the  fame  Thing,  — —  x  :  1  +  4 
4-  i  +  i  fc?f.  to  -_I— -  ==  Sum  of  the  infinite  Series 

II  !  I 

-"-   +   — -   +  ■=   +   =— =r  &fr. 

"  +  2  2X»+3  3X»+4  4X«+5 

*i  infinitum. 

Now  if  »  be  put  fuccefTively  equal  to  any  Integer 
Numbers,  there  will  be  had  fo  many  infinite  Series, 
each  of  which  will  be  equal  to  the  Sum  of  a  given 
finite  Series. 

For  Example,  fuppofe  nr=.  1,  then  I  x  TT\>  or 

.  „•  .      *"  1  I*  1 

I  zz  to  the  infinite  Series  —  +  —    A + 

1.3   T  2.4    T  3.5  ^ 

Moreover,  whatever  be  the  Value  of  x,  if  v  or 
the  F: be  known,  we  (hall  always  have  the  fi- 

I  ■"    ■  X 

nite  Series  — —  x  :  ma+x  —  v+x-t-ixz+±x*  +  ix* 

1                         ,                    x"+*  xn+i 

.  .  .  to  —  7— xn+l—  to  the  Series  — :  4 


n+l  ixn  +  2      2Xn+3 

4- +  —      '    ,  CsV.  ^  infinitum. 

3X^+4         4X^  +  5 

The 
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F  I  G,      The  like  may  be  done  by  affuming  any  other 


x 


X 

or  v  zz zz  x  +  x*x  +  x6x  +  x*x9  fc?*.    and 


Quantity  for  v  9  as  for  Example,  let  v  zz  F: , 

x      X' 

X  .  .-"'/• 

or  v  zz zz  x  +  x*x  +  x6x 

I  —  X* 

v  zz  x  +  |#+  +  j#7  +  _%#*<>,  &V. 

Suppofe,  as  before,  F:  vxnx  zz +  q ;  then 

•  Xnt'1  X  I 

a  zz X =  X  xn—zx  +  xn-$x  . 

*  n+i       #J—i         n  +  i 

i  xn — *         xn — 4 

+  x  ■—  v,    and  j  z  — —  x  ; 1 + 

fl+i         n — i         n — 4 

Xn—7      s  I  x+ 

...  +  x  •—  v  zz  X  :  —  v  +  x  -\ ■ 

n — 7  fl  +  i  4 

xi         xxo  xn—1 

+  -  +  — . . .  +  — . 

7  io  n — i 

Again,  F:  vx*x  zz  F:  x"x  X :  x  +  *x*  +  ixi  &c. 

x»+z  Xn+S  ^+8 

zz  +  — =rrr  +  — =-—  ,  GV.  therefore  the 

i  x^ 

finite  Series  X  :  vxn+1  —  v  +  x  ^ + 

0  +  i  4 

—  .  .  .  -i zz  the  Sum  of  the  Series + 

7  « — i  n+2 

i — — -.    _j_   — _  9  &Ct  aj  infinitum  ;  where  n  is 

4X^+5         7X»  +  8 

any  Number  in  this  Series  2,  5,  8,  11,  &c.    and  in 

general, 

x 

If  v  zz  — ,  then  n  mint  be  fuch  that  n+i 

1 — xm 

may  be  divifible  by  m.     And  if  you  make  mB+x  —  v 

zz  o,   and  x  zz  1,  as   before,  you  may  get  as  many 

particular  Series  as  you  pleafe. 

Ex. 
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Ex.    19. 

To  Exprefs  the  Fluent  of  afimple  Expreffion  axbx,  by  p  j  q# 
an  infinite  Series  -9  and  from  thence  to  fum  up  that      18. 
Series. 

Put  axhx  —  F  and  exprefs  the  Index  by  two  Parts 

as  ^+<^^~f-^I(x,,  then  afTume  F  z=  - #—H-i  4.  j- 


then  f  or  ax*xzzaxbx —  f+iXrT~#*#+.fj  whence.? 

a  - — — 

p  f — 1  Xi_r  xhx  zz  c — 1  y(Axhx.     Again, 

Affiime  s  =  C~l  XA  xbJrdx-d+^  +  /  =  Bx*+<* 
b+d 

x—d+l  +  1 5   whence   i  zz  d — 1  X  Bxhx. 

AfTume   /  =  d~~lxBxb+e  x-e+*  +v  -  Cxh+< 
b+e  _ 

x— «+«  -f  v  ;  then  v  =z  e —  1  X  Cxhx. 

e  —  r 
AfTume  v  =  -7 — Cxh+fx—f+x  +  w,  &c. 

Whence  For  Fl:  axhx  =  ^H-1  x  :  rj7~  +  t~Tj  A 
d — 1  e — 1  /— 1  „„  tf^+i 

+  ^^    +    ^T/C   +  ^—D  +    &?,.    =  -j^-  ; 

where  y^,  i?,  C,  &c.  are  the  preceding  Terms. 
Therefore  taking  cy  d,  <?,  &c.  any  Quantities  at 
Pleafure,  the  Series  will  be  known,  and  the  Sum  of 
it  g:7en. 

1.  Suppofe  azziy  b,  c>  d,  e,  &c.  n  2.     Then  Fl: 

xlx—x^  x :  I  +  J^  +  jfi  +  iQ  &c.  zr  —.  Ther%- 
fore  «  +i4i+iB,  &c.  rr  j. 

Y  2.  Sup- 
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FIG.       2.  Suppofe  by  c%  dy  e,  &c.  zz  m.     Then  Fl:  axwx 
a           m — i  -M        m — i  „         m — 1 
=  *■+*  x  :  ~    +  -      A  +  B  +   -      C, 

im  2m  2m  im 

&c.  zz  ~—~y  and—;-   zz  —   H A  + 

m  +  i  m\-\  im  2m 

By    &c. 

2m 
3.  \atiazz\ybzzn — 1,  czzz,  dzz^yezz^yfzz^y  &c. 

Then  F:  xn~lx  zz  xn  x  : + A  H 

5  +  —  —  C,  &c.   =    '     .     Whence   alfo   r—  + 
/z+4  »  tz+i 

-f-  X^+  - --~5  +  -J-C,  &c.  =  — . 

«+2  #  +  3  »+4  » 


Ex.   20. 

213.     2*0  ^^  ^  Cari;^  wfe£  a  flexible  Line  SKAR  is  put 
into  by  the  Windy   or  any  Fluid  moving  againfi  it. 

Let  AE  be  the  Axis,  and  BE,   Cf  Ordinates  in- 
finitely near,  Bd  parallel  to  AE.    Call  AEy  x'\  EB9yi 

1  1  1  1 

ABy  z\  Bd,  x  ,  C/,  y ,  BC,  z  ;   and  let  z  be  given. 

The  Force  of  the  Fluid  acting  perpendicularly  againft 

the  Particle  of  the  Curve  z,    is  as  the  Quantity  of 
the  Fluid  acting  on  it,  and  the  Sine  of  Incidence, 

/        y  yz  y2, 

that  is  as  jv  x  — ,  or  — ,  that  is  as   £-  ;  And  (by 

z  z 

Ex.  16.    before)    that  Force   will  be    as   the   Cur- 
vature in  By  or  reciprocally  as  the  Radius  of  Curva- 

zx 
ture,  that  is  (by  Prob.  V.  Scft.  II.)   as  ~  j  \  there- 
fore 
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fore  2—  OC -.■?->  or    .-=  — ~;  therefore  ■?- z:  F  I  G. 
2;  2*  2;  at  #213. 

—  "Lt  and  the  Fluent  is  — r-    —  -7-  •,   but  in  ^,   y 
j/2  z  y 

zz  z,  and  x  zz  o,   therefore   the  corrected  Fluent  is 

—  —    —  —  -.-,    whence  xy  zz  az —  ay,    therefore 
z        y        z 

a+x  XJ  —  aii  and  a  +x  x  zz  —  xz  zz  atzt\     or 
lax  +  xx  x  Zz  zz  a+  x  X^S  and  z  zz  -    -  \ 

V  lax  -T-  xx 

and  the  Fluent   z  zz  \/  zax  +  xx,  an  Equation  to 
the  Catenary. 

Ex.    21. 

To  find  the  Curve  of  Trafiion  to  a  right  Line,     That    228. 
is,  //  #  iwujy  Body  be  placed  at  A,  and  a  Cord  AB 
of   a  given   Length  fajtened  to  it,   and  the  End  B 
drawn  along  the  right  Line  BB  -,  to  find  the  Curve 

x  defer ibed  by  the  Body  A. 

Let  AB  be  perpendicular  to  BD,  and  let  AE  be 
the  Curve  defcribed  by  A.  Draw  the  Ordinares  EC, 
zc  infinitely  near  each  other,  and  -^  to  BD,  and 
draw  the  Tangents  ED,  ed  \  and  D 0  -*-  to  e d. 
Then  put  AB,  ED  or  ed  zz  b,  AEzzz,  BCzzx, 
ECzzy,  CDzzs  •,  then  bbzzss+yy,  and  isj  zz  —  zyy. 
And   by   fimilar  Triangles,  y  :  b  :  :  — y  :  2;,  and 

f  :  y/bb  — yy   :  :  — y  :  #,  whence 

— £y  foi  .    .         —  y     ■ szs 

zz  — <-  — ,  and  x  =  --      x/tb—iy  =  ,  j . 

jy         ^  —  w  jy  ^      />£— ss 

And   by  Form  2d  and  4th,  z  zz  —  £ZxLog:yzr 

4L 

—  xLog:W  —  ss.     But  in  y/,  yzzb.,    or  jzzo, 

:herefore  the  correct  Fluent  is  2  :z  2.30258^  x  Log: 
2.302/58^     T  bb 
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FIG.      But->v^^  =  --rxS^     *-   **    $8 

228.  y  ys/bb—yy 

—y~?y  _yy__ 

_. _  +    /r- .         and      by     Form 

the     9th     and     3d,      the    Fluent      is     z=    bL    x 

b  /  ^ 

Log:-  +  v/—  1  +  -  :  —  v/^-r- 

Alfo  71 zz.  —  j  +  7- ;  and  by  Form 

bb  —  ss  bb  —  ss 

6th,  the  Fluent  is —  s  -\ xLog:- — .  Therefore 

2  £ — s 

b+s/bb—yy 


xzz—^/bb — yy  +  2.30258^  X  Log: 

j 
2.30258^      _         b+s 

Ex.   22. 

2  To  find  the  Curve  of  Traclion  to  a  Circle  •,  or  the  Curve 

E  N  described  by  a  Body  JV,  drawn  along  by  a  Cord 
D  N  of  a  given  Length,  while  the  End  D  paffes 
through  the  Periphery  of  the  Circle  BAD. 

Through  TV,  0,  two  Points  in  the  Curve  infinitely 
near,  draw  C  A,  Ca9  and  the  two  Tangents  N  Dy 
n&\  draw  Di7  -J-  to  C  A,  and  Bo  -J-  to  n  d , 
aid    draw   CD,   and   alfo  CEB. 

Then  let  C£zzr,  ££  or  JVZ>=£,  BAzzx,  CNzzyy 
ENzzz,  ADzzv,  DFzzs,  NFzzP.  Then  in  the 
Triangle  CDN9  rr  zz  bb  +yy  +  iPy,  whence  P  zz 

rr-bb-yy         ^/JfZTJJ,     Then  fince   NDzznd, 

2y 

Nn  or  zzz  do  •,  alfo  V  zz  a  d  —  ADzzDd  —  Aazz 
J)d  -  x,   and  Ddzzx+v9  and  by  the  Nature  of  the 

rs 
Circle  v  zz  —  .     By   fimilar  Sectors,  r  :x 

^/rr  —  ss  :  :  y 
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:  :  y  :  w  ==  — •'    And  the  Triangles  DFN,  nmN  F  I  G. 

yx        .        byk  229- 

being  fimilar,    s  :  b  :  :  —   :  z  zz    —  ;   and  by 

Trigogometry  b  :  s  (S.DCN)  :  :  y  :  -y  zz  S.CDiV 

or  </D<? ;  and  r  :  #+i>  (Di,)  :  :  -7-  :  (^?or)iz: 

jy^+jvv  £y#  .   sx+sv  bx  _ 

— -7 —  zz  -   — ,  and  — 7 —   zz  — ,    and  ssx 
rb  rs  b  s    * 

4-  ssv  zz  bbx  \    therefore    x  zz 


bb—ss 

•  »  » 

riJj  —  rj  rbbs 


bb—sss/rr—ss  \/rr—ss  bb—ssy/rr—ss 

YS 

By  Form  10th,   the  Fluent  of  —    Arch 

s/rr  —  ss 

whofe  Radius  is  r  and  Sine  s>  and  is  therefore  zz 

rbbs 

Arch  J  D-,   and    ■  — zz 

^— ss  \/rr  —  ss 

rbbs-is  .       _ 

=r   =    (by   Form    the    23d) 


—1  -j-^r-V— 1  +rrsr- z 

1  •  1  • 

rblv     *v  rbb  v     *v 


J  rr 

rbb  v~*v  rbb  v~~*v 


X—— TT-r   =—r-X 


-prr-bbv  2        ^—Jh-bbv' 

bbr 
whofe   Fluent    (by   Form    the    6th)     zz     — —  x 


s/rr  —  bb  -f-  b*/v 
X  Log: 


bs/rr  —  bb  y/rr  —  bb  —  by/v 

brL 
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IyL        '  s/rr  —  bb+b\/- 


F  I  G.        --  _  ss 

xLo 


v/rr  —  W  —  ^ 
brL  ss/rr  —  W  +  ^v/rT  ~ 


xLog: 


is/rr—bb  s\/rr  ~bb  —  b\/rr  —  jj 

brl 

=tore    5?    zz    : — — 

2\/rr  - 

ss/rr  —  bb  +  b  \/ rr  —  jj 


Therefore    x    zz    -■■  x     Log 

2v/  rr  —  bb 


—  Arch  AD. 


JV/  rr  —  bb  —  b\/  rr  —  ss 

Again  P  :  £  :  :  y  :  2;  zz  — £-  zz   VY ; 

o  y  p  rr  —  bb—yy9 

and  2  —  2.30258^  X  —  Log:  rr  —  W  —  yy  :   and  cor- 

-    _  T      T  2r£  —  2^ 

retted  z  zz2.  3025b  x  Log:  rr_bb__yy* 

Scholium. 

rr  —  bb  —  yy     .         \ 

Since  y  zz  - — #,   therefore  when  7  is  a 

2^y 

;                         .          rr  —  bb  —  yy    .  , 

Maximum,  y  or  ; z  zz  o,    and    rr  — 

^  — j7  —  o  ;  whence  y  zz  ^rr—bt?  \  then  Pzzo, 
and  jzz£.  Therefore  the  Curve  can  approach  the 
Circle  no  nearer  than  r  —  \/rr—-bb\  therefore  if  a 
Circle   be  defcribed   from   the  Center  C,    with  the 

Radius  s/rr-bb^  this  Circle  will  be  an  Aff/mptote 
to  the  Curve. 

And  let  thefe  few  Examples  here  fuffice,  to  fhew 
the  Application  of  the  Rules,  to  the  Calculation  of 
particular  Problems.  We  will  now  proceed  to  the 
Reiblution  of  more  general  Problems  in  Mathematics 
and  Natural  Philofophy. 

SECT, 


C  G        D 


I.Ba/}reJc«p.    Y\\XSXCmS, 


Tl  l.ff.166. 
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SECT.     II. 

Xhe  Invejligation  and  Solution  of  fotnt 
of  the  moji  general  and  ufeful  Pro- 
blems in  the  Mathematics. 


P    R    O    B.      I, 

To    determine    the    Maxima    and   Minima  of 
Quantities. 

WHEN  a  Quantity  is  required  to  be  the 
greateft  or  leaft  porfible,  under  certain  Con- 
ditions, it  is  called  a  Maximum  or  Minimum  ;  and 
at  that  Moment  it  neither  increafes  nor  decreafes,  and 
phcreiore  its  Fluxion  is  nothing.  Now  fince  any 
Quantity  is  a  Maximum  or  Minimum,  when  its 
Fluxion  is  nothing,  upon  the  Suppofition  of  only  one 
variable  Quantity  therein,  and  the  fame  is  true  when 
any  other  Quantity  alone  is  luppof-d  variable:  Con- 
fequemly  when  there  arc  ievcral  variable  Quantities 
in  the  Maximum  or  Minimum,  then  each  of  theie 
Fluxions  mult  be  fc paracely  equal  to  nothing*.  There- 
fore 

1.  Put" the  tonjiant  Quantity  m  for  the  Maximum  or 
Minimum  required  \  and  get  an  Equation  involving  m9 

by 
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F  I  G.  h  Help  of  which  and  other  given  Equations,  exterminate 
as  many  of  the  variable  Quantities  as  you  pleafe,  if 
there  be  fever al :  Then  put  the  remaining  Equations  into 
Fluxions,  and  for  each  Equation  exterminate  one  Fluxion, 
till  you  have  but  one  Equation  ;  in  which  [brought  all 
to  one  Side)  make  the  Sum  of  all  the  Terms  multiplying 
each  particular  Fluxion,  feparately  no,  and  you  will 
get  as  many  Equations,  which,  together  with  thofe  at  fir  [I 
given,  will  determine  all  the  unknown  Quantities. 

Sometimes  we  muft  make  the  Logarithm  of  the  Quan- 
tity a  Maximum  or  Minimum,  or  the  Log:  of  the  Lo- 
garithm of  it,  &c.  and  put  its  Fluxion  r:  o.  This 
Procefs  is  fometimes  neceffary  in  exponential  Quantities. 
For  if  the  Quantity  itfelf  be  a  Max.  or  Min.  its  Log. 
will  be  fo  too. 

2.  But  when  the  Fluxion  of  any  fingle  Quantity  is 
found  zzo,  then  that  Quantity  itfelf  is  either  a  Maxi- 
mum or  Minimum,  or  a  ft anding  Quantity.  Or  ij  an 
impojfible  Equation  come  out,  the  Quantity  will  have  no 
Maximum  or  Minimum  but  what  is  infinite.  Oftentimes 
the  Equation  will  have  fever  al  Roots,  all  which  muft  be 
feparately  tried,  to  fee  which  of  them  will  anfwer  the 
Conditions  of  the  Queftion,  and  give  the  Maximum  or 
Minimum  required  ;  and  this  is  done  by  putting  the  fingle 
variable  Quantity  in  the  Maximum  or  Minimum  equal 
to  fever 'al  fuccefjive  Values  expreffed  in  Numbers. 

230.  When  the  Nature  of  a  Curve,  as  ECD,  is  required, 

which  fhall  contain  fome  Maximum  or  Minimum  j 
then  fuppofe  two  Points  of  the  Curve  F  and  G  to  be 
given  -,  then  we  muft  find  an  intermediate  Point  C, 
fo  that  the  Part  between  F  and  G,  or  FH  and  G7, 
may  be  a  Maximum  or  Mininum.  For  it  the  Poinr  C 
be  not  fo  fuuated,  that  the  Part  between  FH  and 
G  I  be  a  Maximum  or  Minimum,  'tis  plain  the  whole 
cannot  be  fo.     Therefore, 

3.  Draw  two  Ordinates  F  H,  G I  infinitely  near,  in- 
tercepting an  infinitely  fmall  given  Part  of  the  Maxi- 
mum 
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mum  or  Minimum,  and  alfo  of  the  given  Quantity  men-  F  I  G, 
tioned  in  the  Problem,  to  find  an  intermediate  Point  C,  230. 
draw  the  Ordinate  P  C,  an  arithmetic  Mean  between  the 
other  two  F  H,  G  I.  This  ordinate  divides  thefe  infi- 
nitely fmall  Quantities  into  two  Parts  \  then  the  Fluxion 
of  the  Sum  of  each  muft  be  put  —  o,  which  gives  two 
Equations,  from  whence  the  Nature  of  the  Curve  will 
be  had. 

In  Cafes  more  compounded,  where-  the  Problem 
involves  feveral  Conditions,  and  the  Nature  of  the 
Curve  is  required.  Let  EFD  be  the  Curve,  and 
let  any  Point  F  be  given  therein,  and  let  C  be  any 
other  Point  in  the  Curve,  infinitely  near  F.  Draw 
the  Ordinates  FH,  CP\  and  Fm  parallel  to  the 
Axis  AB.  To  find  the  Situation  of  the  Point  Fy 
fo  that  AxFC—B  xFm  may  be  ±z  a  Maximum  or 
Minimum  ;  fuppofmg  A,  B,  conftant  Quantities.  Let 
Fmzzs>  Fczzty  Cmzzn,    a  given   Quantity.     Then 

Ass 

d  V  nn+ss—Bszzm,  in  Fluxions       \  —  B  s'  zzo, 

s/nn\ss 

whence  As  —  B  s/m\ss  =  B U  fc>r  &e  Nature-  of 
the  Curve  EFD.  Now  fince  HF  (orjy)  is  given  in 
refpect  of  the  Point  F ;  therefore  A,  B  may  be  made 
upofjy  and  any  given  Quantities.  And  the  fame 
Thing  holds  good  of  any  other  Point  of  the  Curve. 
Therefore  when  A \t  —  B  s  zz  m,  the  Equation  of  the 
Curve  is  As  —  Bt.  But  fince  At  —  Bs  —  Max.  or 
Min.  therefore  the  Sum  of  all  the  A  t  —  B  s  zz  Max. 
or  Min.  that  is  F:  Az  —  F :  Bx  =  m,  where  F  C  or 
t  zzz,  Fm  or  s  =z  x.  And  if  either  F:  Az  or  F: 
B  x  be  given,  the  other  is  either  a  Maximum  or  Mi- 
nimum. 

Whence  the  following  Rule, 

4.  Let  AH  =  x,  HF  zzy,  EFzzz,  and  let y  be 
liven  -,  andfufpofe  F :  Az  —  F\B  x  zz  m.     Where  A 

Z  and 
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FIG.  and  B  are  given  Quantities )  or  made  up  of y  and given  Quan- 
230.  tities  1  orfucb  as  denote  a  Maximum  or  Minimum.  And 
all  the  Conditions  of  the  Qutfiion  being  properly  expreffed; 
collefl  all  the  Quantities  affefted  with  z<>  for  the  Value  of 
A  -,  and  all  the  Quantities  affe&ed  with  x,  for  the  Value 
of  B  -,  then  thefe  Values  being  fubftituted  in  the  Equa- 
tion Ax  zz  B 2;,  inftead  of  A  and  B,  gives  the  Equa- 
tion of  the  Curve.    And  the  fame  holds  good  if  you  make 

E\  —  —  F  :  —  zz  a  Max.  or  Min. 
B  A 

S    C    H    O    L. 

Concerning  curvilineal  Spaces,  it  is  in  ErTefl  the 
fame  Thing  to  feek  thegreateft  Area  contained  under 
a  given  Perimeter,  as  to  feek  a  given  Area  under  the 
lean:  Perimeter.  The  fame  will  hold  in  Refpect  of 
Solids  and  their  Surfaces. 

Example  i. 

"To find  xz+yy  a  Minimum^  fo  that  x-{-y-\-z—b. 

Put  xz+yy  zz m,  and  expunging  z,  bx — xx — xy-\-yy 
zzm.  In  Fluxions  bx — 2xx—yx~xy  +  2yy*zzo9  and 
taking  the  homologous  Terms,  bx—2xx—yxzzo, 
and  2yy — xyzzo,  whence  2X  +yzzb,  and,vzi2jj  and 
therefore y zz\b>  xzz^by  zzz^b. 

Or  thus  ; 

Since  xz+yy  zzm,  in  Fluxions  xz+zx +2yyzzoy 
alio  from  the  Equation  x+y+zzzb,  we  have  x+y 
+zzzo  -,  and  expunging  z->  we  get  —xx — xy+zx  + 
2yyzzo,  and  therefore  zx — xxzzo,  or  zzzx  ;  and 
iyy — xyzzo,  or  xzz2y,  whence  x9  y,  z  are  found  the 
'    fame  as  before. 

Note,  In  this  Example  if  x  be  given  there  will  be 
a  Minimum,  but  the  Maximum  is  infinite  ;  and 
if  y  be  given  there  will  be  only  a  Maximum  : 
Therefore  in  general  there  is  no  Maximum  or 
Minimum  but  what  is  infinite. 

Ex. 
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E  x.  2. 

To findx  the  greateftin  this  Equation  xi~ax1+axy—y,>=zo.1p  J  G, 

For  x  write  my  and  the  Equation  is  m* — amz+amy 
— y^zzo-,  InFluxions^;;^'— ^j'j/zzo,  whence  ^yzzzam9 
by  which  and  the  former  Equation,  m  and  y  are  de- 
termined. 

Ex.   3. 

To  find  a  Cylinder  of  a  green  Solidity  b>  with  the  haft 
whole  Surface. 

Let^m Altitude,  x  zz  Diameter  of  the  Bafe,  czz 

3.1416,  then  °^-2-  zz  b>  and    CJ^L    zz  Sum  of   th; 

4  2 

Bafes,  rxy—convex  Surface  zz  ^ —  ;  therefort  — -, 

x  2 


+    ^—zzm  :  In  Fluxions  exx  —  ^—  ~o,  which  re- 

X  XX 

duced  gives  xzzs/ —^  and  thence  y  zz  v —  zz  x. 


f\b        1    t  ?/$ 

c 

Ex.   4 


In  the  Semicircle  ABC,  to  find  the  Reel  angle   AD  B      19. 
a  Maximum. 

Let  AC  zzay  AD  zzx9  D  B  —  \/ax  —  xx>  then 
x^/ax — xxzzm,  or  ax* — x*zzmz  :  In  Fluxions  %axzx 
—  ^yjx  zz  o,   whence  x  zz  ra. 

Ex.   5. 

Given   the   Bafe   AB   and  Perpendicular  CD>    in  a      20. 

Triangle  A  CBy  to  find  the  Angle  ACB,    the  greateft 

poffble. 

Biffed  AB  in  E,  and  let  CDzzp,  AEzzq,  EDzzy, 
and  by  Trigonometry  (CB)  \/pp  +  qq  —  iqy  -f~yy  : 

Z  2  (Radius) 
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F  I  G.  (Radius)  R  :  :  p  :  - f  — .  n&<5; 

20.  y//y+ n—w  +yy 

and  (^fC)  v5+7W  •  (5.<5)  ■    r       *  — 

y/PP  +  i—y 

2pqR 
::  2q:       ,.  % n     {  _—  zz  S.<C 

y/PP+ 1  +y%  X  y/PP+i—y 

n  m^  and  ^4  +  2^/>^  +  q^  +  2pz^z  —  2j*j*  +  J4,  zz 

AppqqRz      •         _,.  '■    . 

^       |    In  Fluxions  4^;y  —  4^  +  4T^  =  o, 

and  j5  zz  qq — pp  xy->  and  one  of  the  Roots  isjy  zzo ; 
the  other  Quantity  yl  zz  qq — pp  is  an  impoflible 
Equation  when  p  is  bigger  than  q ,  wherefore  the 
Point  D  falls  in  E, 

Ex.   6. 

2 1 ,     2ltf  P^/;?/  P  £«»£  ^rw  »  //*  /£*  Tranfverfe  of  the  Ellipjis 
ADR  \   to  find  PB  the  near  eft  Biftance  to  the  Curve. 

Let  ACzzt,  CDzzc,  APzzp,  PRzzq,  PQzzx, 

cc       

then  QB2-  =   jt  X  pq+qx—px~-xx,  and   PB1     zz 


cc 


1    X  pq+qx—px  —  xx  +  xx  zz\  m1  i      In    Fluxions 

CCqX  —  CCtX  —  2CCXX  . 

• — 2 — — £ r-  2**  zz  o  j    reduced  x  zz 

2XU-CC           U~cc 
Note,  If  CP  be  greater  than ,  then  x  will  be 

greater  than  PR,  which  the  Nature  of  the  Queftion 
will  not  admit. 


Ex. 
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Ex.    7. 

To  draw  the  Line  EF  to   touch  the  Angle  C  of  the  FIG* 
Reel  angle  A  B  C  D,   fo   that   the  Party    contained     22. 
between  the   Sides  A B,    AD  produced,  may  be  a 
Minimum. 

LetADzza,  ABzzb,  EBzzx,  EAzzb+x,  then 
AFzz  ab  +  a\  ^EFzz    /^7  +  —  Y*H\ 

X  V  XX 

77        .                 aabb       2atb 
zzm,  or  bb  +  ibx+xx+ h  +  aa  zz  mz  : 

1  '  '       XX  X 

t .   .    _.     .  , ,  .       laabbx  .         laabx 

This  in  Fluxions  is  ibx  +  ixx  — 


X*  XX 

zzo  -,  reduced  is  #4- -}-£#*— aabx — aabbzzo,  divided  by 
x+bzzo,  one  of  the  Roots,  and  then  #3  —  aab  zz  o, 

and  x  zz  l/aab)  or  from  the  other  Equation  x~  —  b. 

Or  thus  : 

ba 
By  fimilar  Triangles  x  :  a  :  :  b  :  —  z=  DF,    then 


__  y /  aabb  _    _,. 

£F  =  v^+^  +  J  bb  +  zz  m:  In  Flux 


xx                         aabbx 
ions  — r ~o;  reduced 

■>/**  +  **  xi    /bb+a-^t 


Ex.    t. 

5Td?  /W  a  Cone  of  the  great  eft  Solidity  under  a  given 
Convex  Surface  and  Bafe  b. 

Let  the   Diameter  of  the  Bafe  tz  #,  Side  zz  vy 

exx        cxv 
—  3.1416,  then  the  Surface  z= \-~^-~zzb,  and 

Solidity 
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CXX        ————— 

FIG.  Solidity  =z — s/  vv  —  \xx  zz  m  \  and  expunging^ 


22, 


cxx      i    Abb  2b  ;,  ,      ' 

— ■    /  -5- =z  ?#,  or  4#to  —  2to*zzi44/#* 

12  v    <r##  c 

In  Fluxions,  %bbxx  —  $bcx*x—6  •,  reduced  xl  zz  —  ; 

$  #  /**"" 

hence  #  zz  s/— ,  ^  zz|  y/— ,  and  Height  zzy/^ 
£  r  c 

and  the  Height,  Bafe,  and  Side  will  be  as  \/2,  1  and 

1 4.     And   the  fame  would   be  true  if  a  Cone  of  a 

given  Solidity,  under  the  lead  Surface  was  required, 

Ex.    9. 

%o  find  y  and  x  fucb,  that  ay>  —jpx*  +  x*  may  be  a 

Minimum. 

This  Equation  in  Fluxions  is  %ayxy — 2Xxyy  —  2yxxx 
'-J-4#*#zzo:  And  comparing  the  homologous  Terms, 
gayxy  —  zxlyyz~p9  and  ^.xKx  —  iylxxzzo  -9  whence 
^ayl  —  2x")\  md  2xz—yy>  and  therefore  %ay zzjyy,  and 
triencejzzo,  ot.ytz%a\  hence  #2  zzo,  ov  x*zz.  %aa. 

Note,  if  jy  be  given,  the  Quantity  ay* — y*xx+x+ 
hzs  a  Minimum,  but  the  Maximum  is  infinite  ;  and 
if  x  be  given,  it  has  a  Minimum,  but  the  Maximum 
is  alfo  infinite  :  Therefore  if  neither  be  given,  it  has 
a  Minimum,  but  no  Maximum. 

Ex.   10. 

¥0  find  xy x it ' z4  a  Maximum  fo  that  x+y+u+zzzb, 

Here  xyxk*z*  zz  »;,    and    expunging  x9   yHflz*  X 

m 


b  —  y  —  u  —  %  zz  m3  or   b  —  y  —  u  -—  z   zz 

J  J  yWZ+ 

2my  ymi 

In  Huxions,  -v-k-s  z: —  — —  - 

J  yW2«-         y^4£4 


■4m* 
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Z— — ;   and   collecting  feparately  the  homologous  £?  I  g; 

yliOz'> 

imy       •         qmii       .          \mz 
Quantities,  yzz ,  u  zz ,  z  zz ■ — •, 

^  J       y^U^Z^  yxU*Zfi  y%U*Z* 

m  y  u  z 

whence  zz  —   zz  —    zz   *— —b—y— u— z>a 

yzu*z*-  234 

therefore  uzziy,  z  zz  *u  zz  2y,  and  therefore  \y  zs 

^  __  9_yy  or  y  zt^j   hence  x  zz  to  b,  y  zz  t%  b,  u  zz 

To  £>,     2J   ZZ  "To  #• 

Ex.   11. 

7*/*i  a  Trapezoid  A  BCD  of  a  given  Area  b,  whofe     23. 
two  Sides  and  Safe  AB+BC+CD  [hall  be  theleaft 
poffible. 

Let£Czzx,  BAzzy,   CDzzu,    perpendicular  BE 

or  CFzz 2.     Then  jy~H? +«=*»*  and  zy/>;y  —  zz  + 

z\/««  — zz  +  2zxzzib,  or  (dividing  by  2)  s/yy—zz 

2b 
-f-  s/uu—zz  +  2#  zz  — .  Put  thefe Equations  into 

z 

yy—zz       uu—zz. 

Fluxions,andy  +  #+^zzo,and  ~. :  + 

v yy —zz      V uu  ^-zz 

—  2bz          .              .       .     jyy  —  zz 
+  2x  zz  — — -  ;  and  expunging  #,        —    + 

2:2  y/)j — zz 

uu  —  zz  .  •      —ihz       ,  jy 

( —  .  —  2y  —  2»  zz  — —  s  whence 

\/«a — zz  2;s  v/37 


zz 


—  2V  zz  o,  and  42*  zz  3jy\     Alfo  — - — zr  —  2a 

zzo,  and  thence  42*  zz  yiu.     Therefore  zyz  zz  %u\ 

t    n,        "~2^                 22;  —  ibz 

andjzza.    Laftly  — — -~  —      zz  > 

'      vO^"— ^         V## 22 

that 
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I 

23 


FIG.  that  is  _  +  ■■■  =  ib,  and  expunging 

Vyy—  zz     vuu—zz 


24. 


,         z*        z*           42;* 
%  and  #, 1 zz   z:  ij2  v^3  ~  2^>  anc»  J 

=  2  V zzfV^zza,  and  *  zz  «  —  Ji/^— 2z 

_*  y/uu-zz  zz^t/^bb'y  andzzz^/ — .    Hence 

3 
y/£  =  2AE  zz  2FD,  and  AB  zz  BC  zz  CD  :  And  the 
Figure  is  inferibed  in  a  Semicircle,  whole  Diameter 
is  AD. 

Ex.    12. 

G/Ttffl  /£*  Velocity  of  a  Projectile,  and  its  Height  A  B 
above  the  Horizon:  To  fad  the  Angle  of  Elevation 
LAG,  to  threw  it  to  the  great eji  Difiance  pojfible, 
en  the  horizontal  Plane  B  C. 

Let  szzAD  the  Space  defcribed  in  a  given  Time, 
dzzDE  the  Space  described  by  a  falling  Body  in  the 
fame  Time  ;  b  zz  AB  ;  and  let  AG  be  the  Line  of 
Projection,  AL  parallel  to  BC,  GLzzx.     Then    by 

the  Laws  of  falling  Bodies,  d  :  b+x  :  :  ss  : 

=  AGK     Therefore  AL- J  hIi±p_  _xx  =BC 

zzm9  or  bss+ssx  —  dxx  zz  dmm  \  in  Fluxions,   ssx 

2dxx  zz  o,    whence  x  zz  ~r*     Therefore  AG  zz 

-^jy/^bd  +  2ss9  AL  zz  ^  V4W  +  ss,ACzzb+"d 
zz  CG  ,  whence  the  Angle  FAC  is  bifledted  by  the 
Line  of  Elevation  or  Direction  AG  ;  and  ^/^bd  +  ss 
:  s  :  :  (AL  :  GL  :  :  )  Rad,  :  Tangent  of  the 
Angle  of  Elevation  LAG. 

Ex, 
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Ex.    13. 

If  the  Weight  w  be  given,  and  the  Radii  of  the  Wheel  FIG. 
and  Axel  BA9  AC  9  to  find  the  weight  y9  to  beraifed    231. 
by  the  Defcent  of  w9  fo  that  y  may  receive  the  greatefi 
Motion  poffible  in  a  given  'Time. 

Let  ACzza9  ABzzb9  and  put  p+q—w,  fo  that  the 
Part  p  may  juft  balance  y  upon  the  Wheel,  and  there- 
fore bpzzay.  Let  2^zz  Velocity  gain'd  by  Gravity  in 
one  Second,  and  1/— Velocity  gain'd  by  y  in  its  Afcent, 

in  the  fame  Time  •,   and  then  —v  zz  Velocity  of  w  ; 

a 

and  the  Motion  which  would  be  generated  in  a  by  its 

Gravity  will  be  zz  2hq.     But  fince  the  Motion  of  the 

Bodies  w9  y9  is  generated  by  the  fame  Gravity  of  qy 

therefore   that  Motion  will  be  equal  to  the  former ; 

for  when  the  Force  is  given*  the  Motion  generated, 

b 
in  a  given  Time,  will    be  given.     But  vy  +  — vw 

zz  Motion   generated  in  w  and  v,    therefore  vy  + 

h  ay 

—  vw    zz    2hq.        But    q  zz  w  —  p  ZZ  W -r-    ; 


2h  2hxw-°-y 

whence  v  zz  -7 —    « 

0  b 

—  w  +  y  —  w  4-  y 

a            J  a           '   J 


lah  y^ow  —  ay  .  2ahy  X  bw  —  ay 

■■■ —  •,  and  vy  zz  :    zz  m9 

b  X  bw  -f  ay  b  X  bw  -}-  ay 

bwy  —  ayy  bm 

by  the  Queftion,    or  ~bw+;y       =  ~?f.h  •      In 

Fluxions,  bwy — zayy    X  bw  +  ay —  ayxux.    — ayy 
zz  o,    and  bbww  —  zabwy  —  aayy  zz  o  ;  which  re- 

A  a  d>* 
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\/z  —  1          foe;           .414^      ' 
FIG.  duced  is  y  =  -^ X =  .    And 

hence  is  found  v  zz  —j—  x :  v^2 — *  : 
And  if  b  zz  a>  then  y  zz  .4.14.W. 

Scholium. 

If  the  Brachium  a  was  fought,  all  the  reft  being 

.     given,  we  fhould  come  to  the  fame  Conclufion,  that 

.414^0; 
is,  a  zz  . 

y 

Ex.  14. 

232.  The  Arch  AD  being  given ,  to  divide  it  into  three  Parts, 
AB%  BC,  CD  •,  fo  that  the  Producl  of  any  Powers 
of  the  Sines  BE"1  X  CI"  X  D0r>  may  be  the  greateft 
fojjible. 

Let  Radius  RAzzi,  Arches  ABzzA,  BC  zz  B, 
CDzzC,*ndADzzg,  Sines  BEzzx,  Clzzy,  DOzzs, 
CoCmesREzzX,  RIzzT,  ROzzS  ,  BqzzJ ,  Bpzzx, 
and  let  xmy"srzzNlax.  by  fimilar  Triangles  X  (RE)  : 

1    (RB)   :  :  x  (Bp)  :  A  (Bq)  zz  -^  ,  likcwifc  j?   zz 

2-,  and  c  =  4  •     Anc*  fince  -^+5  +  Czzgy  there- 

#  y  s 

fore  i  +  B  +  C  zz  o,  or  —  +  t~  +  ?=<* 

And  fince  ^mjV  2=  Max.   therefore  mxm—1xyttsr  + 

7 
From  thefe  two  Equations   we  get  —  s  zz  S  x  : 

JH  4.    '  j  and  — j  =  —  X  :  H -:  there- 
of        2"                          r           x        ■    y 

Sx  Sy  smx  sny 

fore  --  +  —  =  --  +  -+-.     Hence  (ac- 

y  cording 


nyn—*yxmsr  +  rsr—Jsxmf  zz  o,  or  — -  +  —  H — o. 


o 
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1  Sx 

cording  to  Art.  i  of  the  Rule)  we  fhall  have  — —  z=  F  I  G, 

232. 
sny        _       p         r,v  ms 

therefore  -=-  =;  -r— f 


-,  and 

#  _ 
r  "~ 

and 

ry 

r 

ns 
1  ~S~' 

7  : 

y  . 

:  r  :  »  ; 

#        x 
Hence  —  -  :  — ■  : :  m:r9   and 
sC        S 

x        y 
n  ;  and  ex  e  quo,  —  :  —::*»:». 
JL        J. 

But  by   Trigonometry,    —  ,    ~  and   -—  are  the 

Tangents  of  the  Arches  A,  B,  C;  therefore  the 
Tangents  of  the  Arches  A,  B,  C,  are  refpe&ively 
as  the  Indices  of  the  Powers  m,  n,  r.  And  the  fame 
holds  true  for  any  Number  of  Arches  whatever, 

Cgr.  1.  If  there  be  only  two  Arches  A,  #;  then 
m+n  :  m—n  :  :  Tan.  A+T.B  :  V.A—T.B  :  : 
(by  Trigonometry)  S.  A  +  B  :  S.  A — B  ;  that  is 
m+n  :  tn  —  n  :  :  S.  Sum  of  the  Arches  A,  B: 
S.  of  the  Difference  ;  whence  the  Arches  will  be 
known. 

Or  thus.     Let  Tangent  of  Azzmv,   of  Bzznv,  of 

J+B-t.  Then  by  Trigonometry  m+n  X  v  zz t, 
a  quadratic  Equation  for  v.  l  "~  mnvv 

Cor.  2.  If  there  be  three  Arches  A,  B,  C;  let 
their  Tangents  be  mv,  nv,  rv,  and  Tan.  Sum  zz  /  ; 

Tan.  A+B—z.     Then  by  Trigonometry      ^ 

1— mnvv 


Z  +  rV  m+n+r.v — mnrv7 

z:  z,    and  ■ ~  /  ;  reduced  — -■  — 

I  — Zrv  l—mn+mr+nr.v* 

~  /,  a  cubic  Equation  for  v. 

And  if  there  be  4  Arches,  you'll  have  a  4th  Power » 
if  5  Arches,   a  5th  Power  of  v,  &c. 

A  a  2  Ex. 
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Ex.   15. 

FIG.  To  find  xs  a  Maximum,  putting  szz—; 

x 

Let  XzzHyp.  Log.  of  x.     Then  fince  #Ms  a 

Maximum,  its   Log.   (by  Art.  1.)    is  a  Maximum ; 

v 
that  is,  jXor is  a  Maximum;   and  the  Log.  of 

■ is  alfo  a  Maximum  ;  that  is,  Log.  Jf —  Log.  ** 

xx 

V 

or  Log.  ^T — xX  is  a  Afo#.  and  its  Fluxion,  --  — -*X' 

x 
—  Xx  zz  o.     But  Xzz  —  ,   (fee  the  next  Prob.)  j 

X 

therefore  -    -  —  x  —  Ixzoj     whence    Xzx  + 
xX 

Xx  zi. 

Let  x  zz  1  +  v  \  then  X  zz  v H 

2         3        4 
&V.  (by  Example  3,   of  the  next  Prob.)  $   therefore 


v  — -1 &c.      +  v 1 &c.    x    : 

23  23 

1+.1;  :   z  1.     That  is,  v  +  ±vz  —  \v*  &c.   zz  1. 
Whence,  by  Reverfion,  vzz.^6,  and  xzzi.56. 

But  becaufe  this  does  not  converge  fail,  put  n  zz 
1.56,  and  n+vzzx',  I  zz  Hyp.  Log.  n  (z:2. 302585 

X  vulgar  Log.  n)y  then  will  Xzz  I  +  - —  — 


2»» 

2 


<7« 

+  &c.  whence  we  fhall  have  /  + 


inn 
4- 
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+  /  + 

V 

n 

— 

w 

inn 

:  X  n  +  v 

That 
,&c.  = 

is, 
:  I. 

F  I  G, 

/  +  i  x> 

(+ 

I  XV  + 

la 

Numbers. 

1. 0021921 +2. 531802217+1. 246593W,  &<:.  :=  I. 
Or  2.031^+^1;  =  — .0017586. 
Whence  ^=—,000866 1  j  and  n+v  or  #=1.559 13 39. 

Otherwife  thus. 

Let  /  +/>  =  ^f;  #  =  Number  of  the  Hyp. 
Logarithm  /,  as  before.  Then  x  (or  the  Number  of 
the  Hyp.  Logarithm  l+s  or  of  X  is)  =  n  x  :  1  + 
^  +  ■'/!?  +  iP*  &c-  (by  Schol.  2.  of  the  next  Prob.) 
Whence    the  Equation   XX  +  XX  *  =  1,     becomes 


/  +  />    +  /+i>  X *»/0  #  +  #p  +  *»/>/>  &V.  =  1. 
That  is, 

+  2  3 

In  Numbers. 

1.002192  +  3.949611^  +  5.008515/^  65V.  =  1. 

Or  .78858/?  +  pp  =  —  ,00043768. 
Whence  />  =  —  ,0005549,    and /+p  =  .4441309 
=  Hyp.  Log.  x  ;  or  7+7  X  ,4342945  =  vulgar  Log. 
of  *    (See  Cor.   to  Ex.  8th  of  the  next  ProbJ  = 
0.1928836  j   whence  x—  1. 559134. 

Note  xs  or  x  x*  has  no  Minimum. 

Here 
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FIG,      Here  follow  fome  Examples  of  finding  the  Nature 
of  Curves,  that  require  fome  Maximum  or  Minimum. 

Ex.    16. 

230.     To  determine  the  Nature  of  the  Curve  EFT),  fo  that  the 
Length  of  the  Arch  AD  being  given,  the  Area  ABD 
Jhall  be  a  Maximum. 

Let  HFGIbe  an  infinitely  fmall  given  Part  of  the 
Area,  and  C  an  intermediate  Point  (according  to  the 
Rule  Art.  3.)  and  draw  the  Ordinates -Fi/,  GI,  and 
CP  •,  and  Fm>  Cn  parallel  to  AB  ;  and  fuppofe 
CmzzGn. 

Put  the  given  Quantities  FH~p,  CPzzq,  Cm  or 
Gn~zn\  and  the  variable  ones  Fm~v>    Cnzus. 

Then  by  the  Nature  of  the  Problem,  FC+CGzzz 
given  Quantity  zz  \/w±nn  -h  s/ss+nn  :    Therefore 

+  —  '  zz  o.     And    becaufe 


\/vv  +  nn  y/ss  -f-  nn 

the  Areapv+qs  is  a  Max.  zz  m,  therefore  pi  +  qs 

,  vv 

zo,   or  pv  zz  —  qs,  whence    ■■    , —      zz 

V  vv  -f-  nn 

*"  SS  SPV  u  .       /        1  - 

that  is  (making 


x/  ss  +  nn  <lVss  +  nn 

v 
the  Ordinates  alike  affected) 


pVvv  +  nn 

Fm  Cn  _ 

confe- 


p/ss  +  nn  FHxFC  '      CPxCG 

quently  (any  one  as)  — - — —    is     an     invariable 

Quantity.     Therefore   if  AHzzx,    HFzzy,  EFzzz, 

x  1 

then-—  zz  --,  or  ax~yz,  for  the  Nature  of  the 
yz  a 

Curve,  which  will  be  a  Circle.  If 
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If  the  Length  of  the  Arch  be  given,  and  the  Solid  to  F  I  G. 

be  a  Maximum  ;  then  will  pzv  +  q1s  zz  m;  whence   230. 

v  x 

piv  —  —  ^*j;  which  gives or — 

pps/w+nn         yyz 

a  given  Quantity,   or  aax  z:  yyz . 

If  the  Surface  AD  be  given,  to  have  the  Solid  a 

Maximum.    Then  you'll  have p^/w+nn  +  q\/ss+nn 

zz  a  given  Quantity ;    and  ppv  +  qqs  zzm-9    which 

jives  .  or    — -  a  given  Quantity,  that 

p^/vv  +  nn  yz 

is  ax  zz.  yz,   as  in  the  firft.     The  fame   Equation 

will  be  found,  //  the  Solid  be  given,  and  the  Surface 

ie  a  Minimum. 

Ex.  17. 

To  find  the  Nature  of  the  Curve  ERD,  which  generates    2» 
the  Solid  ofleaft  Refiftance  \  whofe  Length  and  great  eft 
Diameter  are  given. 

Let  CP,  an  infinitely  fmall  Part  of  the  Axis,  be 
>iven  •,  draw  the  Ordinates  CR,  PT;  and  the  inter- 
mediate one  g>F',  and  let  PTzzp,  QFzzq,  Tmzzv, 
wnzzs,  FmzzRnzzn. 

Then  by  Mechanics,  the  Force  of  the  Fluid 
igainft  the  Part  TF  of  the  Surface,  will  be  as  the  Cube 
>r  the  Sine   of  Incidence,    and  magnitude  of  the 

n%  pn% 

Surface,  that  is  as  -^pl  XpxFT,  or  p^z .  There- 

bre  the  Force  of  the  Fluid  upon  the  two  Parts  TP\ 

n">p  wq  _l_,  .        ' 

*R;  will  be    ,    ,      z  +  ; —  zzm,  a  Minimum. 

'  nl  +  vz     '     nn  +ss 

—  in^pvv  itfqss  m     _ 

Therefore  r  . *       ■  =  o.      And 

nn+vv  nn+ss 

ince  s  +  v  zz  a  given  Quantity,  therefore  v  zz  —  s, 

whence 
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,             tfpvv               tfasv  &pv 

FIG.  whence  -  =  - — r,  or  -~  zz  a  given 

233.  nn+vv  nn+ss 

Quantity;  that  is,   putting pzzy,  vzzx>  -?- —  n  a, 

or  yy>x  zz  az*,  z^ 

When  the  Area  of  the  generating  Plane  ABED,  and 

the  greatefi   Diameter  BE  are  given  ;  then  pv+qs  zz. 

a  given  Quantity,    and  pv  zz  —  qs  \    which  gives 

ifiv  n^s  y^x 

—   =  -  — —*  or  ±-r~  zz  a. 


nn  +  vv  nn  +  ss  z* 

If  its  Bulk  A  E,    and  greatefi  Diameter  be  given ; 

then  pzv+qqs  zz  a  given  Quantity,  or  pzv  zz  —  qzs, 

...     .  n^v  &s  y*x 

which  gives  ~-=-  =  i^r~s  or  — .—  =  a. 

&        pxTF*  qxFR*'       yz* 

Ex.    18. 

2  34'  To  find  the  Nature  of  the  Curve  ADK,  wherein  a  Body 
will  defend  from  A  to  K  in  the  Jhorteft  Time  -9  the 
Points  A,  K  being  given. 

Snppofe  BE  an  infinitely  fmall  given  Part  of  the 
Axis,  and  draw  the  Ordinates  BD,  EH,  and  the 
middle  one  CM;  and  let  the  invariable  Lines  be 
BDzzp>  CMzzq,  oMzznzzgH\  and  the  variable  ones, 
BCzzv,  CEzzs-,  then  the  Velocity  at  D  will  be  as 
\/bd->  and  at  M  as  y/cu  •,  and  the  Times  being  as 
the  Spaces  directly  and  Velocities  reciprocally,  there- 
fore — -  —  will  be  as  the  Time  of  defcribing  DM, 

y/BD 

and  — —  as  the  Time  in  MH-,  therefore  Y     ,~ 

s/CM  \/p 

f  r  r         I  VlVf 

+  JY—SL ,  —  m,  alfot'-W  =  a  given  Quantity; 

whence 
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whence  — ; —  +    — — •-   =  o,    and  F  I  Gr. 

VPs/vv  4-  00         \/?  v  ss+nn  234. 

^  +  j  zz  o  ;    therefore  we  have  — ; 7  == 

c 

j  that  is  (putting  AB  zzx,    BDzzy) 


\/q  \/ss  +  »» 
X  I 

"*"yT"  —  "/"»  a  given  Quantity;    whence   Xy/azz 

%s/y^  or  axzzzyzxzzyxz+yy1-,   and  Xv/*"~5  zzjt\/fy% 
which  denotes  a  Cycloid. 

if  /^  Velocity  at  D  be  as  any  Power  or  Sums  of 
Powers  of  BD,  which  call  R  ;  it  will  appear  the  fame 

x 

Way,  that  -—  zz  a  given  Quantity. 
Rz 

If  the  Area  ARK  be  given  ;   then  pv+qs  is  given, 

.              vv                    sv 
or  pv  zz.  —  qs9  whence  — zz  — 7 ,    or 

P^XDM        qx  X  MH 

x  1 

— . —  =    -3- ;  and  if  the  Velocity  at   D  be  as 


y  z  a 

x 


BDm,  then 


ym+JZ  am-i~l 

Ex.    19. 

Given  CA,  CT  and  the  Length  of  the  Curve  ADT ;    235, 
to  find  the  Nature  of  it>  fo  that  the  Area  ACT  may 
be  a  Maximum. 

Let  the  infinitely  fmall  Parts  of  the  Area  B  C  E. 
and  of  the  Curve  BE  be  given  :  and  draw  the  mean 
Ordinate   CD,    and  put   CDzzp,   CErzq,    Bozzv> 

Dgzzs,  Do  or  Egzzn.     Then  y/vv+nn  +  s/ 'ss+nn 

~  .  ,  pv+qs 

zz  a  given  Quantity,  and zzm9  a  Maximum. 

2 
B  b  There- 
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vv  ss 

\~  nn         \/ ss  +  n 

vv 

y/vv  -J-  nn  qy/ss  +  nn 


„            vv                      ss 
FIG,  Therefore   ■  r  H f< =  o,  and  pv  zz 


*35 


.                  vv  spv 

~  qs  ;    whence  —  ■    at  JL^:._±-  -,   or 


V  s 

— ■   zz  -—  :  Put  CB  ~  y,  Bozzx,  Dozzyy 

pxBD         qxDE  J  J 

X  I 

then  --—  rz  — -,  a  given  Quantity,  or  axzzyz,  an 
Equation  to  the  Circle. 


Ex.    20. 

To  find  the  Nature  of  the  Curve  JDT,  in  which  a  Body- 
will  move  from  T  to  A  in  the  leaft  Time  pofjible  ■,  the 
Velocity  at  any  Point  E  being  as  CEm  ,  the  mtb  Power 
of  the  Diflajice. 

Take  ECB  an  inGnitely  fmall  given  Angle,  and 
draw  the  mean  Ordinate  CD-,  and  put  CBzzp,  CDzzq,. 
Bozzv,  Dgzzs,  Do  or  Eg -in.  Then  the  Time  be- 
ing as  the  Space  directly  and  Velocity  reciprocally, 

n    11  i           \/vv  +  nn       ,       \/ss-\-nn 
we  mall  have  -J -j-  \ tz  m. 

'  .  vv  ss  _ 

Whence ■     ■   H ■  .  •  =z  o,  and 

pm  \/vv-\-nn  qm  \/ ss  -J-  nn 

fince  the  Angle   ECB  is  given,  if  Rad.  ==  i,  then 

-  =:  LBCD,  ~  iz  L  DCE,  and  —   -j-  —  =  a 
P  <l  ^         P  <l 

given  Quantity,  and  —  is *,    therefore 

P  $ 

vv  —  ss  sqv 


pm \/ v7- -\- n'-  q"  v/ ss  -{-  nn  fqm*s/ss+nn 

or 
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v  __  s ,      .      __&        FIG 

0r  p—*xBD  ~    f~*  xDE~  '  c  atis    ym-i£     235. 

zz  ~~ »  a  given  Quantity. 

If  mzzo,  AD  is  a  right  Line,  where  a  is  the  Per- 
pendicular from  C. 

If  mzzix    then  —  is  a  conftant  Quantity,  and 

the  Curve  is  a  Log.  Spiral. 

If '  mzzi,  then  axzzyz,  the  Equation  of  a  Circle. 
JfRzz  any  Sums  of  the  Powers  of  y,  reprefenting 

yx 
the  Velocity  ;  then  will  ~~  zz  a  conftant  Quantity 

as  before. 

Here  follow  fome  Examples  of  Curves,  where 
more  Conditions  are  concerned  in  the'  Queftion. 

Ex.   21. 

To  determine  the  Nature  of  the  Curve  E  FD,  fo  that    220, 
the  Points  £,  D  being  given,  as  alfo  the  Length  of 
the  Arch  ED  ->  the  Area  ABD  fhall  be  a  Maximum. 

Let  AHzzx,  HFzzy,  EFzzz,  then  fince  the  Points 
£,  D,  are  given,  the  Length  of  the  Axis  AB  is  given, 
therefore  the  Axis  ABzzF:  ax  ;  alfo  the  Curve  ED 
zz  F:  bz  •,  and  the  Area  of  the  Figure  zz  F:  cyx. 
Therefore  collecting  the  Quantities  that  are  affected 
with  i,  and  alfo  thofe  that  are  affected  with  x  -,  we 
fhall  have  F:  Az  —  F:  Bx  zz  F:  bz  —  F:  ^^xx  ; 
whence  Azzb,  B  zz  a -\-cy,  therefore  by  the  Rule 
Art.  4.  AkzzBz  becomes  bxzzaz+cyz>  for  the  Na- 
ture of  the  Curve,  which  denotes  the  Arch  of  a 
Circle. 

Bb2  If 
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If  the  Solid  generated  about  AB,  is  required  to  be  a 

FIG,  Maximum;  then  the  Solid  zz  F:  dyyx ;   and   Azzh, 

2jo.      Bzza+dyy9  and  bxzzaz+dyyz  is  the  Nature  of  the 

Cu;  v;\ 

If  the  Surface  generated  by  ED  is  given,  to  have  the 
Solia  a  Maximum  \  then  the  Surface  zz  F:  gyz9 
whence  Azzb+gy,  Bzzdyy  -,  and  gyx  zz  az  +  dyyz9 
for  the  Nature  of  the  Curve.  Here  the  Coefficients 
a,  b,  c\  d,  g  are  conftant  Quantities,  affirmative  or 
negative,  to  be  determined  by  the  Circumftances  of 
the  Queltion. 

Ex.      22. 

233.  To  find  the  Nature  of  the  Curve  ERD,  which  generates 
the  Solid  of  leafl  Rejijlance  moving  in  a  Fluid  ,  whofe 
Length,  great  eft  Diameter,  and  f olid  Content  is  given. 

LetAPzzx,  PTzzy,  DTzzz-,  then  Axis  A  B  zz 
F:  ax,  and  Solidity  zz  F:  byyx,  then  by  the  Reafon- 
ing  in  Ex.  16.  the  Force  or  the  Fluid  upon  the  An- 

nulus  PTFS^  is  — rf—  xz,  which   is  a  Minimum ; 

z* 

yyyi 

and  the  whole  Refiftance  zz  F:  -  .—  xz.    And  eol- 

z> 

lecling  the  Quantities  affected  with  z,  and  alfo  thofe 
affected   with  x,  and  we  have  F:  Az  —  F:  Bx  zz 

ryyi        .  r  ,  ryy* 

F:     .  —  X  z  —  F:  ax  +  byvx  ->  whence  A  zz  — .— % 

z*  z* 

B  zz  a  +  byy.     Therefore  (Ax=Bz)  -r  -  x  =zaz  + 

iyyz,  for  the  Nature  of  the  Curve. 

If  inftcad  of  the  Solidity,  the  Surface  is  given ,  then 

the  Surface  zz  F:  cyz.     Therefore   A  zz  -  /—  -f-  cy, 

Z' 

ryy* 

and  i?zz^.     Then  (AxzzBz)  —  /—  x  +  cyx  zz  az9 

zr> 

for  the  Nature  of  the  Curve  DTE.  If 
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If  both  the  Surface  and  Solidity  be  given ;   then    FIG. 

A  =  -V—  +  OS  Bzza+byy.     And  (AxzzBz)  ^x 
+cyxzzaz+byyz,  for  the  Nature  of  the  Curve. 

Ex.    23. 

To  find  the  Nature  of  the  Curve  ADKy   wherein  a  Body     234. 
will  defend  from  A  to  K>  in  the  fhortefi  Time  ;   the 
Points  A,    K  being  given,  and  the  Length  of  the 
Curve  ADK. 

'   Let  ABzzx,  BDzzy,  ADzzz.     The  Velocity  at 
D  is  as  y/y,  and  the  Time  of  defcribing  DM  or  z9 

is  as  the  Space  divided  by  the  Velocity,  or  as  — — , 

az 
and  the  whole  Time  of  defcribing  ADK  zz  F; — —  , 

\/y 

and  the  Axis  AR  =  F:  bx,    alfo  the  Curve  ADKzz 
F:  cz.     Then  F:  Az  —  F:  Bx  zz  F:  -^—  +  c  x  2  — 

F:  A*.     Whence  A  zz  — +c,  Bzzb9  and  (AxzzBz) 

\/y 

ax 
cx-\ — ,-zzbz,  for  the  Nature  of  the   Curve   of 

quickefl  Defcent. 

If  the  Velocity   at   D  be  Juppofed  to  be  as  yn ,  the 

cix 

Equation  of  the  Curve  will  come  out  ex  +  —  =bz. 

Ex.    24. 
The  Length  of  the  Curve  ADG,  and  the  Safe  AG  being    236. 
given  ,  to  find  the  Nature  of  it^  fo  that  its  Center  of 
Gravity   defends  lower  than  that  of  any  other  Line 
of  the  fame  Lengthy  when  the  Points  A,  G  are  fix t. 

LnABzzx,  BDzzy,   dDzzz%  then  the  Bafe  AG 
zzV:  ax,  the  Curve  ADGzzFibz,  and  the  Diftance 

of 
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of  the  Center  of  Gravity  from  AG  is  ±s  F:  cyz,  by 
F  I  G.  Prob.  XVII.  following.     Hence  F:  Az—JF:Bx  zz 

236.,  F:b+cyXZ  —  F:  ax,  and  Azzb  +  cy^  Bzzw,  and 
(AxzzBz)  b+c'yxxzzaz,  for  the  Equation  of  the 
Curve.  In  C,  where  x~i;,  tet  y  zz  d,  and  then 
b+cdzza.  Let  CEzzv,  yzzd — v,  and  b+cd—cvX* 
or   a—cv  X  x  zz  azy    and   if  c  zz  —  1,    then  x  zz 

—j,— ,  an  Equation  to   the  Catenary,    by  Ex.  12. 
Prop.  XIII. 


PROB.     II. 

To  find  the  Logarithms  of  Numbers. 

Logarithms  are  a  certain  Set  of  Numbers,  fo  con- 
trived to  anfvver  to  a  Set  of  Numbers  in  their  natural 
Order,  that  the  Sum  of  the  Logarithms  of  any  two 
Numbers  (hall  be  the  Logarithm  of  the  Produd  of 
thefe  Numbers. 

Hence  therefore,  fince  1x1  =  1,  the  Log.  of  1  + 
Log.  1  zz  Log.  1,  that  is  the  Log.  1  r=  o. 

Alio  let  ABzzCy  then  Log.  /f-f  Log.  I?z:Log.  C; 

and  thence  Log.  A  or  Log.  —  z:  Log.  C —  Log.  B. 

B 

Again,  Log.  Azzz  Log.  A+  1Log.A=2'Log.A'9 
And  Log.  A^Log.A+Log.A+Log.A^zLog.A', 
And  for  the  fame  Reafon  Log.  A"  —  n  x  Log.  A. 

Laitly,  let  A  B-  1,  then  Log.  A  +  Log.  B  = 
Log.  1  =  o  •,  therefore  if  the  Log.  B  (or  the  Log. 
of  a  Number  greater  than  1)  be  affirmative,  the 
Log.  of  A  (a  Number  lefs  than  1)  is  negative. 

From  what  has  been  faid  it  follows,  that  if  there 
be  a  Set  of  Numbers  in  geometrical  Progreftion  pro- 
ceeding 
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:eeding  from  i  both  Ways  ad  infinitum  ;  and  another  FIG. 
Set  correfponding  thereto,  in  arithmetic  ProgrefTion 
proceeding  both  Ways  from  o  •,  then  thefe  latter  will 
eprefent   the  Logarithms  of  the  former,  and  both 
will  be  exprefs'd  in  the  following  Form, 


Numbers, 

ill                                     P. 

— ,    — ,    — ,    i,  n,  »%  «>,  »*-,  &e, 

nl       nz       n 

Logarithms, 

-3/,  -2/,  — /,  0,  /,  2/,  3/,  4/,  fcfa 

Now  let  the  Number  of  geometrical  Proportionals 
be  increafed  and  their  Differences  decreafed  ad  infi- 
nitum, that  the  Series  may  contain  all  poflible  Num- 
bers -,  and  let  the  arithmetic  Proportionals  be  in  like 
Manner  increafed  j  and  then  the  arithmetic  Series  will 
Ufo  contain  the  Logrithms  of  all  Numbers. 

Therefore  let  n   be  any  Number,     and  pi  its  Log. 

hen  the  Increment  of  that  Number  will  be  i?-ify 

lis  Increment  divided  by  the  Number  itfelf,  gives 
p-\-  1         p 

— : zz  n—i  •>   like  wife  the  Increment  of  the 


logarithm  is^>-!-i  xl — ph  that  is  /.     Now  fince 

—  1  and  /  are  the  fame  for  any  Number  and  its 

ogarithm,  therefore  the  Increment  of  the  Logarithm 

ill  always  be  in  a  given  Ratio  to  the  Increment  of 

le  Number  divided  by  the  Number ;  therefore  if  we 

ut  x  zz  Number,  and  z  —  its  Logarithm,  and   af- 

■ume  the  given  Quantity  M,  we  mail  have  z  zz  Mx 

-,  and  fince  the  Fluxions   are  as  the  Evanefcent 

x 

ncrements,  therefore  z  zz  Mx  —  ,  and  the  Fluent 


=  Mx  Fluent  of      - .     Therefore, 
x 


To 
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PIG.  $0  find  the  Logarithm  of  a  Number,  divide  the  Fluxion 
of  the  Number  propofed,  by  the  Number  itfelf ;  and 
find  the  Fluent,  which  multiply  by  the  confiant  Quan- 
tity My  and  it  will  give  the  Logarithm  thereof. 

Note,  When  M—  i,  the  Logarithms  are  called 
the  Hyperbolic  Logarithms  •,  in  which  Cafe,  the 
Fluxion  of  the  Logarithm  is  equal  to  the  Fluxion  of 
the  Number  divided  by  the  Number.  And  the  Fluxion 
of  the  Number  is  equal  to  the  Number  multiplied 
by  the  Fluxion  of  its  Logarithm. 

Example     i. 

To  find  the  Log.  of  bx.     Here  the  Fluxion  of  the 

bx  x  x 

Log.   is  M— —  =  M —  ,  but  the  Fluent  of  M  — 
0  bx  x  x 

=  Log.  x,    therefore   the   Log.  bx  =  Log.  .v.     But 

when  x—  i9  then  Log.  bx  —  L,og.b,  and  Log.  ,v-o 

therefore  the  Fluent  corrected  is  Log.  bx  —  Log.  b 

=  Log.  x  9  that  is  Log.  bx  =  Log.  b  -f  Log.  x. 

This  finds  the  Logarithm  of  a  Product  having  the 

Logarithms  of  the  two  Factors  given. 

Ex.    2. 

To  find  the  Logarithm  of  xn.     Here  the  Fluxion  o: 

iixn — ' x                nx 
its  Logarithm  =  M  X =  Mx ;       anc 

nx 

taking  the  Fluent,  Log.  xv  =  Fluent  of  Mx 


x 

n  x  Log.  x,     which   needs    no  Correction   (becauf 
when  xzz  1,  xn  zz  1,  and  Log.  x  —  o). 

This  gives  a  Rule  for  finding  the  Logarithm  o 
any  Power  or  Root  of  a  Quantity,  when  the  Log.  0 
the  Quantity  is  known. 

eJ 
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Ex.   3. 

fo  find  the  Log. .     The  Fluxion  of  the  Log. 

n> 

v»  V  VV  V^  V 

is  s=  Mx =  Mx: + 


n+x                  n            nn  nl 
+  &c.  therefore  the  Log. =Mx: — — • 

X"  x^  x^ 

+ +  &c.     If   x  be  negative 

2nz  %nl  4«4 

ihe  Signs  of  all  the  odd  Powers  mud  be  changed. 

n 
After  the  fame  Manner  the  Log. =  M  X  : 

0  n — x 

X  Xz  X*  x*       r. 

-  +  — -  +   — -  +  — -  t$c. 

n  2nl  %n>  4«+ 

Otherwife  thus. 

To  find  the  Log.  of  n+x.     Let  n+x  —y  ;  then  the 

jlfx         Adx 
Fluxion  of  the  Log.  is —  .       And    (by 

0      n+x  y  K  J 

Rule  8,    Prop.  X.)    the  Fluent  or  Log.  n+x  :  = 

'■'       ,%x  xz  x*  x4-      r. 

Mx'.  —   +  +  + &JV.  andcor- 

y  2ja  iy*  4jy4- 


x 


corrected,  the  Log.  n  +  x  —  Log.  n~Mx  * b 

y 

X2,  X* 

+   &c.    And  Log.  n  +  x  :  =  Log.  n  + 


2y*  3y> 

-  _  X  Xz  X*  .  x*  **     CJ 

MX  :  —    +   —   +—+—■+—- &c. 

y         vz        3yl        4j+        $r 

AlfoLog:--2--  =Mx:~    +  +  —  + 

»  y  2yz  & 

Ay* 

C  c  Cor. 
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Cor.  The  Log.  of  b  x =  Log.  b  +  Mx: 

X*  X4" 

+ &f c.    And  the  Lor.  of 

m>  ah4  *    J 


X 

xz 

n 

in2- 

bx 

n 

n — 

x  " 

+ 

tf+ 

-  G5V 

4» 
=  Log.  b+Mx:  —  +  —r  + 


n  2»*  $n\ 


4«+ 

Schol.  Thefe  Series  will  find  the  Log.  of  a  Frac- 
tion, or  the  Log.  of  a  Product  having  the  Log.  of  b. 
And  it  finds  the  Log.  of  any  large  Number  n+x, 
having  the  Log.  of  b,  and  making  bzzn. 

Ex.    4. 

fl-\-X 

TofindtheLog.  of .     Its  Fluxion  is  =  2  Mx 

71 '       X 

nx                m,         x          xzx  x*x  x6x 

zz  2MX  :  -   +  +  —    +  — 


tin  —  xx  n  n*  n*  tfi 

n+x 


+   &V.      Whence   the   Fluent  or    Log. 


n — x 


X  X*  X'  XI 

2MX  : 1-  -\ +  ■  +  &fo     Or 

n  2fnl  5n*  7nl 

L    T        n+x  2M*7  eA  eB      , 

the  Log.  -3—  a:  —   + +  —  + 

n—x  1  3  5 

■ —  4-  CsV.  where  *  =z  — ■ ,  A9  B,   C,   &V. 

79  nn 

are  the  Numerators  of  the  preceding  Terms,  with 

their  Signs. 

n+x  2MX— 

Cor.  The  Log.  of  b  x  -  •  —  ~Log.£  + 

» — x  1 

eA  eB  eC    CJ 

+ +  .  + &C-  c 

3^7  Schol. 
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Schol.  The  Series  in  this  Example  very  fpeedily 
finds  the  Log.  of  a  Fraction  when  x  is  very  fmall,  or 
n  very  great. 

The  Series  in  this  Cor.  finds  the  Log.  of  a  Product, 
having  the  Log.  b  one  of  the  Factors  given.  Like- 
wife  it  finds  the  Log.  of  a  large  Number  n+x9 
having  the  Log.  of  b9  and  making  b  zz  0  —  x,  and 
x  —  1  or  4. 

Ex.   5. 

Tcfind  the  Log.  of  0,  having  the  Logarithms  of  n~x 
and  n  +  x  given. 

ft 
The  Fluxion    of   the  Log.  of  -  = 

<\/nn  — m  xx 

Mxx         ._        xx  x>x  x*x  xi x 

-Mx:~—   +  — —  +  —  +  —  , 


nn — xx  nn  0+ 

71  X1, 

csV.  whence  the  Log. n  MX' + 

y/nn  —  xx  2^z 

.¥+  x6  n 

+  "TT  &c>  DUt  Log.  — ==.  ==  Log.  n 

4«+  6»«  °  ^  _  ** B 

Log:»l  —  *s 

—  .Log.  y/00 — xx  ^  Log.  n z= 

_                Log.  0-j-#        Log.  0 — x  _.,      r 

Log.  0 5 — 31 2 Therefore 


T  Log.  n+x  +  Log.  0  —  x  xz 

Log.  0  zr 2 ! IL 2 \-Mx- 

2  200 

H +  -—-   +  &c.    or  /**  Z^.   n  rz 

40+  O06 

Log.  n-\-x  4-  Log.  0 — x         IMe  eA  eB 

H +  H 

2  123 

4- +  &c.  where  e—  —  j    J,  B>  C,  fcrY.    the 

4  00 

Numerators  of  the  preceding  Terms. 

C  c  2  Schol. 
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Schol.  This  S  ties  is  viery  propel  for  finding  the 
Log    of  3  targe  prime ,N umber  »,   having  rhe  Log.  t 
of  the  adjoining  Numbers  n — 1  and  n+i  given,  and 
therefore  #  =5  1. 

Ex.    6. 

To  f:J  the  Log.  of  Hi   having  the  Logarithms  of  the 
adjoining  lumbers  n — 1  and  n+x  given. 

ft  2 

Let  2»« —  t—ji  then  will — .  ==  —        jj 

y/«« — 1  fy — 1 

—  v/7     -,    the  Fluxion  of  the  Log.  of  y/ 

y      ~  V  y—  I  5  V  J— I 

=  "I  -  i £ 1    (3c.      X   M; 

^    .  yM  y6  J8 

jj' 4- 1  1  1  1 

therefore  the  Log.  </  — —  zz  —   +  — -  +  — ; 

y—i        y         3^       5f 

1  .  J-M 

-j r-  (3c.  x  M 5  and  when  j  is  infinite,  Log.\/-— j 

s      =0,    and  —   +  —  +  —  £fr.  =  o  5    there- 

y+i  n 

Fore  ftill  the  Log.  v/ or  Log.  — —  .  = 

3 — l  \/ ' nn  —  I 

jlfX:  — 1 —  +  +  —(3c.  Whence 

3        3>2__      sr w 

Log.  u  +  1  x  Log.  n — 1  "         1 

Log.  »  = 2 — Z_£ — £ +  Mx : + 

0  2  j 

■fr-  +  —  +  —  +  (3c. 

Schol.    This  Series  is  for  the  fame  Purpofe,  and 
converges  fader  than  that  in  Example  the  5th. 

Ex. 
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E  x.     7. 

tfo  find  the  Logarithm  of  a  targe  Number  n,  having 
the  Logarithms  of  n — x  and  n  +x  given. 

Put  ^=  Log.  n  +  x —  Log.  n — x  =.  Log.- . 

ft"    '  'iv 

fl 

Then   the   Log.  n  —  Log.  n — x  =  Log.  -— ~  33 


n — x 


n+x  n  n 

Log.. x  Loo;.  — —  Log.  ■ 

D  n—x  ~       °  n — x       7  5   n — x 

=  d  X 


T         n+x                                        n  +  x 
-Log. Log.  

0  n — x  »    ft —  x 

x  xz  X>  X*    ' 

(by  Ex.  3  and  4)  ix - - 

V    J  °  ^  X  X*  X*  *7 

2M  X:  —  +— r  +  — r+— :  fcfc 
»       3«5       5W?       7^7 

^  X 


fore   Z^f.    »  =  Log.    n  —  x  +   —  x  :  1  +  + 

2  2n 

-     -   +  -  Q    '     +  &c     Or  thus,    fince  —  zz 
I2;/J     '      i8o«J    ^  '  2 

Log.  »  4-  #  —  Log.  » —  x        ■«       r        t 

_ — 2 1 2 ,     therefore  Z^.  n  =2 

Log.  #  +  #  -+-  Log.  » —  #    .     ^           *            *? 
— -T         X  :  -r  

2  2  2#  i2;r- 

+  -'—    +   &c. 

Schol.  This  Series  converges  far  f after  than  either 
of  the  former  Examples. 

Ex.  8. 

To  find  the  Hyperbolic  Logarithm  of  10. 

Since  4-  x  10T  or  -Jsr  *=3  =  10  >  ther5fore 

'  -      1000  10  Log. 
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_        1024     _  •»''•*- 

10  Log:  %  +  3  Log.  y^  =  Log.  10.     By  Ex.  4; 

Log.  |  =  2Mx:^  +  jX~  +  ^-X^  £sV.  therefor* 

T  20  ,  i  ,    &    ,    ft     .    ft     ,     M 

ioLog.i  =  - +_  +  _  +  _  +  —-  +   fcfc 

(putting  *  =  i-).     Likewife  3  Log.  ^  =  ~  + 

>&  Ife  G*     -_      , «    ,  9       \ 

+   ■ +  &c.    (putting  e  =  t-2 —   J. 

3  5  7  64°°9  /  I 

Here  M=  i>  A—  firfb  Term  of  each  Series,  and  Bf 
C,  Z),  &c.  the  Numerators  of  each  preceding  Term. 

The  particular  Terms  of  each  Series  being  found 
will  be  as  follows* 


1)  A 

^— — 

2,2222222222222222222222222 

3)  A' 

i— i 

91449474165523548239598 

5)  Be 

zz: 

^774035i23372II46844i 

7)  Ce 

zzz 

5973575946536256335 

9)  ft 

zzz 

57359439^15848826 

3  1)  £<? 

nz 

579388280968170 

13)  Fe 

•2* 

6052489164910 

jS)  G* 

= 

64759r4332& 

17)  a 

= 

7°543729I 

19)  /* 

t 

7792354 

21)  J& 

zz: 

87040 

23)  Le 

zz: 

981 

25)  ^ 

= 

11 

10  Log.  ; 

!:  = 

2>23I4355i3I420975576629507 

A 

*"*"* 

,0711462450592885375494071 

3)  ^ 

ZZZ 

333451 i32i49956432*4 

5)  *< 

— "* 

2813098335561819 

7)  Ce 

zz: 

282525950815 

9)  ft 

zz; 

30896931 

llj  Ee 

~~~ 

3554 

3  Log.  *§& 

= 

,0711495798519481263550404 

H.  Log.  10 

— s 

2.3025850929940456840179911  &c. 

CoROL\ 
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Corol.  Hence  therefore  the  Number  Af,  mention- 
l  before,  and  madeUfe  of  in  the  foregoing  Examples, 
ill  be  known  for  the  common  Logarithms.  For 
ice  the  common  Logarithm  of  10  is  i,  therefore 

302585  fc?,.  xM=i.     Whence  M=23Q25I85^ 

:  ,434294481903251827651 1289  &V. 

After  the  fame  Manner  may  Brig's  or  the  common 
ogarithms  be  found,  fince  we  know  the  Number  M. 
or  let  the  former  Series  or   ioLog.i  =  P;   the 

tter  Series  or  Log.  — —  =  §>j    then  the  Log.  2  = 

>  —  MP      9+M^  ujut         -u 

or •  whence  are  had  theLoganthms 

30  30  ° 

20 -{-MP 

■  4  and  8  5   likewife  the  Log.  5  = .    And 

o 

1US, 

4-M 

The  Log.  of  7  =  Log.  8  X  |  =  Log.  8  —  ~- 


_4-_ 

y  00 


ul  ■g'ooxJ  900U  goo  U 


1  00 


+  + +  iSc.  by  Ex- 

5  7  9  J 

iple  the  4th.     And  likewife 

Log.  3  =  Log.  2x1=  Log.  2  +  -y-  +  — — 

B  — *-C 

—  4-  — —  &V.  from  whence  is  had  the  Log. 
5  7 

6  and  9. 

Or  the  Log.  9  =  Log.  10  x  A  =  1 - —  + 

-«  tc\d  -reC 

—  +  — —  +  — —  tffc.  and  Log.  1 1  =  Log.  10 

,  To/Vz  ToVZ  "Toi?  t'oC 

;h  thefe  by  Example  the  3d.     And  fo  for  others. 

Scholium 
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Scholium    i. 

The  Rules  in  Example  the  3d  and  4th  are  the  on 
two  Methods  by  which  the  Logarithm  of  a  Numb 
can  be  found  without  the  Help  of  other  given  Log; 
rithms.  And  therefore  to  find  the  Log.  of  a  gre 
Number  thereby,  we  muft  take  two  or  more  fuc 
fractional  Numbers,  that  the  Product  of  fome  Powe: 
of  thefe  Numbers  may  make  the  Number  whoj 
Logarithm  is  fought :  And  then  there  will  be  hi 
two  or  more  Series,  which  will  give  the  requin 
Logarithm  ;  in  the  fame  Manner  as  is  fhewn  in  Ex. 
for  the  Log.  of  the  Number  10. 

Scholium    2. 

To  find  the  Number  from  the  given  Logarithm, 
Let  n  —  any  Number, 

I  -  Log.  of  it, 
n+x  —  any  other  Number, 
l+z  =  its  Log.  =■  L. 

m   zz  -jrz  zz  2.302585  Sec.  for  the  common  Loga 


Then  we  fhall  have  z  zz 
that  is  x  z=  mnz  +  mxz. 


Mx 
n+x 


,  or  Mx  =  nz  +  x 


To  find  the  Fluent,  by   Sir  /.  Newton's  Metho 
(Prop.  X.    Rule  2.) 


|  mnz              *             *                  *          1 

+  mxz 

m^nz-z      m±nz>z      E 

+  mtnzz  +              +                  1 
2             2.3         I 

m%nzzz      mAnz>z      I 
x   fcz  mnz  +  mznzz  4-               +                   1 

2       n       2.3         \ 

m%nz"-          m^nz*     t   mAnz*  f  J 

x   

mnz  -4-  -  —     ■  4-              -  _j-            -  cjji 
1        2        '       2.3           2.3.4       [ 

Whi 
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Which  is   correct ;    becaufe  when   *  zz  #,  2  =  o.  F  I  G, 

— 2  — 3 

m Z  YYl  Z 

Therefore  n+xzzn  X :  1  +  mz  A ^ h 

2  2.3 

mz        t      mz         fJ        .       , 

-) &>V.    that   is   zt  n  X :  1  +  mz  + 

2.3.4         2.3.4.5 

mz             mz              mz              mz   '  : 
^  H 5  + C  -I D  &c.  zz  Num- 

2  3  4  5 

fcr  w^fl/*  Ltfg".  «  /+z,  where  z  zzL — /. 
,    Cor.  If  nzzi,  then  lzzo9  «»i  zzzL.     Therefore 

_         mL   \  mL   >  mL  '*  mL  ^ 

1  +mL  -\ A  +  B  H C  + D 

2  3  4  5 

&c.   z=  Number  whofe  Log.  is  L. 
And  if  m  zz  i9  then 

r        Z>  L*  J>  Z*     Q 

2  2.3         2.3.4        2.3-4-5 

Number  whofe  Hyperbolic  Logarithm  is  L. 


P    R    O    B.     III. 

To  draw  Tangents  to  Curves. 

1.  In  all  geometrical  Curves,  where  there  is  given    25, 
the  Relation  of  the  Abfcifla  and  Ordinate.     Let  AP 
n*,  PMzzy,  and  draw  mp   parallel  and  iniinkely 
near  to  MPy  and  MR  parallel  to  AP*  and  draw  che 

Bfangent  MT,  and  let  Pp  or  MRzzx,  Rmdzy.   Then 

by  the  Cmilar  Triangles  TPMand  MRr.i%  y  :  x  :  :  y  : 

—  zzPT  the  Subtangent,  that   is   ^f-  zz  PT. 

y 
y 

D  d  Therefore 
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FIG.       Therefore,  by  Help  of  the  Equation  of  the  Curve,  ex- 

°*      terminate  x  or  y  out  of  the  Quantity    .  -,   and  you  will 

get  the  Value  of  the  Sub  tangent. 

2    In  mechanical  or  tranjcendent  Curves  referred  to  an 

y  x 
Axis,   the  Subtangent  ~  .  --  may  be  cleared  of  the  Fluxions 

by  the  Equation  of  the  Curvey  by  the  Help  o '  thofe  of 
the  known  Lurve  it  is  related  to. 

26.  3-  -And  w  any  Curve  QM  referred  to  afixt  P  .int  A\ 
draw  AT  perpendicular  to  AM,  and  let  AMzzy  zzJiK* 

1  1  yx       yx 

Rnzzy,  RMzzx  ;  and  by  fimilar  Triangles  r--    or     .- 

y 

—  AT  the  Subtangent,    out  of  which  the  Fluxions  may 
be  exterminated  as  before. 

There  are  feveral  other  Methods  of  drawing  Tun* 
gents,  but  this  is  the  mod  general  and  eafy. 

Example     i. 

27.  To  draw  a  Tangent  to  the  Circle.     Let  APzzx9 
PMzzy,  Radius  ACzzr-,  then  wiil  2rx  —  xx~yy9 

whence  2rx  —  2xxzziyy,   and   x  zz    ~- --.    There- 


r — x 


r    n^    yk        yy      wx—xx 

fore  PT  —  -  .  -    3= =  


•x 


Ex.     2. 

28.         *r°  draw  a  Tangent  to  the  Ellipfis.     Let  Tra  nfvtrfe 
ABzzia,  Latus  rectum  —  b,  APzzx,  PM—y.   Thed 

2ayy 

by  the  Nature  of  the  Curve  -—jp  z=   lax — xx,   and 

4a  xv            .            .        .       abx — bxx 
in  Fluxions  — ~  =  zax  —  2xx9  or y  zz f 

b  *  2t.y 

tou- 
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^  ^        yx       2ayy       2ax — ** 

conicquently  P  T  =  --V- =: -■    J\     = .   F  I  G. 

^         J  y  ba — bx         a  —  x 

Ex.   3. 

To  draw  tangents  to  all  forts  of  Parabolas.     Let      25. 
AP—xy  PMzzy,  and  xzzym  ,  putting  the  Parameter 

~i.     Then  a:  ~mym—y,  therefore PTzz  -.-    ir  «yw 

—  *»#.     And  therefore   in  the  common   Parabola, 
where  m— 2,  TP  —  ixziiAP. 

Ex.   4. 

9"0  Jr^w  a  Tangent  to  an  Hyperbola.     Let  APzzx9      s- 
PMzzy,  Tranfverie  =  20,  Latus  Re&um  z=  b.  Then 

2^TV 

the  Property  of  the  Figure  is,   —  —  zz  2ax+xx9  in 

L     .         Aaxy  ,  .  .        ax+xx   , 

Fluxions  — ;  -  n  2#;c  +  2*#   or  y  z  — -b-9 

b  2ay 

yx  2ayy  2ax-\-xx 

therefore  PT -=.  -  -  =  — —   =  • 

j/  ba+bx  a+x 

Ex.  5. 

Z>/  MS  #*  an  Hyperbola  between  the  Affymp totes ;      29. 
Put  APzzx9  PM—y,  Sitid  aazuxy  9  then  xy +yx —o9 

oriz — y;  whence  Pf  =  --.— =: — x,  and  the 

y  y 

negative  Sign  fliews  that  T  lies  on  the  contrary  Side 
of  PM  with  A. 

Ex.    6. 

To   dr  w  a  Tangent  to  the  Off  old  AM.     Let   AP      30- 

hx,  PMzzy,  AB-a,  BC  the  Aff/mptote.     Then 

by  the  Nature  or  the  Curve  ay1 — xy1  zzx*>  ;  whence 

2ay — 2xy  . 
2ayy  -  zxyy  —fx  =  3*'*,    or    *  =  -^ _ — -y9 

D  d  2  whence 
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i        -n^     yx        2ayy — 2*yy 
l  G.  whence  PT=  -.-  =  _i__iL>  or  expunging 

„ ,  lax 2XX 

yy,   PT  = 

6a-zx 


30- 


Ex.    7. 

jr.  To  draw  a  Tangent  to  the  Conchoid.  Let  CA  2Z  b9 
AV~a,  JPzzx,  PMzzy.  By  the  Nature  of  the 
Curve,  ^f?v2  —  xv  zz  xy9  whence  ky/aa — xx 

xxxb+x  .         .  ,  '         J*  J 

zz  #y  +jw  j     whence   P5T  zz 


32' 


y/^^ — xv  J' 

jy  y/^  —  yy b  +  x  Xaax  —  x* 

aa — 2xx — bx — ys/aa — xx  — baa  —  x> 

and  being  negative,  it  lies  on  the  contrary  Side  of  PM 

Otberwife  thus ; 

Let^P=v,  AM=y,  PM=a9  AH=b9  MR=x ; 
Then  by  the  Nature  of  the  Curve  v  +  a=-y,   and 

i 
i>=j5    and  by  fimilar  Triangles  P£  =  — ,  and 

y 

1       vX-rp  ^x  t  \  t       byy 

v~  — - — -    =  — : — ,  and  thence  #  =  -_  or  tf  = 
b  by  w 

S.',   therefore  JT=2L  =  ±^. 
w  y  vv 

Ex.    8. 

2  Let  AM  be  the  Catenary,  AP=zx,  PM—y9  AM—z? 

by  the  Nature  of  the  Curve  zx—2ax+xx9  whence  zz 

a  -\~x 
=  ax+xky  and  z  =  — '• x  ,  but  yz  =  zz  — •  x%  = 


2 


a+x      .  .  #-|-.v    — zz    . 

„_-xl— *>  = -j **  =    (expunging 

22) 
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zz)     ,    and  y  = j  therefore  PT  =  JL  _      „ 

ZZ  "^  Z  ^  25, 

a 

Ex.    9. 

To  draw  a  Tangent  to  the  Cycloid.     Let  AP  =  #,      33. 
PM-^y,  AC=ia,  PB^u,  Arch  ^fS=z.     By  the 
Nature  of  the  Figure  jy=z+tf,  and  thence y  =  2;  +  u% 

but  from  the  Circle  z  =  —  tf ,  and  «  = # :  whence 

u  u 

PT=(?*=     y* y        Uy        --AI-, 

\y  z+it      J   2a— x         PB  J* 


Ex.    10. 

To  draw  a  Tangent  to  the  Quadratix  AMB.     Let 

AC=b9  CB=r,  AP=x,  PM=y9  DN-zy  NI=s9 

CM=v,  NQ=t,  RM~u.   Now  by  the  Nature  of  the 

Curve  bz=zry,  therefore  bz~ry,  and  by  the  Property 

ry  ts 

of  the  Circle  rs  =z  tz\  whence  z  =  ->-  =   — ,   and 

b  t 

ty 
?  =  -<-  •     By  fimilar  Triangles  ty~suy  and  thence 

ty  +yi  =us  +su  ,    that  is  (becaufe  u~b — x  or 

«  =  —  x,  and  rr-—  ss  —  tt  or  /  = j    ty   — . 

-— _y  =  («j — j^  =  )—^ SX-,   whence  x  = -7  - 

+  *    -  £     Therefore  Pr  =  *t   =   $?  + 
*  s  y  bs 

yy       ty      ,u     r      *y\  uz+yz 

-7 ■  =   (becaufe  u  =  —  j  — -i-    —  «  = 

b     ~~U%  Ex. 


34- 


2o6  The    Doctrine 

Ex.   ii. 

FIG.  Let  AS  be  any  given  Curve^  and  AM  another  Curve* 
35.         fuch  that  AP  —  Arch  ASy    and  Ordinate  PM=z 
A^y  to  draw  the  Tangent  TM. 

LetAP=xy  PM-y,  Ag^v,  Tangent  SR=s,  $R 

z=t,  AS=z.     By  the  Nature  of  the  Figure  x=z,  and 

v—y,    therefore   x  =  z  and  v=y-9  and  by  fimiJar 

6)R_  tx  yfc 

,  Triangles  v=  ~^-  z  =  —  ;  therefore  PT=  (-.— 
oxt  5  y 


Ex.     12 


36.         Let  BM  be  an  exponential  Curve ',  AP  zzx9  PMzzy9 
and  #*  —j.     Let  yf,  1  be  the  hyperbolic  Logarithms 

y 

o:  tf,  v  ;   t  hen  xAzzT,   and  AxzzT  zz     -  ,     whence 

FT  zz  ~  "  zz    .  an  invariable  Quantity  :  Therefore 
i»iif  «s  u*e  L  )0a  irhmic  Curve. 

Ex.    13. 

•£#  /,<?/  the  Nature  of  an  exponential  Curve  be  exprejfed 

by  this  Eq  ..-'.on  xx  = y  9   Let  X9¥bj  the  hvp^rbolic 

Logarithms  b{ x>  y  ;  then  xX  =  T,  and  xx  +Xx=fi 

x  y 

but  X=      ,  and  Y  —  -j   (by  Prob.  II.)  therefore 

i+JK-zz-^-,  or  ji+jJK1  z:j^,  whence  PT  zz-.- 
yx  1 


Ex.   14. 

27.  70  ir^zw  #  Tangent  to  Archimedes' s  Spiral  Let  Radius 

APzzr,  Arch  $P  zzz,  AMzzy,  c  a  given  Line. 

By 
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By  the  Nature  of  the  Figure  rz  zz  cy,  and   thence  FIG. 
z  zz  -i,  and  by  fimilar  Triangles  x  zz     —  zz  ~y,     37- 


whence  2fT=-^   =    * 


Ex.    15. 

70  Jrtfw  0  Tangent  to  the  reciprocal  Spiral.     Let     38* 
Radius  BAzza,  Arch£Czz£,  BP  zzz,  AMzzy, 

Rn  zz  x.     The  Equation  of  the  Curve  is  abzzzy,  and 

therefore  zy+j2zzo;  and  by  fimilar  Triangles yzzz 

—  ax>  or  yzzz — ax,  whence  zy —  ax  zz  o,  or  a*  zz 

zv  yx  %y 

P  .     Therefore  AT  zz  — r—   zz  - —  zz  b,  a  given 
<*  ^  a  & 

Quantity. 

Ex.    16. 

Let  AMD  be  a  Spiral  of  fuch  a  kind,   that  putting     30^ 
'AM  or  AC zz)\  Arch  MCzzv^  ADzza,  a  given  Line, 
and  av-  zz y>.     Lt-t  Arch  BEzzz,  and  by  the  fimilar 
Sectors  AM  y  AEB,  avzzyz,  whence  expunging  vt 

2Z  zz  ay,  alfo  rM  or  x  zz      - ,  or  x  zz  -  -    .  And 

a  a 

yy  zy 

%zz  zz  ay  ;    whence  x  zz       -    zz         ,  and  therefore 

J  2Z  2a 

yx  yz  av  v    , 

V  20  20 


PROB, 
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PROB,     IV. 

To  jind  the  Point  of  Inflexion  or  contrary  Flexure 
of  a  given  Curv*. 

FIG.  The  Point  of  Inflexion  or  contrary  Flexure  is  that 
Point  which  fcparates  the  convex  from  the  concave 
Part  of  the  Curve. 

40.  In  the  Curve  .fMany  way  related  to  the  Axis  AP^ 
IctAPzzix,  Ordinate  PM~y>  draw  the  Ordinate 
p  m  parallel  and  infinitely  near  PM9  and  Mr  parallel 
to  AP.  Now  the  Ratio  of  Mr  to  rm  is  the  greaceft 
or  leail  poffible  in  the  Point  of  contrary    Flexure, 

Mr  x 

that  is  or  — —  is  a  Maximum  or  Minimum, 

mr  y 

whence  (by  Prob.I.)  its  Fluxion^         ^  ~o,  or yx 

—  xy  zz  o  ;  hence  if  x  no,   then  j?  no,  or  if  yzz  o, 
then   x  zz  o. 

41.  In  a  Curve  BM  referred  to  the  fixed  Point  P,  take 
Mm  infinitely  imall,  and  draw  Pm,  and  Mr  per- 
pendicular to  it,  draw  the  Tangent  MT  and  PT 
perpendicular  to  it  j  and  let  PMzzy,  Curve  BMzzz, 

Mrzzx,    mrzzy.      Then,   by   fimilar  Triangles, 

PTzz  2!L  —  -^-  .    But  in  the  Point  of  Inflexion 
/  z 

z 

the  Perpendicular  PT  is  a  Maximum  or  Minimum, 

yx 
therefore  its  Fluxion  or  the  Fluxion  of  --.—  -o,  that 

z 

.    yzx  +  xyz  — yxz  

1S jl , —  --0>  or  yZX — yxz+xyz=o. 

z 

Out 
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Out  of  which  any  of  the  Fluxions  may  he  extermi-  FIG. 
nated  by  Help  of  the  Equuion  zzzzxz-\-yz  and  its 
Fluxion,  making  any  of  the  Fluxions  invariable,    or 
the  fecond  Fluxion  ±z  o.     Hence    therefore   to  find 
the  Point  of  Inflexion,    the  Rule  is 

1 .  In  Curves  referred  to  an  Axis,  let  AP  zzx,  PM—y,      40. 
put  the  Equation  of  the  Curve  into  Fluxions,    and  again 

put  the  resulting  Equation  intG  Fluxions,  making  both  x 
and  y  given  Quantities. 

2.  Fa  Curves  related  to  a  Pole  or  given  Point  P  ;   let      ,  I# 
PMzzy,  BMzzz,  and  Mm,  mry  Mr  will   be  as 

z,  y,  x.  Put  the  Equation  of  the  Curve  into  Fluxions , 
end  the  refulting  Equation  into  Fluxions  again,  writing 
1  for  fome firft  Fluxion  each  Operation:  'Then  you  will 
determine  the  other  Fluxion  which  muft  be  fubjtituted  into 
one  of  the  following  Equations  that  contains  that  other 
Fluxion.     And  then  you  will  get  the  Value  of  y\ 


If  X  ~l. 

Ify  =  1. 

then  y  = ■ —  =  — 

J  .             --    Z  . 

X  —\~  X                 Z    '       .<j 

y  —          ..     —            ... 

X                — z 

If  Z-X. 

1 — yz          k\/i — xz 
y                    — x 

Example     i. 

Let  the  Equation  of  the  Curve  be  ax1  zz  xzy  -f-  aay. 
This  in  Fluxions  is  2axx  —  2yxx-\-xzy-\-aay  -,  which 
)ut  again  into  Fluxions,  2axz  —  2yxz  +  2xxy-\-2xxy 
zz2yxl+4.xxy,  and  expungingjy,  axzzzyx'-t-2xxx 
2ax — 2}'X 

,     - — x  ;  that  is  by  Reduction  aa-+xx~4xx -, 
aa  -j—  xx 

'hence  x  zza^/$. 

E  e  Ex. 
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Ex.    2. 

FIG.      Let  BMbe  Nichomedes's  Concoid.   ABzza,  ACzzb  ; 

42*     then  its  Nature  is  yx  zz  b~±x  s/aa—,x.     In  Fluxions 

—————         bxx    |  •  XZX 

yx+xyzzx^/aa — -xx — , .   ancj  expung- 

\/aa  —  xx 

—  #?  — tftf£     .      .         .  ■  .    .    ™     . 

ingjv,  zrxzzy,  and  this  again  in  Fluxions 

xx\/aa  —  xx 

la^b  —  alx*  —  %aabxx 
is    -,  __ —  —  xl  zz  o,  and  reduced  #J  + 

tf^A,: — xs  ^/aa — xx 

^bxxzziaab. 

Ex.   3. 

43  Z>/  y#FK  be  a  Cycloid  of  fuch  a  Kind,  that  Arch  AD 

DM:  :  ADB  :  BK.    LetABzz-r,  ADBzza,  BKzzbr 

bu 
PDzzz,   ADzzu\  then  y  —  z  4- ,  andjj/:z:i;-{- 

7  "                                                                               ?"  — •  x 
—  ;  by  the  Property  of  the  Circle  z  —  — — — x 

a  virx — xx 

rx  .         ar—ax+rb    . 

and  u  zz      .  r-,  whence  jy  zz rar  ; 

V  irx  —  xx  aV2rx~xx 

brx  —  arr  —  brr    . 
in  Fluxions — xz  zz  o,  reduced  x  zz 


2VX—XX 


ar 

r  +  T 


Ex.  4. 


44.  Z.*/  Z?M  fo  the  helicoid  Parabola,  Radius  PB  or 

PEzzr,  Arch  BE  zzv,  PMzzy.     Then  by  the  Na- 
ture of  the  Curve  ^  =  r—y  ,  whence  av  zz  —  iy 

rx         .      rx 


X  r— j,  but   by  fimilar  Sectors  v  zz.  — ,  or  <z) 

whence 
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ar  FIG. 

whence  rax  =  —  iyy Xr—y,  and y  zz zzzzr 

(putting  *zz  1 ),   andjyzz i   x  :, whence 

yy         j— ,r 


j  =    jy  zz     4VyX^-r  j-^rr    ^  and  ^ 

JX  —  2ary  x  W—r 

punging  jr,  42*  xy —  r    +  ^^r  =  2^J  X  2? — r  X 
—  ^77* 


,  that  is  4)7  Xy  —  r  +  aarrxy  —  r  +  aarr 

2yy — try  ^  * 

x  2yZZ]r  zz  o.     Which  reduced   gives  \y*  —  I2rj4  + 
x  iYiy\  —  4r?jy2  +  3^^  —  2r3#2  zz  o. 

Ex.    5. 

Suppofe  BM  to  be  a  fort  of  Spiral,  PT  ox  PR— a,      45, 
Archi^Tzzi;,  and  Itta^zzzvyy  exprefs  its  Nature  -,  then 

ax 

ivyy+yyv  zz  o,  but  by   fimilar  Triangles  v  ac » 

,     .         —21; 

whence  2t7y  +  ayx  zz  o,    ana   x  zz putting 

a 

j  zz  1  ;  and  expunging  1;,  x  zz ,  and  x  zz 

Atftf        ,       r  x+xl         ,  2^ 

— —  i   therefore  ^  zz —  zz  *  y  4 ~-  ,    or  y* 

yz  — at  yl 

zz  4^,  whence  j  zz  a^/i. 


P  R  O  B.     V. 

To  find  the  Radius  of  Curvature  in  Curves. 

Let  Amq  be  a  Curve  referred  to  the  Axis  AE,  and      46, 
fuppofe  C  to  be  the  Center,  and  Cm  the  Radius  of 
Curvature  in  any  Point  m,  and  defcribe  the  equicurve 

E  e  2  Circle 
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FIG.  Circle  Dm  coinciding  with  the  Curve  in  mn.     Draw 
46.      DC,  mr  parallel,  and  ^^perpendicular  to  AB9  and 
produce  mB  to  H9  and  draw  nbh  parallel  and  infinite- 
ly near  mBH ;  and  call  the  AbfciiTa  AB9  x  9  perpen- 
dicular Ordinate  Bm9  y  9  Am9  z9  mC9r  \  D  F9  b  9 

AF  or  BHy  c  ;  m  r9  x  9  r  n9  y  9  and  m  n,  z  ;    then 
CH-r—b—x.  ___ 

By  the  Nature  of  the  Circle  DHxzDC—DHzz 
Hm  \  that  is  2  r#  -j-  2 r b — j?b —  2 bx — xx —cc-\-icy  -{-yy  ; 
which  put  into  Fluxions  rx — bx — xxzzcy+yy ;  which 
put  into  Fluxions  again,  rx  ~ bx  -~xx~x~zzcy  -f-yy-\-yz-9 
therefore  r  —  b — xxx — yxc+y—x'+y^—z2-.   But 

ry  ry 

by  fimilar  Triangles  r — b — xzz  —  —  -4- ,  and  c+y 
t  t  z 

zz  —  zz  — . -,  whence  the  former  Equation  becomes 
z 
z 

ryx        rxy       .          ,.,,,.                  & 
^ :  zzz7- ;  which  reduced  gives  rzz  — 

z  z  yx — xy 

for  the  Radius  of  Curvature  of  the  Circle  Dm  or  of 
the  Curve  Am  in  the  Point  m. 

Now  fince  we  are  at  Liberty  to  take  any  one  of  the 
Fluxions  x,  y9  z9  as  invariable  ;  we  can,  by  the  Help 
of  this  Equation  z%.22X% -$$.*  and  its  Fluxion,  exter- 
minate either  of  the  other  indetermin'd  Fluxions  out 
of  the  VaW  of  r9  and  by  that  Means  find  feveral 
different  Forms  for  the  Radius  of  Curvature,  to  fuic 
different  Cafes.  And  the  fame  Way  will  feveral 
Values  of  m  H9  CH9  be  determin'd.     Thus  we  (hall 

z>  zly 

find  when  x  is  given,  the  Radius  zz r-  zz  — — ; 

— %xy        —xz 

1  •    •  1      r»     r  &  &* 

when  y  is  given,  the  Radius  zz  ——r—   zz  — r—  9 

yx  yz 

and  if  z  be  given,  the  Radius  zz  Jj£-  zz  ~~. 

x  —y 

"  Again 


Plir.^-Mtv/ 
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Agiin  in  Spirals  or  Curves  referr'd  to  a  flxt  Point  B,    FIG. 
as  AMn.     Let  C  be  the  Center,  and  CM  the  Radius      47. 
of  Curvature  in  any  Point  M-,  and  defcribe  the  Circle 
BMn  coinciding  with  the  Curve  in  the  infinitely  fmall 
Part  Mn.     Draw  Bn  infinitely  near   BM,  and  CD, 
Mr  perpendicular  to  BM-,  and  call  BM,  y  ;  Curve 

AM,  z-,  Radius  CM,  r;  DE,  v,  Ee,  v\  Mr,   x; 

Mn,  z  -,  m,  y.     By  the  fimilar  Triangles  MEC  and 

Mnr,  ME  zz  zz  — .-  -,  and  EC  zz  -z—  •=.  -4-% 

z  *  z 

z  z 

therefore   vzzr  —  -4-,  and  thence  v=z  — — — : — — : 

z  zl 

And  by  the  fimilar  Triangles  BEe,  BMr,  it  is  BE  : 

rx  1      '         * 

J$M :  :  Ee  :  Mr,  that  is  y —  :  y  :  :  (v  :  x  :  :  v 

z 

I  x  :  :  )  JL — ,_Z  :  x,   which    multiply'd   and  re- 

z 

vxzz 
duced  gives  r  zz  ~ ,  for  the  Radius  of 

zx'+yyz—yzy 

Curvature  of  the  Circle  D  M,  or  of  the  Curve  AM 

yxlz 

in  M.     Hence   alfo  ME  zz  -r-. — '—^. ■. — ,  and 

zxl+yyz—yzy 

EC  =  yj™ 


zxz  +yyz—yzy 

Now  fince  we  can  make  any  one  of  the  Fluxions 
x,  y,  z,  invariable  \  we  can  expunge  either  of  the 
reft  and  its  Fluxion  by  the  Help  of  this  Equation 
zl  —  x l  -\-yl  and  its  Fluxion,  and  thence  obtain  Variety 
of  different  Forms  for  each  of  the  Quantities  CM,  ME, 
EC,  as  before. 

Otherwife  thus,  when  we  have  the  Perpendicular      4^* 
Upon  the  Tangent  drawn  to  any  Point  Mof  the  Curve, 
we  can  find  the  Radius  of  Curvature  CM  very  eafily 

thus  •, 
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FIG.  thus ;  let  BPy  Bp  be  perpendicular  to  the  Tangents 

48.      MP,  np,  and  kt  BPzzu,  pqzzti,  the  reft  as  before. 

Then  by  the   fimilar  Triangles  pMq,  MCn%    and 

Mrn9     MPS;    ru  zz'pMxMnzzyy,  or  ru  zz yy, 

yy 

whence  r  zz  -~.  Hence  therefore  to  find  the  Radius 
u 

of  Curvature  the  Rules  are, 

46.  1 .  In  Curves  whofe  Ordinate*  are  perpendicular  to 

the  Abfciffa,  for  the  Curve,  Abfciffa,  and  Ordinate,  put 
z,  x,  y :  Put  the  Equation  of  the 'Curve  (reduced  as  low 
andfimple  as  poffible)  into  Fluxions,  writing  1  for  any 
one  of  the  firft  Fluxions  contained  in  it ,  then  put  the 
refulting  Equation  into  Fluxions  again,  writing  \ \  for 
the  fame  firft  Fluxion,  From  the  firft  Equation  the 
other  Fluxion  will  be  determined,  and  by  the  fee ond  you 
will  get  the  fecond  Fluxion  ;  which  being  had,  fubftitute 
them  into  one  of  the  following  Forms  thqt  contains  this 
firft  and  fecond  Fluxion, 


C 


Jfx  =  I,<J 


Vy  -  w 


Form 

s. 

Radius  m  C  zz 

— y               —z 

mil  zz 
CH  - 

i+yz   _z\/z%—i 

— y                         £ 

yxi+yz  __  zxz1—  1 

fry                   — Z 

Radius  mC  zz 
mil  - 
CI1  zz 

X * 

x                    z 

1+x1         zs/z'-i 

x                    % 

11 
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\/i — x2-  _  v/i— -y7-     F  I  G. 
Radius  mC  zz        ^  ^      •      46. 

m    — * —  ^r 


x 


? 


!?#/  /'»  the  Vertices  of  Curves ,  where  they  cut  the 

yy 

Abfciffa  at  right  Angles,  take  -4-   for   the  Radius    of 

Curvature  -,  and  in  the  higheft  Point,  where  they  cut  the 
Ordinate  at  Right  Angles,  m  H  is  the  Radius. 

2.  In  Curves  related  to  a  fixed  Point,  let  the  Curve     4* 

AMzzz,  Ordinate  BMzzy,  and  Mrzzx.  Put  the 
Equation  of  the  Curve  into  Fluxions,  and  make  fome  of 
the  fir  ft  Fluxions  invariable,  for  which  write  1 1  and 
the  Equation  being  turned  into  Fluxions  again,  write  1 
for  the  invariable  Fluxion,  as  before  :  $  bus  you  will  de* 
termine  the  other  Fluxion  and  fecond  Fluxion,  whofe 
Values  being  fubftttuted  into  one  of  the  Forms  below 
'which  contains  that  fir  ft  and  fecond  Fluxion,  you  will 
have  the  Radius  of  Curvature. 

Forms. 


Ifx=i,RadiusMC=2xI+EL=    Wg'r*. 

* + y '  —yy     zVzx- 1  -yz 


m >=.,  Radius  mc  =  y.xi+x:  =  „&>/*-{ 

X+xi+yx         z> — Z+yz 


Vz^RadtusMC^-^1-*'      -     >Vl~ 


xV\—XXjryX  I—.y*—yy 

srtr  -k^       MCxx  •  MCxy 

Alfo  ME  =  — ~z ,  and  EC  s=  -■- ■      <-  . 


But 


I 
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FIG.       But  when  you  know  the  Perpendicular  upon  the  Tan- 
48.     gent  drawn  to  any  Point  of  the  Curve,   put  this  Per* 

yy 

pendicular  zz  u  ;   and  find  the  Value  of  — -r-,  from  tht 

Equation  of  the  Curve:    And  this  is  the  Radius  oj 
Curvature. 

Example  i. 

40.  Let  the  Equation  of  the  Curve  be  ax~ — ay  zzx1  +yz ■■ 

where  ABzzx,  BMzzy,  azz  a  given  Line.  Let  xzzi 
then  putting  the  Equation  into  Fluxions  a — ay  11 
2x+2yy,  and  again  —  ayzz2  +  2yz+2yy  ;  whence^  — 


a — 2x  —2—2y7-        ■ — 2Xtf-f-2y  — 2YKa—ix 

— ; ,  and  yzz  — r- —  =  — ; : 

a+iy9  J        a  +  2y  *      >v 

—  (becaufe^AT-^rr^+j1)™    — .  Whence  the  Radius 

a-\-2y 
3 


of  Curvature  =  .    "^     =  a~2x    4-  g-t-2y  >   _ 
"~JK  4^ 

^2 ?L   a  determinate   Quantity  :  Therefore 

i  _.  ,,      .        a 
Am  is  the  Arch  of  a  Circle  whofe  Radius  is  — ^ 

Ex.  2. 

50.  Z.*/  yfw  be  an  Ellipfs,  a  zz  Tranfverfe,    b  ==  the 

Parameter,  and  abx— bxxzzayy.     In  Fluxions    ab  — 
ibxzziayy  (where  x  ±  1  ),and  this  again  in  Fluxions-2^ 

ab  -2bx 
zz2ayz  +  2ayy-9   hence  y  = — — >  a°d  — y  zz 

b+ayz            4abyy+dl —  k*         ,  s  bb 
! — -L —  — ±__! —  n  (expunging  x) 

ay  ^auy'*  Aay J. 

. a 

Therefore  mil  =  -^j-  = _^  -  4^—  = 
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^U y  =y  +    '   ebb     J"»  and  Ra-  F  I  G. 

, -^  ,  . f  £jO. 

1  -\-y z '  -  aabb  -}-  ^aayy — qabyy  1 * 

dlusmC  =:    —jj—  zz  2Ma*r_         # 

^#i  //yf  m  were  an  Hyperbola,  it  would  be  found  iii 

the  fame  Manner  that  mHzzy+ 77 — JS  and  »;C= 

g  zbl  +Aa%yz-\-Atabf\* 
2bba* 

Or  thus  in  particular  Numbers. 
Let  #  — 3,  trzzl*  and  affume  *zz  i,  #  =  i,   then 


y  zz  <S  bx—  ■ — 


xx  zz  y/t,  and  by  the  foregoing  ope- 


ab—ibx  I  l  £-f-£y2 

rations  =       ^        =  _,  and- jr  =--£-- 

=  -T7-     Whence  ^C  =  lS=4l, 

Otherwife  thus : 

Let  Tranfverfe  =  2r,  Conjugate  zz2c,  5  the  Fo-      57. 

cus,  BMzzy,  BTzzu  the  Perpendicular  on  the  Tan- 

cy 
;ent  at  M.    By  the  Conic  Sections  u  zz  — 7, 


\Zzry~yy 


and  «  =  — cryy__  whence  _^_  =  2o-)jy^fh<; 

iry—yyx  u  Cr 

Radius  of  Curvature  in  M. 

Ex.  3. 
In  the  Parabola  axzzyy,  then  axzz2yy  and  ax  zz  2      52, 

[puttings  z:  1)  j  whence   Radius  «C  rr.     *+*^ 
3 


jj5Y        . n  

aa _    =  tftf  +  4\y  r  4  V 


F  f  C/^r- 
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Otherwife  thus : 

FIG.       Let  a  zz  Latus  rectum,    B  the  Focus,  BMzzy, 
58.      BTzzu,  the  Perpendicular  on  the  Tangent  at  M.    By 

ay 
the  Nature  of  the  Figure  uu  zz  lay,  and  u  zz  — =, 

*•■  _  4\Av 

'whence  JL  =  -M*^-  =    <*^     =  22_,the 

u  ay  a  a 

Radius  of  Curvature  in  M. 

Ex.  4. 

5 x  •  21#  D  ni  be  an  Hyperbola  between  the  AJJymptotes. 

ABzzx,  Bmzzy.  Draw  mR  parallel  to  the  other 
AlTymptote ;  then  fince  the  Fofition  of  the  Ordinate 
mR  is  given,  there  is  given  the  Ratio  of  mR  and  RB 
to  mB  perpendicular  to  AB :  Let  RBzzsy,  mRzzty, 
ARzzx — sy.  By  the  Nature  of  the  Figure  AR  x  Rnt 
zzaazz  txy  —  tsyy,  which  turned  into  Fluxions  tx  -|- 
tyx—2tsyzz.o,  and  again  2tx+tyx— 2/jzzo;  hence 
2Sy~X        r         ,.  7S—2X  2x—-isy 


X  zz 


,  and  x  — 

y  y  yy 


Then     '+***  -  yy+?.sy-x\A\    the    Radius    0f 

x  2xy—2syy 

Curvature  in  m. 

And  in  a  right-angled  Hyperbola,  jzio,   and  the 

Radius  becomes  ■^±E!i  =  £52?  =  ^m-L- 

2xy  2aa  <laa 

Ex.   5. 

52.  Z.*/  yf  w  be  the  Cijfoid,  whofe  Equation  is  axx—yx* 

yi  %yy  ly^x 

zziK  thentf— yzz — •,  in  Fluxions—  1  =:    •--  — "    .  -, 

. -7   '  <         XX  XX  X*      * 

reduced  — #J  r=3jzx— 2jy>x,  in  Fluxions  —^x'xzz6yx+ 

.     ,     .          ...             .            3*7l+*'  ,  ., 

sy1*  — 6ylx—2y*>x  ;    hence  M    35-*. -y  and  at 


Sect.  II.        5f  FLUXIONS.  219 


1     52. 


2J}  -3  4/ 


the  Radius  z:        .'  ~  7   y  y 

x  2y'X'-P')'4-  +  6^y-  +  3^s 

=  (expunging^,  f)  ^aa'^+^+^+9^^^Xx 

6aay 

-3 

__     4aa+ay+y~+x:s   xx  , 

6^r~^  =  ( exPun§,ns xx  > 

m        z 

_^3ZllXfV2#     Therefore  in  the  Vertex  A,  the 

Radius  of  Curvature  is  o. 

Or  thus  definitively  in  Numbers, 
Let^  =  io,j'i=i,andafrume>yzi2,  then  tfzzi,  and* 

3*f +*'  %+3^-WXi 

And  x  t3 


75       ,       r+Pl 

"16x16'  whence — ^ —  =  |jv/i7- 

Ex.    6. 

L^  xzzy"  be  an  Equation  for  all  Parabolas,    then 
[ifyzri)  x  =z  ay"—1,  x  zz  nn—nxy"—2.      Therefore 

il  vi. 

i  +  xz7-  __     1  -{-nnyzn—z)x 


x  n.n  —  i.y"~z 

Hence  it  will  eafily  appear  that  every  Parabola, 
except  the  Appolonian,  has  the  Radius  of  Curvature 
n  the  Vertex  either  infinite  or  nothing  at  all. 

Cor.  If  ax=yy9  bx—y\  cx—y±,  dx—y^  &c.  be 
1  Series  of  Parabolas,  then  the  Angle  of  Contact 
made  with  the  Tangent  and  Curve,)  at  the  Vertex  of 
,ny  one  is  infinitely  greater  than  the  Angle  of  Contact 
>f  the  next  following  one.  The  Angle  of  Contact  of 
:he  firft  ax-yz,  is  of  the  fame  kind  with  that  of  Circles. 

F f  2  Now 
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FIG.  Now  it  appears  that  the  Angles  of  Contact  of  one 
kind  infinitely  exceed  thofe  of  another  kind,  fince  the 
Radius  of  Curvature  of  one  kind  is  infinitely  greater 
than  that  of  another ;  and  the  Curvature  or  Angle  of 
Contact  is  reciprocally  as  that  Radius.     Thus  in  the 

c 

Curve  cxz=y*9  the  Radius  = =  Infinity,  and 

I2jyy 

d 

in  the  Curve  dx=zy*9  the  Radius  = =  Infini- 

2oy* 

ty,  becaufe  y—o  \  and  the  latter  Radius  is  infinitely 

greater  than  she  former,  for ■= x  

20jJ  izyy        iocy 

and  therefore  the  Angle  of  Contact  of  the  firft  infi- 
nitely exceeds  the  Angle  of  Contact  of  the  laft.  There- 
fore a  Curve  of  one  kind,  how  great  foever  it  may 
be,  cannot  be  interpofed  at  the  Point  of  Contact  be- 
tween the  Curve  of  another  kind  and  its  Tangent, 
however  fmall  that  Curve  may  be :  Or  an  Angle  of 
Contact  of  one  kind  cannot  neceflarily  contain  an 
Angle  of  Contact  of  another  kind,  as  a  whole  conJ 
tains  a  part. 

Likewife  in  this  Series  of  Parabolic  Curves  ax=z 
jy',  bx=zyi9  cx—y2\  dx—y*,  &c.  the  Angle  of 
Contact  which  any  Curve  makes  with  the  AbfciiTaat 
the  Vertex  is  infinitely  greater  than  the  next  preced- 
ing. The  Angle  of  Contact  of  the  firft  ax—y*  is 
of  the  fame  kind  with  Circles.  And  though  the  An- 
gles of  Contact  of  the  fucceeding  Curves  do  infinitely 
exceed  the  preceding  ones,  yet  they  can  never  arrive  at 
the  Magnitude  of  right  lined  Angles.  Moreover 
between  the  Angles  of  Contact  of  any  two  of  thefe 
may  other  Angles  of  Contact  be  found,  ad  infinitum^ 
that  will  infinitely  exceed  each  other. 

Ex.     7. 

54.  Let   "Dm  be  the  Logarithmic  Curve,  wbofe  Equam^ 

is  yx  —ay,  putting  AB~x%  Bm—y9  a  =  Subtangent. 

Then 
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Then  (if  *=»)  y  =  £,  *tf  y  =  L  -  JL  s  y  ,  G, 

r-y|  $  54- 

Therefore   *  +-?| -.    z=  -f±±2L-f  the  Radius  of 
— y  —ay 

Curvature-,  where  the  negative  Sign  only  fhews  its 

Pofition. 

Ex.   8. 

Let  Am  be  the  Catenary  y  ABzzx,  Bmzzyy  Amzzz\      §z* 

Its  Equation   is  zzzziax+xx9  then   (putting  zzz i) 

its  Fluxion  is  zzzax+xx>  and  again   izzax+xx  + 

,             .           z  ...  1 — xz 

xl  ,   hence   x  zz ,    and    x  zz 


a+x  a+x 

2  y - 

a+x    — zz               aa  _,       r       v  \ — x 
-  zz  .  Therefore 


a+x3  a+x  x 


3. 


<z+x  v^-f^— .zz  a+x     y —  a  +  x 

— ; —  an  a 

a+x  xaa 

zz 

a 

Ex.    9. 

Let  Am  be  the  Cycloid^   ABzzx$  Bmzzy,  Arch  AD 

zz  v9    AR  zz  a9    then  B  D  zz  y/ax — xx9    and    v  zz 

a 

■   ,  by  the  Nature  of  the  Circle  (putting 

2  y/ax XX 

*  =  i).      By  the  Property  of  the  Cycloid,  y  zzv  + 

y .  .      .  a — 2x  a — x 

V  ax — xx,  whence yzzv  +  • .  — 

2v/ ax — xx        \/ax — xx 

y£?    %                               ■  ■  ■  a 
;    and  y  zz j ■   >$    ■  ;      whence 
2Xz\/a — x 


x 


1    -L.  yi\z'  

r the  Radius  = 4 —  2Vaa—ax  zz  iDR. 

Ex.   10. 


55- 


222  The    Doctrine 

Ex.   io. 
F  I  G.       Let  Dm  be  the  Conchoid,  RAznb,  ADzzc,  AB~x, 
53*      Bmizy,  its  Equation  is  b+y  \/cc—yy  =  xy.    This 

fquared  and  divided  by  yy, -f- f-  cc  — 

n  yy  y 

lb  —  2by  — yy  zz  xx.     In  Fluxions, \ 

yl 

zbec           ,                        ,              .                  6bbcc 
2b  —  2 y  =  2xx  ;      and    again    ; —  4- 

Abcc  ..  ....        — bbec 

—  2  z  2X1  -4-  2xx  >  whence  x  zz 


yl  y>x 

bec  b  y  ..       3^<:       2/fo:       i 

yyx  x  x9  "~~    j4x    ~*    y>x        x 

xz 

— .     Now  to  find  the  Radius  of  Curvature  in  3ny 

given  Point  m\  let  ^  =  5,  c—\o9  if  you  take y  =  69 
then  x  =  14},  and  x  =  —  2  f* ,  and  Si  =  ^ .  whence 

■       ..*" —  =  40,326  the  Radius  of  Curvature  in  that 

x 

Point  m. 

The  Radius  of  Curvature   may  alfo  be  exprefifed 
indefinitely  in  the  fame  Manner  as  in  the  foregoing, 

P  Q  X7" 

tho'  more  prolixly.     Let  x  —  — ,  x  =- — -  sg 

tf  #  # 


-£S=£L,  then^tP1  =    SL±flL.:  Whence 

L±^l  =    E±Hl  ;    therefore  either  x  or  j 
3;  <p.v  — pp 

being  given,   the  other  will  be  known,  and  thence 
the  Quantities  />,  7.     For  Example,   in  the  Vertex 

*  p> 
where  &  =r  6i  the  Radius  becomes  ■ ■    = — />  = 
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bbcc  bcc  bb 

-_   +  —    +h+y=T    +    2b     +    r=FIG< 

I * 

b  +  c 


Ex.   ii. 

Z*/Z>/w  be  the  Quadratrix,  AB=x,  Bm=y,  AF  or  r6 
-*<R  =  r,  ^£  =  «,  CE=zv,  ArchCF=/,  RCF  =  q,  ' 
RC  =  q  —  ty  Am  =  s.  By  the  Nature  of  the  Circle! 
the  Fluxion  of  RC  (  —  /  )  is  to  the  Fluxion  of  AE 
(u)  as  r  to-j,  that  is,  —  vi=ru,  likewife  r£  = 
«/,  and  by  the  Property  of  the  Figure  t—yy  and 
and  /=>5  and  by  fimilar  Triangles  uy  =z  vx,  m 
Fluxions    yii  +  uy  =  xv  +  vx,     and    expungino- 

I,  //,  v,  we  get  — yy  +  r*y  —  xly  —  ryx^ va  + 

rx  —  xx  (putting  y  -  i),  this  in  Fluxions  ryx+rx 

-  —  2y  +  rx  —  2xx.     Therefore  x  =  """•?' +r*-** 

ry 
rx ss  j     ..        2V 2XX         2SSX — >2ssr 

;     and  x  = 1 —  - . 

ry  ry  rryy         » 


hence 


— re  I 


-pr*      __  rryj  -f  rx-ss  1   xrg^         _^ 
r  ry  X  2ssx-^2~ssr  2ry 


rr. —  irx-\-ss\x 


r  —  x 

If  the  Radius  of  Curvature  is  required  in  the 
Vertex  Fy  it  will  be  found  by  exprefling  AE  and  CE 
Dy  infinite  Series  in  Terms  of  jy,  rejecting  the  fuper- 
Juous    Terms.     Thus    it   will   hereafter  be   fhewn 

Ex.  5.  Prob.  VIII.)   that   CF=CE  +  £&  fifc. 

6rr 

I      .  v* 

:hat  is   y  zzv  +  ~~,     whence    by  Reverfion    of 

Series 
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FIG.  Series  v=  J r— ,  and  thence  u  =  y/rr — w  = 

r  6rr 

56< 


59. 


zr 


yy  y* 

r—  — ,   whence  uy  —  vx  becomes  ry ■ — .  — 


y?  yy  .  2VV 

jw  —  -—-,  and  x  =  r ,  and  *  — —  . 

'  6rr  3r  3r 

But  the  Radius  of  Curvature  in  i7  is     —  ^    where 
you   muft  write  r— ^   for  #,    —  *  for  #.     Then 

x       yry 

Ex.    12. 

Let  AM  be  the  Logarithmetic  Spiral;  TM a  Tan- 
gent; 5T*,  BP  perpendicular  to  BM  TM.  Let 
BM—yy    BP  =  u,    the   given    Ratio   of    MT    to 

(y  ty 

BT  as  ^  to  / ;    then  u  ==  — —  ,    and  u  = 


yy  cy 

whence  MC  = dk  — -  j  therefore  C  falls   in 

u  t 

the  Line  TB  produced. 

Ex.    13. 

60.  Let  BM  be  Archimedes*  Spiral \    AB  —  a^    Arch 

AD=zvy    BM=yy    and   let  by  =  av>  whence  by. 

i 
/         ax            .           ax 
av  ;  but  by  fimilar  Sectors  v  =•  - —  or   v  = 

j  y 

by 
therefore  aax  —  byy.     Letjy=i5  then  x  =  -     ,  and 


x  =  .jb.|    whence  the  Radius  #5  ~ - 

tf*  x  +  x*  +  yx 
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_     a*  +  bbyy^     __     a  X  a*  -f-  iwVa'    .  FIG. 

friyz  4.  2^+  fo;2  4-  zba2- 

Ex.    14. 

Suppofe  the  Equation  of  the  Spiral  to  he  bym  zz  amvy      60# 

then,  if  #zzl,  mbym—y  zzamv  zz ,  oxmbymy 

y 

zzam+1;  again,  inFluxions,  my~byM—1yz-\-mby"y—o*9 

am+l  — a2m+* 

hence yzz  — • ,  and  y  zz  — ; .Whence 

miym  mb-yzm~^~1 

the    Radius    zz       ^*rTr^       _ 

3 

m'b-y™  +  ^ -'"-r  A1 


mifcyi'"—1  -\-  tn  +  i  x  mbym—1azm+2 

Ex.   15. 

Z^  -BM  fo  /£*  reciprocal  or  hyperbolic  Spiral,  Radius      61. 
!/*£  or  BD  zz  ^,  given  Arch  AEzzn,    Arch  JFzzv, 
BMzzy.     By  the  Property  of  the  Curve  anzzvy, 

whence  yv  +  vy  zz  o,  and  £  zz zz Z  : 

y~  yy 

ax 
But,  by  fimilar  Triangles,  i>  zz  — — ,   therefore  yx  zz 

y 

—  ny,    let  xzzi,    then  y  zz ,andyzz — rL   zz 

J  J  n  J  n 


m- .     Therefore     J*  ' +J>"*    -  l^HF^ 
nn  i  +JK1 — ;j  »3 

zz  (becaufe  the  Subtangent  B  T  —  n)  " 


»i 


y  X  GM;  GM{ 

■ rz ,    fuppofing  J5G  perpendicular 

G  g  Ex.  16". 
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E  x.    1 6. 

FIG.       Let  BM  be  a  kind  of  Spiral,  Radius  BDzza,  Arch 

fa%  '  DFzzt,  BMzzy,  Arch  MRzzv,  and  let  its  Nature  bt 

ayzzvK     By  the   fimilar  Sectors  BMR  ■  and   BbD^ 

ty 

v  zz  — ,  whence  a^  zz  tyz,    in   Fiuxions  %yxtzi  -f 
a 

a  x 
2tyjzzo,  by  fimilar  fluxionary  Triangles  /  zz    -  - 

and  expunging  /  ,  3^i  +  2/j/zzo,  let  j/zzi>  then  xzz 

~2t  .     ..  — it  —  ?*  4' 

—    ,    and     x  zz 


3a  &  6}  9ay 


#°  -  Therefore  y*J  +  *  —    -  ^x9.)7+4^v 
9yy  '  ..A±*K±&       "  _,;X6^T8^ 


— vl  x     9^-h4^4      m 

Or  thus,   in  particular  Numbers: 

2/ 


Let  y  zz  i,  v  zz  4,  j)  zz  1,  then  #  zz 


3<* 


and  y  zz. zz — .     Wnenc( 


3y  3  3^         9 


^x  '  +  *^  zz   -73v/73   thc  Radius  of  Cur, 

S  +  #'  +:■-  536 

vature,  where  the  negative  Sign  relates  only  to  th< 
Pofition  of  it. 

Scholium. 

63.  Let  there  be  sny  geometrical  Curve  defined  by  thii 

general  Equation  e-\-fx'"+gy '  +hxyzzO\  make  Al 
zzx,  BMzzy.  the  Perpendicular  to  the  Curve  A/^zz* 
Then  the  Kadlus  of  Curvature  m.iy  be  (ted  ir 

algebraic  Terms  affected  with  w,  thus  5  compute  t}q 

Vulu( 
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Value  of  y  in  the  foregoing  general  Equation  (put-  FIG, 
ting  x  invariable),  which  fubftitute  in  the  Quantity      63. 

— — ,  and  put  —  for  -.  •,  and  the  Radius  of  Cur- 
—  icy  y  x 

vature  will  be  zz 


ngf'~x  +  sbxry~l]     x  tt 


zzm.m—i.fxm~z+r.r—\.kx    y '  xngy~x ' +sbxry^f 


— 2rsbxr— y— *  X  mfx™—1  +rbxr—y  x  ngf—>  +sbxy—> 


M  nM—i.gf-z  +s.s—i.bx'y    2 X mfx'—'  +rbx 

Example. 

Let  bxz  —  ay1  +  abx  zz  o,  reprefent  an  Hyperbola^ 
a  =  Tranfverfe,  b  zz  Parameter.  Comparing  this  with 
the  general  Form,  we  (hall  find  e~o,fzzb,  mzz29  zzg 
m-a,  n  —  2>  bzzab,  rzzi,  jzzo,  whence  the  Radius 

—  lay)    X  7T?                       1 
of  Curvature  zz >z  X 

2bx—2ay    — 2aX2.bx+ab]       "  *^5 


N         ' 2tf>'    )      7T3  4-7T3                    A        J 

fc  (  expunging  * )  =— zz  ~* — .  .     And 

—   v      r     ^    d            — 2a>bzy>  bb 

it  will  be  the  fame  for  the  Ellipfis. 


P    R    O    B.      VI. 

Ti  determine  the  (Quality  or  Degree  of)  Variation 
of  Curvature  in  any  Point  of  a  Curve. 

The  Variation  of  Curvature  depends  on  the  Mo- 
ment of  the  Radius  of  Curvature  j   and  the  Moment 

G  g  2  of 
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F  I  G.  of  the  Curve;  and  it  is  as  the  Moment  of  the  Radius  of 
Curvature  if  the  Moment  of  the  Curve  is  given  ;  and 
reciprocally  as  the  Moment  of  the  Curve  if  the  Mo- 
ment of  the  Radius  is  given.  Therefore  this  Variation 
is  as  the  Fluxion  of  the  Radius  of  Curvature  divided 
by  the  Fluxion  of  the  Curve  :  Therefore, 

i .  Find  the  Radius  of  Curvature  by  the  lafi  Problem* 
which  divide  by  the  Fluxion  of  the  Curve *  and  the 
Fluxions  may  be  exterminated  by  the  Equation  cf  the 
given  €urve+  or  perhaps  by  expreffng  their  Ratio  by 
Help  of  the  Tangent ',  Ordinate*  or  Subnormal. 

2.  In  Curves  referred  to  an  Axis,  finding  the  Fluxion 

i  & 

of  the  Quantity  — .,    which  divide  by  £,  putting 

~y 

ttzri,  and  exterminating  z*  z*  you  will  get  the  fol- 
lowing Rule.  Put  x  for  the  Abfcijfa*  y  for  the  Ordi- 
nate',  X  —  i  :  1 hen  fubftitute  the  Values  of  y*  y,  y  (got 
from  the  Equation  of  the  Curve)    into   the  Quantity 

~,3yy .  ~*~X2l — Z2__  *  and  it  will  give  the  Variation. 

r 

Example     i. 

'*2.  Let  the  Curve  be  a  Parabola*  then  axzzyy*  and  y  =a 

a              — ay                 2ayz — ayy        XT 
y  = ,    y  =  — - 1^—  .    Now  if  a=z2, 

2jy  y  '        2yy       *  2vJ 

#  =  4,  y  =  i,  then y  =  i,  j?  =  —  i,  y  =  3,  whence 

=i>f±M±Z  -  3.     Likewife  if  x  =2,  y  =2, 

T 
then  the  Variation  =  6". 

In  general* 

Since  ax  zzy1*  therefore  y  = ,  and  y  —  — Z 

2y  J         2yy 

—  aa  :.  ___   2ayz  —  ayy     __   ^aay    __     30* 

~~    4yi     '   an    2  ~~  2rv*  ■*"   "4/y*      ~~  ~8y*  * 

Whence 


aabb+^aayy-^yy^   t  and  its  Fluxion  divided  by 
ibbai 


a  —  b 


z  is  — — —  X  6yy</aabb +$aayy  —  \abyy.     But  from 
bbaaz 


the  Equation  of  the  Curve 


z  r:  y/x7-  +  yz 
•,  whence  the  Variation  of 


s/aabb+^aayy  —  ^abyy 

a.-b 


Curvature  becomes   — : x  \a— x  X  i2y;    and    is 

baa 

therefore  every  where  as  the  Rectangle  mBO,  fup- 
pofing  0  the  Center. 

Ex.  3." 


SO. 


Seft.  II.         ?/"  FLUXIONS.  229 

whence    -w'+jxTT^  ='SH  +  Ml  FI2a 

+  . -£_.  :  x  -4-    =  —  • 

32)"  <s4  # 

E  x.     2. 

/#  /£*  Ellipjis  let  bx aw  —-yy.     Suppofe  c=z 

Or 

|,  £=2,  to  find  the  Variation  of  Curvature  when 

#  —  4 ,  and  /  =  \ .     By  the  Procefs  of  Example  2.  of 

tf£ — ibx 
the    laft  Problem,    y  == z:  —  1,    y  zz 

J  lay  J 

Z_   —  —  g     anc]  it  wiU  De  found  that  y  zz 

zz  1 ,  the  Variation  required. 

Or  /'»  general  thus: 
By  the  laft  Problem  the  Radius  of  Curvature  is 
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Ex.   3. 

FIG.      Let  x  zzjy*>  denote  a  cubic  Parabola  ;  then  zy-yzzi, 

52*  ,    •  *        ..       ~2y         —2     ...        ioy 

and  y  zz ,  y  zz  —  <-   zz  ,  y  zz  -    y_    ~ 

W               3^            9^              9J6 
■ — -  ;  whence  —  31/  +  _J_  x  i+V  z  — 

the  Variation  required. 

Ex.     4. 
'55.  /#  the  Cycloid  Am  the  Radius  of    Curvature    is 


<sx 


2\/aa  —  ax>   and  its  Fluxion  =  — — 3   but  by 

vaa  —  ax 

«*.     t)                  r    1      t-                   ADxx       DRxx 
the  Property  of  the  figure  2;  = = 


xs/aa^—ax         .  —  tftf  —  ay 

= ,  whence — 7 5= -f —  == 

J  zs/aa-ax  aa  ~  ax 

—  y             AB  .  .  ,"*' 

~gn"  — #77  *•     *ne  negative  Sign  only  ihews 

that  the  Curvature  increafes. 

Ex.  5. 
50.  In  the  Logarithmic  Spiral  1    (by   Ex.  12.  Prob.  V.) 

the  Radius  of  Curvature  is  -—  (putting  c  :  t  :  d  :  : 

cy 
TM:  TB  :  BM)9  and  its  Fluxion  is  -—-,  and  z  = 

fv  £1/  d 

-\  ;   therefore  --.-   ==  —  for  the  Variation  of  Cur- 
//  tz  t 

vacure,    which  therefore  is  uniform. 
Ex.   6. 
61.  Let  BMbe  the  hyperbolic  Spiral,  (Ex.  15.  Prob.  laft) 

the  Radius  of  Curvature  is   yXn  ^y  ■     ,     whofe 

n"> 

Fluxion 
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Fluxion  is  —  ■— y  y/n*  +yl>  but  the  Subtangent     ^,     ' 

BTzzn,  therefore  z  —  -  ~\/nn  +yy9  by  which  di- 

y 

n'-y+qy* 

vide  the  other  Quantity,  then zz  Vari- 

'  n\ 

ation  of  Curvature  in  M. 


PROB,     VII. 
To  find  the  Nature  of  the  Curve \  by  ivhofe  Evoki- 


ejcrit 


tion  a  given  Curve  is  defcribed. 

A  Curve  ABM  is  faid  to  be  defcribed  by  the  Evo-  &, 
lution  of  another  Curve  VEC,  when  a  right  Line  is 
fuppofed  to  be  apply'd  to  the  convex  Side  of  the 
Curve  VEC,  and  the  End  of  it  A  is  made  to  move 
with  a  circular  Motion,  and  to  defcribe  the  Curve 
ABM-,  whilft  the  Part  BE  or  MC  that  continually 
leaves  the  Curve  VEC  is  extended  into  a  right  Line. 
The  Curve  VEC  is  called  the  Evoiuteof  ADM. 

Hence  it  appears  that  the  Line  CM  which  is  a 
Tangent  at  C  to  the  Curve  VEC,  is  the  Radius  of 
Curvature  in  Mof  the  Curve  ABM,  and  is  equal  in 
Length  to  the  Curve  CE  +  the  right  Line  EB  the 
Tangent  of  E,  or  to  the  Length  of  the  Curve 
CEV  +  the  Line  VA.  Now  the  Evolute  VEC  being 
the  Locus  of  the  Center  of  Curvature  of  ali  the 
Points  of  the  Curve  ABM,  the  Nature  of  the  Curve 
VEC  is  to  be  found.     Therefore 

1 .  In  Curves  related  to  an  Axis,  put  the  Abfcijfa 
AB~x,  perpendicular  Ordinate  BMzzy,  and  let  CM 
be  the  Radius  of  Curvature \  and  draw  CH  paral.el  to 

AB> 
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FIG.  ABy  and  CL  to  BM,   and  produce  MB  to  H,  and  put 

vy  ufor  the  Abfcifa  and  Ordinate  of  the  Curve  VC  re- 

fered  to  the  Axis  AL  :  Then  find  MH,  HC  by  Prob.  V. 

and  expunging  x  and  y,  the  Nature  of  the  Curve  VC  will 

be  difcovered. 

47.  2.  And  in  Spirals  find  the  Radius  of  Curvature  MC 

by  Prob,  V.  which  will  give  all  the  Points  C  in  the 
Evolute. 

Thus  wejhall  have  EC  zz  MC*l,  MEzz  MCX*: 

z  z 

MCxx 
and  therefore  BE  zzy : ,    and   then   BC  zz 


j 


z 


yy+MC*—-J*-xMC. 
z 


Corol.  i.  Hence  it  will  be  eafy  to  find  any  Num- 
ber of  Curves  whofe  Lengths  may  be  exprefs'd  by 
finite  Equations;  by  aiTuming  any  Curve  AM  at 
Pleafure  and  finding  its  Evolute  EC:  For  the  Ra- 
dius of  Curvature  MC  will  give  the  Length  of  the 
Evolute  ;  or  MC — BEzz  Length  of  the  Part  EC  of 
the  Curve. 

94.  Cor.  2.  Hence  alfo  if  the  Curve  VEC  be  given,  the 

Curve  y^Mdefcribed  by  its  Evolution  may  be  found 

For  let  AV-b,  VEC~s,  then  AV -\-VC~CMzzb 

+s9  and  by  fimilar  Triangles  s  :  u  :  :  b+s  :  MH  z; 

— : — u>  therefore  MB  or  y  zz : — u — u.     Alio  J 

s  y  s 

b+s  ■ 
:  v :  :  b+s  :  — : — -v  zz  HC  or  BL,  therefore  AB  or  x 
s 

b+s 


zzb+v — v  where  s  zz  \/vl+u  z.    If  the  E- 

s 

volution  begins   in  V^  bzzo.     Now  if  the  Value  of 

v  cr  u  be  get  from  the  Equation  0)  the  Curve,   end  jub- 

fi luted  in  thefe  Equations ,  you" "11  have  the  Nature  oj  the 

Curve  AMy  without  any  flutlional  Quantities.     Then 

expunging 
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expunging  v9  u  when  it  can  be  done,  you'll  have  the  FIG. 
Equation  between  x  and y.  But  as  s  is  always  found 
therein,  'tis  a  Sign  that  the  Nature  of  the  Curve  AM 
depends  on  the  Rectification  of  the  Curve  VE  >  whofe 
Value,  when  it  can  be  had,  may  be  fubftituted  in  its 
Room. 

Example     i. 
Let  AM  be  a  Parabola,  axzzyy,  and,  puttingj/zzi,      64, 

we  mail  find  (by  Prob.  V.)  CH  =  -+X~    =  «  a+ 

x 

2x,  and  Mil zz  x X 7. =  CH x  *zzy  4- 

x  a 

zzy-| —  — ,    and   when   x   and  y  is  o,    AVzz  'a. 
aa 

Put  vzzVL,  uzzLC,  and  we  have  v  zz  {AB — AV+ 

BLzzx — la  +  la  +  ix  —  )$x,  and  u  zz  (MH — MB  —  ) 

4?}  **y/ax       *m  ,        v*  auu 

M2—  zz  —t :  Whence  x*  zz zz •;  or 

aa  a  27  16 

—_ —  zz  uuy  for  the  Property  of  the  Curve  VC,  which 

2.  .  a 

therefore  is  a  femicubical  Parabola  whofe  Latus  rec- 
tum is  \l  a. 

Ex.    2. 

Let  GM  be  the  Logarithmic  Curve,  AGzzi,  AB zzx,      £q% 
BMzzy,  6'ubtangent  RBzza,  then  ay—yx,  and  (by 

Prob.  V.)  MH zz   —""-1?.,  and  HC  zz—^—z2. 
y  a 

aa-\-yy  aa 

httvzzADzzx — ,  uzzDCzz2y-\ , whence 

a  y 

aa—2yy    .  .  •  .       ciay 

v  =  x iC-  zz —  y  *,  and  u  zz  2y  —  —  <-  zz 

a  ay  •     j? 

lyy—aa  ayv  —yyii 

•j/i  therefore  y  zz 


yy  aa — iyy        aa — iyy 

H  h 
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F  I  G.  =  **&**  tne  Equation  of  the  Curve  wherein  the  Cen- 
ter C  is  always  round. 

(Ml—. .2yy 

Now  fince  v  z=  — y,  therefore  v  will  increafe 

ay 

when  ##  is  greater  then  2jyy,  and  decreafe  when  iyy 
exceeds  aa,  Likewife  u  will  increafe  when  iyy  ex- 
ceeds aa,  that  is  when  v  decreafes ;  and  it  will  de- 
creale  when  v  increafes. 


«5- 


64. 


Ex.  3. 

Let  AM  be  the  Cycloid  AB  zz  x,  BMzzy,    Arch 
ADzzs,  Ax\sTRz=.c7  AR—a,  thenjyzzj+v/ZZIo1, 


ya— x    .. 


—  # 


r\/<2 


whence  MH 


xxv  ax —xx 


I  -l-y1  

. —  zz  2  </ax-xx,    CH  zz  v  X  MH  —ia  —  2X. 

Let  RN  =  1;,  iVC  =  « ;  then  ^  zz  a  —  #,  and  0 
y — i\/ax — xx  zz  s — \/ax — xx9  that  is  (expunging  x] 
wzzs — \/av — vv  :  And  when  #zzo,  RPzza.  Hena 
the  Curve  'TCP  is  alfo  a  Cycloid  equal  to  the  Cycloic 
AMT.  For  compleating  the  Parellelogram  RTQP 
and  defcribing  the  Semicircle  TS^  NP  zz  (a — i>zz 

AB,  ES-  (y/av-vv  zz  )  BD,  Arch  ADznQS 
and  £C  zz  (c  —  u  —  c  —  J  -f-  s/av — vv  zz  EN—^ 
+ES-)  TS+ES :  Therefore  TC  is  the  Cycloid. 

E  x.   4. 

Suppofe  AM  to  be  the  Catenary,  ABzzx,  BMzzj 

AM—z,  and  z—\/iax+xx,  and  x  zz  •     ; — ,  Si 

'  a-\-x ' 

aa  vv/7    r i 

:      V,    (putting  z  =  0  whence  Mtf  zz  ±2_LZ1. 


".)  andC//zz-^ 

AT 


:#+#,  and  when#=< 
Ii 
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HC  or  AV  zz  a.     Let  VLzzv^  LCzzu,  and  we  have  FIG, 

,  z*a+x  a+x     , ; 64- 

vzzix,  and  uzz y  = \/2ax+xx 


%j 


-— y,  whence^  zr „J  av-\ — vv  —  2.302580 

2a  4 

t          •  u        r  2a+v+\/av+-,vv      ,         r 
X  Logarithm  or ,    became  y  zz 

2ti 

2.3025^?xinto  that  Log. 

Ex.   5. 

Suppofe  VM  to  be  a  Curve  whofe  'Tangent  MT  is  zz      66. 
the  given  Line  a,  ABzzx,  BMzzy^  VMzzz^yzzi^  then 

T        1       XT               r     ,      ^            •              -—J*            — yz 
by  the  Nature  or   the  Curve_y  zr  3= 5 

V«# — j^y  # 

1             •          —to                 ^        ^.               T         ^^ — ^ 
hence  2;  = ,  2;  z= :  Then  MH  zz — , 

y    _  ^  _y 

i7C= — s/aa—yy,  the  negative  Signs  ftowthey  muft 

be  taken  upward  (and  to  the  Right  Hand) :  But  in 

the  Vertex  V,  MH  and  HCzvz  nothing,  therefore  the 

Evolution  begins  in  V. 

aa — yy 
Let  FLzzv,  LCzzu,  then  v  zz ^—  +>• — azz 

y 

aa  y 

,  and_y  z= :  A  lib  uzzx+v  aa— yy9    and 


y  a\v 


u  zz  x  —  —-yy—  zz  — —  s/aa—yy— — -J= 


\/aa — yy  y  y/aa~yy 

—  aay  .  av 

zz  — 7~=r  =:(exponging y  andjy)      =-,  an 

yy/aa—yy  V2av-\-vv 

Equation  to  the  Catenary,  therefore  VC  is  the  Cate- 
nary Curve. 

Ex.  6. 

Let  AM  be  the  Cijfoid  whofe  Equation  is  ax1—yxlzz      7O4 
y\  and  fuppofe/zzzio.     To  find  the  Point  C  of  the 
H  h  2  Evolute 


236  The    Doctrine 

F  1  Q   Evolute  whenjy  —  2,  x  —  i.    By  a  former  Calculation 

7°-     (Ex.    5.    Prob.   V.)    *   =  ±5±Sl  =  H.  *  = 

— z=  —  -—r  \  whence  (by  Prob. 

2y*  16x16  ' 

V.)HC  =  —^-  =  5!  zzBL,  and MHzixxHC 

x 

t=  4 1|,  and  LC  ~  2  ff .    And  fo  for  any  other  given 
Point  of  the  Cuive. 

Ex.    7. 

C  Let  BAfie  the  Log.  Spiral,  TBC  perpendicular  to 

EM ;  arid  let  c  :  /  :  s  :  :  TM  :  TB  :  £M.     Then  (by 

Ex.  12.  Prob.  V.)M:  =  -^-1andJ8C=^.  There- 

rare  fince  the  Angle  BCM is  equal  BMT,  the  Curve 
i?C  is  alio  a  Log.  Spiral  the  fame  with  BM. 

Ex.    8. 

68.  Suppcfe  BMbe  an  Hyperbolic  Spiral,  BE  perpendicu- 

lar to  BM>  MC perpendicular  to  the  Tangent  in  M-y 
let  Radius  BA~a,  Arch  AOzzn,  BM~y,  then  (by- 
Ex.    15.  Prob.  V.)  Radius   of  Curvature  in   M  ac 

EM' 

— — ;  therefore  draw  EG  perpendicular  to  EM  and 

and  GC  perpendicular  to  GAf,  and  the  Point  C  is  in 
the  Evolute  required. 


PROB.     VIII. 

To  determine  the  Length  of  Curve  Lines, 

Draw  the  Ordinate  BM  perpendicular  to  the  Axis 
ABy  and  nb  parallel  and  infinitely  near  to  MB*  And 

in 


A      B         R        3ST      P  A     3 


pi  jtr./A  sj  ^, 
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in  Spirals  draw  Bn  infinitely  near  BM\  and   let  ikfrp  j  q 
be   perpendicular   to  nB  or  nb.     Let  the   AbfcifTa      72- 
JBzzx,  Ordinate   BMzzy%    Curve  AM~zy  Mr  z=.      ' 

x9  rn  zzy,  Mn  =  z.     In  the  right  angled  Triangle 

,  "     X      7  .        ,  - 

Mnr,  z  =\Zxl-{-yzy  therefore  z  =  v^+/  ;where- 
fore 

By  the  Nature  of  the  Curve  exterminate  x  or  y  out  of 
the  Equation  z—\Zxz-\-y- ;  and  the  Fluent  will  give  z 
the  Length  of  the  Curve. 

Example     i. 

2 *- 

Let  the  Nature  of  the  Curve  be X  **+*#*  3=  y.      75, 

J  %aa  J       *  * 

Then  its  Fluxion  is  V— s/aa+xx :  Then  z  zz 

aa 


•x*+y*  zzxy/i-f—  +  —  z=*  + :  And 

*z#        ^4  aa 

ix^ 

'by  Form  id.)  the  Fluent  zzzx-\- ,  which  neecfc 

K  J  '  %aa 

ao  Correction. 

Ex.    2. 

In  the  cotnmon  Parabola  ax~yy.     Here  x  z=         -,     -^ 

a  '*' 

whence  z  zz  v/#z4-jF  z=:—\/aa+yy  :    And   by 

y 
?orm  the  9th  and  13th,  the  corrected  Fluent  z  zz  — 

W+^  +  i^2j!!f.  x Log.  yW\^+ti.t 

Ex.  2. 

In  the  femicubical  Parabola  ax7-  zzy*,  or  x  zz  —  --,      74. 

*?- 
and 
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jt . 
F  I  G.  and  x  =  ^L  :  And  therefore  z  =  \/xz  +y  zz  j 
74.  ~      2^ 

sIl  4.^,  whofe  Fluent,  by  Form  the  3d,  is  zr:  - 

40  2 

t  .   97  J*.     But  in  the  Vertex,  jr  and  z=o  ;  there 
fore  (Prob.  12.  Sed.  I.)  the  Fluent  corrected  is  21 

-Xi+- — • 

27  4*  27 

Ex.    4. 
jLetati*  sajfi?  be  an  Equation  for  various  Parabola 

OT  +  I 

! X 

Then  *  =  ^-1- ,  and  x  -  "^y^y,  and  *»  s 
a"«  ail" 

f  +  rJ  jy  ?i*  is  £y  wj/a    (putting   3  =  ,        ) 

—    1  m        I 


•J4« 


Whence  2  =7  V   1  +  *>y  m    ~ymy  V  £+j 

i    / — ~ 

Now  the  Fluent  of  y  myy'b+y  m  will  be  ha 
by  Form  the  15th  in  finite  Terms,  when  m  is  an 
pofitive  even  Number. 

/        T 

And  likewife  the  Fluent  of  y  </  1  +  h  m  will  t 
Found  by  Form  the  1  ith,   when  m  is  any  odd  Nun 


ber ;  finding  firft  the  fluent  of  y  "      y^/i+b 
by  Form  9th  and  13th. 


Ex. 
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Ex.  5. 

To  find  the  Length  of  the  Arch  of  the  Circle  AM.  F  I  G. 
Let  Radius  AC  zz  r,  Sine  BMzzy,  ABzzXy    by  the      75. 
Nature    of    the    Circle    irx — xxzzyyy     and    x  zz 

yy  yy  « 

.— -—  zz   —  ■ ,  therefore  z  zz  ^/xz  -\-yz  zz 

T—X  ^/n    yy 

=— •,    and,    by   Form   the    16th,    z  zzy  + 


\/rr — yy 

_T__A  +  3^EB  +    5±?Lc,  &c.    where  A, 
2.3.  rr  4«5^  o.y.rr 

B9  C,  65V.  are  the  whole  foregoing  Terms. 

Otherwife  thus, 
Let  ^Czzr,    Tangent  ATzzt,   Ttzzt,    AM=z9 


Mn  zz  zy    then   CT  zz  \/rr  +  tt .    By  the  fimilar 

rt 

Triangles  CAT  and  Ttr,  Tr  zz  — — ;    and  by 

\/rr+tt       , 

the  fimilar  Triangles,  CMn9  CTry  z  zz  ,  or 

rrt  •        W  /*/  Z6/  PJ 

#  zz zz  / h _,     &v. 

rr-\-tt  rr  r^  rb 

whence   (by    Form  the   16th)  the  Fluent  2;  zz  /  — 

/*  &  P  t9       , 

4- — 4-  &c 

%rr  57"+  yr6    ~    or3 ' 

Now  if  rzzi,  and  Arch  AMzz 300,  then  /zzv/f : 

1  1  1 

And  then  zzz^/±  x  :  1 — + 


3-3  5-lz  7-3 

Circumference  :  And  ha 
v/i2         \A  \B      -  tC 


4-  — -  —  &c.  zz  i\  the  Circumference  :  And  half 
9-3* 


7*, 


the  Circumference  zz 

l.  3  5  7 
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FIG.—    —, —  KV.   where  A,  B,  C,  ($c.  are  the  preceding 
Numerators  with  their  Signs. 

Or  thus,  by  collecting  every  two  Terms  into  one, 
we  fhall  have  half  the  Circumference  ±:  Yv^3  X  mt0 

^  +  jk  +  T^¥  +  ~^¥^c- that 

is  putting  ^s/i—A,  iAzzB,  IBzzC,  ?CzzD9  fcrV. 

1  2 

then  half  the  Circumference  zz A  + B  + 

*-3  5-7 

— 3— C  +  — —  D  +  — — E+ F  +  &c. 

9.11      J    13.15      T    17.19     ^21.23     ~ 

which  Series  will  be  as  follows. 

3,079201  435678  004077  38 

58651  455917  676268  14 

3455  893867  203147   11 

259  930478  900749  53 

21  794996  295857  48 

1  943349  566200  68 

180259  667580  92 

17186  683703  87 

1672  167602  79 

165  238193  86 

16  530067  76 

1  670177  49 

170147  80 

17454  05 

1801   06 

186  80 

19  46 

2  04 

22 


3,141592  653589  79  1238  46  &+ 
-z  Half  the  Circumference. 

Ex.  6, 
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Ex.    6. 

Let  FMD  be  the  Quadrant  of  an  Ellipfis^  AD  zz  a,  F  I  G, 

AFzzc,  ABzzxy  BMzzy,  FMzzz.     Then  by  the      77. 

c        — — — — — — 

Nature  of   the  Curve  )  z  —  \/aa — xx,  andj/  zz 

a 

—cxx 


.            .        /-. — -t-    xn/^4-— aaxx\ccxx 
\  whence  z zzv  xz+yz  — == — 


a\/aa—xx  a  V '  aa — xx 

r 


— (        I      j^JM—ccxy/aa—dxx  _x\/az—dxxxaa-  xx 

aa      y/aa — xx  aa — xx 

1 — d        .         2 — id — dd 

—  x+     2aa'  X*X  "* &? X*x  ^c  >  whence 

1—  d  7 — id — dd  c—od—dd—d^ 

ZZZX  +  -7 x*  +  - xs+  2— 3- .x7 

'     baa  40^+  112a6 

4-  &c.  for  the  Arch  FM.  

But  for  the  Quadrant  FD,  z  =    */*** dxx  -  zz 

\/aa — xx 
x  dxx         ddx±  ctd^x6    ._    , 

x 

the  Fluent  of  —  zz  Arch  of  the  circumfcrib- 

Vaa— xx 

0 

ing  Quadrant  of  the  Circle  divided  by  a  zz  -^  ; 
whence  the  Quadrant  FD  or  zrzi^x  1 —  + 

Z.  m 

^A+-^B+  £2*.c+&c9  by  Form  17th. 

Ex.   7. 

To  find  the  Length  of  the  Arch  of  the  Hyperbola,      ft. 
Let  azz  half  the  Tranfverfe,  czzAF  half  the  conju- 

I  i  gate, 
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/           cc 
FIG.  gate,   AB  zz#,    BMzzy:   Then^  zz  s/cc  H xx, 

7»-                                                   -                        j_    aa 
:  .               cxx              ■    .       .        aa  +     aa  ■  *x. 
andy  zz      .,__z===ioand.x*+yazz #*s 

;        aa+cc  .  ,        .     /aa  +  dxx 

put  0  zz  ,  and  then  z  zz  x  s/ ; zz 

r       aa _  aa  +  xx 

C~     i — d  i — d  i — d 

i — d  3 — id — dd  5— 3d — dd — d* 

& c  \  therefore  z  zz  x  —  7 —  x*  + 

5~3  ~  6  ~  *  xi  (Sc  for  the.  Arch  FM. 

Ex,  8. 

79.  Z*/  AM  be  the  Cycloid,  AB~x,  BM~y,  ARzza, 

BDzzv,  Arch  AD— s,  then  y=s+v     By  the  Nature 

of  the  Circle  vvzzax — xx9   and  v  zz ,  and 

zv 

•         ax  •  $  ~——  # 

s  zz ;  therefore  y  zz  j  +  1;  zz  — — ^.whence 

( 


rXi 


2;  zz  y/.x*1  +  yz  zz  #  v/i  + —   zz   zL*/aa~ -ax 

3  vv  v 

x^/aa  —  ax  .        ^  _ 

zz  #  \/~~»    Therefore  zzzi^/ax 


*s/ax  —  xx  x 

zz  2  Cord  AD. 

Ex.    9. 
69.  £,<?/  GMbe  the  Log.  Curve,  ABzzx,  BMz=.y,  AGzzb, 

Subtangent  BR~ay    then   ay —yx,    therefore  z  zz 

y, r-       y     > JVJ> 

v  x1-}-^1  zz  ^-\/tf^  +  yy     zz     — -  4- 

y  x/aa+yy 

aay—2y 
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any— 2y 

,             =r  •     Whence  (by  Form  the  3d  and  oth)  FIG, 
Vi  +  aay-  ^       ^ 

z  =  y/TT+Jy  —  2.30258^  x  Log.  a+^aa  +yy 

y ' 

and  corrected  (by  Prop.  XII.)  z  or  GM  zz  y/aa  +yy 

-y/ZT+U +  2.3025*5*  X  Log.  ^Wg+g  ^ 

^^ + by/aa  -j-yy 
Ex.   10. 

IntheCiffoid  DM,  let  yfDzzj,  ^£zz#,  jSMzzy,      80. 

2  2 

a  ^ — #  a— x\z 

then  j  zz  ■   =   ,—  ,     2nd    j/    - 

y/ax  —  xx  xz 

—  ax  —  ixx 


2  xx 


-s/ax  —  xxy    whence   z  zz  y/xz  -4-y 
__  ax      I  a  -f-  3*     ___      ##     xx       , 

'  S7v       J~   —        2        ^  +  P  *    and 
by  Form  the  9th,    13th  and  12th)  z  zz  2.3025^3 

I  Log.  ^3^+^  +  3x  :  -  «  x/1+31  .       AncJ 

he  Fluent  corrected,   zorMD  zz^\/  —  2# 

x 

V  2.302585.  v/3  X  Log.  _^>±^_ ; 

\/3*  +  \A+3* 
Ex.    11. 

Zttf  ^Mfe  the  Quadratix,  ABzzx,  BM=y9  Arch      81. 
Kzz/,    Sine  KG~vy  AC~a.     Then  (by  Ex.  5th) 

*v+  ~   +  -*— -   +      *         +  £«?,.  =-    b 

6aa  4.0a*  1 12a6  J       y 

le  Nature  of  the  Quadratrix.     Then  by  Reverfion 

F  Series  v  zz  y  —  -  —   +   — - LL ^       &Cm 

6aa  120a*         5040a6 

I  i  2  then 
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yy     ,   j*  y 


FIG   then  </aa—vv  zza h 7  —  --&?*. 

^  *  VJi  v  20  24^5  720^5 

8l'      zzCG;   and   by    fimilar  Triangles  {KG)  v  :  GC :  : 

y*  y4  2V6 

(Affl)j  :  (BC)a-x  zza—- ±— +— - 

;   .  -        '  30       45<*5        945*s 

yy  y+  2V6 

&c.   whence  a:  z;  -—  +   ^—  H fcfa  and 

30         45<*?  945^s 

.  ^  ijf  *tf    +  J*l.  ^    therefore  ^  = 

3*  45^J  3I5<*5 

2V1      '  i4y4  604)'6 

x/x'+y2-  zzy  X  :  1  +  — —  -1 : +  — r~ 

v        ,y         J                 yaa        405a*        ^JSJE>a 
2y?             i4y5  6o^y7 

fcfr.   and  2  =  y  -{ ^ - —    + 


270*  2025^4-         893025^ 

Ex.   12. 

©2  Z-^  Z?Af  £*  Archimedes' 's  Spiral,   whofe  Equation  is 

rv zzcy,  putting  vzz  Arch  ED.     Thenrvzzcy,    but 

rx        .  cyy 

(by  fimilar  Triangles)  v  in ,  whence  *  z  — — 


Therefore    £  i=  v/^'+J^4  =  —  Xv/^  +  ^i  anc* 
(by  Form  gth  and  13th)  the  Fluent  (corrected)  is  z  zz' 

2rr  2c  °  rr 

Ex.   13. 

2>/  BM  be  the  Log  Spiral,  and  let  f,  /,  s  exprefs 
%2*      the  Ratio  of  the  Tangent  TM,  Subtangent  77?,  and 

Ordinate  BM.     Then  2;  =  -  —  and  the  Fluent  z  zz 

s 

cy 

—  zz  TM.     Therefore   the  Length  of    the   Spiral 

MAB  making  an  infinite  Number  of  Revolutions  is 
equal  to  the  Tangent  M T. 

Ex.  14, 
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Ex.  14. 

Let  BM  be  the  hyperbolic  Spiral,  ABzza,  Arch  AO  F  I  G. 
zzb,  Arch  ADzzv,  MBzzy,  then  abzzvy,  and  thence     83. 

vy  +yvzzo,  and/z;zz — vyzz =— ;      and     by 

by 
fimilar  Triangles  —  yv  zzax9  and  thence  x  zz  dL  5 


therefore     2;  z=  y^1  +  JX*   —  ~>/bb  +  yy       zz 
+  y-l .     And  the  Fluent  (by 


\/i  +  ££jy~z  %/££  +  yy 

Form   the    3d   and   9th)     is  2  zz  v/^+J?  —  b  X 

2.302585  Log.  tH^/ih  +■*?_  ;     Whence    taking 

any  Ordinate  Bg^zzd,    the   Length  of  the  Arch 
^M  zz  s/bb  +  dd  —  y/bb  -\- yy —  2.30258^ X Log. 

#y  _L.  jy  y/££  -J-  dd 


P  R  O  B.     IX. 

To  transform  Spirals  into  geometrical  Curves,  or 
geometrical  Curves  into  Spirals  of  equal  Length. 

Let  ADd  be  a  geometrical  Curve  related  to  the  84. 
Axis  AB  ;  let  the  perpendicular  Ordmates  BD,  bd* 
be  infinitely  near  together;  and  let  the  Points  B,  b 
be  fuppofed  to  approach  one  another,  and  to  coincide 
in  B,  whilft  the  Particle  of  the  Curve  Dd  remains 
the  fame ;  then  the  Parallelogram  BDdb  will  be 
changed  into  the  Triangle  BDd.     In  like  Manner  let 

all 
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FIG.  a^  the  Points  in  AB  be  fuppofed  to  be  contracted  into 
$.  one  Point  B,  and  then  the  Figure  ADd  will  be  tranf- 
form'd  into  the  Spiral  ^Dd,  whofe  Center  is  B9  in 
which  the  correfponding  Ordinates  are  equal,  and 
the  Triangles  Ddr  in  both  Figures  fimilar  and  equal; 
and  the  Area  of  the  Figure  ABD  twice  the  Area  of 
the  Spiral  BQD. 
%$,  Again  let  ADd  be  a  Spiral,  ABD  its  Complement; 

BD,  bd,  two  Arches  of  Circles  infinitely  near  each 
other,  whofe  Center  is  A\  AH  a  geometrical  Curve 
(to  the  Abfcilta  ABzzAD)  equal  in  Length  to  the 
Spiral :  Let  BH,  bh  be  drawn  infinitely  near  each 
other,  and  HK  parallel  to  AB.  Then  the  Triangles 
DdC  and  HbKare  fimilar  and  equal,  therefore  dC—Kb. 
Now  let  AB  or  ADzzy,  BHzzu,  Arch  BDzzv,  and 
by  fimilar  Triangles  y  :  v  :  :  Ab  :  bC  :  :  Bb  :  bC  —  v 

zz  —xBb.     Therefore  bC+CD—v  or  bd—vzzKb 

y 

V 

-r-  — x  Bb  :  Therefore  (becaufe  the  Moments  are  as 

vy 
the  Fluxions)  v  zz  u  +  -~—. 

y 

I4.  1 .  Therefore  in  Curves  referred  to  an  Axis,  let  AB  :=:*, 

BDzzy,  Radius  BR  or  BTzzb,  Arch  RTzzv,  Drzzx, 

rdzzy,  TSzzv.  In  the  Curve  AD,  expunge  x  and  x 
out  of  the  Equation  of  the  Curve,  by  Help  of  the  Equa- 
tion bx  zzyv ;  and  the  Fluent  will  give  the  Nature  of 
the  Spiral.  Likewife  in  the  Spiral  $D,  expunge  all 
Quantities  except  x  and  y  and  their  Fluxions  out  jf  the 
Equation  bx  zzyu,  by  Help  of  the  Equation  of  the  Curve ; 
and  the  Fluent  willfhow  the  Nature  of  the  geometrical 
Curve  AD. 

$5.  2.  In  the  Spiral  AD,  where  there  is  given  the  Re  la- 

tion  of  AD  (y)  to  the  Arch  BD  (v) :  By  help  of  the 
Equation  of  the  Spiral,  exterminate  v  and  v  out  of  ths  * 

Equation 
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vy 
Equation  v  zz  u  H — ±-~,  and  the  Fluent  gives  the  Na-  FIG. 

ure  of  the  Curve  AH.     Or  by  the  Equation  of  the  Curve        i% 

1H9  expunge  u  and  u  out  of  the  Equation  v  zz  u  + 

B=-,  and  the  Fluent  gives  the  Nature  of  the  Spiral. 

Example     i. 
Let  ax  zzyy  denote  a  Parabola  ADd9  then  we  have      84. 

c  zz  — —  zz  ~—^    and    iby   zz  av ,    whence  the 
a  b  J 

fluent  ibyzzav;  therefore  the  Spiral  gyp  is  that  of 

Archimedes. 

Ex.     2. 

Z,*/  AD  be  a  Circle,  %ax — xxzzyy,  Arch  ADjzz>      86. 

yy  yy  yv 

herefore  x  zz  -^—  zz  — — - zz  -y— ,  therefore 

a     x       Vaa  — yy  * 

hy       i7i*         ay 

:,  let  bzza9  then  i>  zz  — — - n  z 


s/aa  — yy  \/aa  —  yy 

herefore  v  zz  z9  that  is  RT  zr  AD9  and  BD  =  £Z> 

=2T;  draw  GD,  then  fince  BG-BT,  and  BD^TF, 

ind<CDBGzz<:FTB,  therefore  <CGDBzz<CBFTzz 

right  Angle,  and  the  Curve  £DG  is  a  Semicircle. 

Ex.   3. 

Let  aazzxy  be  the  Equation  of  an  equilateral  Hyper-      $7* 
via  between  the  Affymptotesy  then  xy+yxzzoy  and  x 

!y    =-iL>=.£.    Therefore-^ 


y  yy  b  J5 

r  1;,  and  thence  v  zz ,    or   putting    £  zz  2a9 

yy 

~vyy>  for  the  Nature  of  the  Spiral  QDd. 


Ex.  4, 
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Ex.  4. 

FIG.      Let  ED  be  the  Logarithmic  Curve,  whofe  Equation 

88.  .         .      .  ay  yv  m   aby 

is  y#  —ay,  then  x  zz  -^—  zz  — — ,  and  — ~zzv< 

y  b  yy 

ab 
therefore  v  zz  —  — :  Therefore  any  Portion  of  the 

y 

£)  D  JO  A 

Arch  RT  orv,\szzabx-z—— —  s  BD,  EA  being 
$he  correfponding  Ordinates. 

Ex.    5. 

Let  ay—bx  denote  a  plain  Triangle,  then  ayzzbx—yvi 

ay 
therefore  —  =  v,  confequently  v  zzax  Log.  yr  an 

Equation  to  the  Log.  Spiral. 

Ex.     6. 

j^  Let  gyp  be  the  Spiral  of  Archimeds,  whole  Equation 

is  dy  zz  av  ;  then  —  zz  v  zz .  or  dyyzzabx,  and 

a  y 

the  Fluent zz  abx,  or  yy  zz     '1  -xs  an  Equation 

to  a  Parabola. 

g-#         Or  thus :     Let  AB  zzy,  £D  =  v>  then  av  =yy9 
2yy         -        .         vy         -        yy  >    - 

whence  — ^  =  1;  =  «  +  r-—  =  «  +  — ,  and  u  = 
#  ^  a 

yy 

— ,  therefore  2au=yy,  an  Equation  to  the  common 

a 

Parabola,  as  before. 

Ex.   7. 

84.         Let  g)D  be  the  Log.  Spiral,  whofe  Equation  is  ay 
zz  bxy  therefore  ay  zz  bx  a  plain  Triangle. 

Ex.  8. 
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Ex.    8. 

Let  g>p  be  the  Hyperbolic  Spiral,  then  abzzvy,  and  FIG, 

—vy  —aby  bx  $$. 

<vy+yv  —  0)   or  v  zz — ~  —  ~  z:  — 9  or 

y  x              yy  J 

'-—ay                                               ~~ ~# 
1 — — zzx,  whence  the  Fluent i  Log.  jr,    an 

Equation  to  the  Log.  Curve. 

Ex.  9. 

Suppofe  y>  zz  <n;*   /$  */<?/w#  /£*  £p/ra/  yfDJ,  then      85. 

I  ! 

v  =  ±y     =  i  +  J5L  —  a  +  Z^_.  therefore 0  = 
i^a  y  <fa 

4.  1 

J  y  y 

— —,  whence  u  zz  — —,  or  qau1  zz y\  a  femicubi- 

Zy/a  3x/a      '   > 

cal  Parabola. 

Ex.  10. 

yd  -j-  y  o 
tfo  /£*  Equation  of  the  Spiral ;      °5# 

~  u  +     J  ;  whence  «  ==• —    y     ,_, there- 

y/ca  +  ^y  tv  ca  -+•  ry 

ore  #  =   v  ^  +  cy. 

Ex.   ii. 

Z>/  BBdE  be  a  Semicircle,  BD=y,  BE  — a,  by      §9- 

[imilar  Triangles  Z>  = ,  or  x  =  — ', 

£Z)  vca—y 

whence  #  = —  v/tftf — jjyj  when  corrected  x  "=■  a — 
/aa — yy  =  BE  — ED,  therefore  ADL  is  the  Qua- 
Irant  of  a  Circle,  whofe  Radius  is  a. 

K  k  Ex.  12. 
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Ex.    12. 


FIG.      Let  §>Bd  be  a  Parabola*  B  the  Focus,  a  =  Latus 

90.     Rettum,  BB=y,  DP  a  Tangent:  By  the  Nature 

of  the  Figure  the  Perpendicular  BP*=i\/*f$  and  by 

r    ..       ~  .       .'■'.-;         BPxdr        .             ay 
fimilar  Triangles  Dr  = or  x  =  -     _i - 


therefore  x  =  n/^j — -^*  —  Ordinate  £>/.  Hence 
the  Curve  will  be  the  fame  Parabola  referr'd  to  the 
Axis  AB  j  making  A^jz^B9  and  AB  perpendicular 

tO  ^. 


P  R  O  B.     X. 

To  find  the  Areas  of  Curves. 

91,  In  any  Curve  A B   related  to  the  Abfcifla  AB, 

produce  the  Ordinate  DB  till  BE  be  equal  to  a  given 
Line,  and  compleating  the  Parallelogram  ABEC 
If  the  A  rears  ACEB  and  ABB  be  conceived  to  be 
generated  by  the  right  Lines  BE,  BB>  moving  along 
the  Abfcifla  AB  ;  then  the  Fluxions  of  the  Areas 
ACEB  and  ABB  will  be  as  the  defcribing  Lines  BE> 


BB  drawn  into  their  Velocities  of  moving,  that  i 


& 


15 


into  the  Fluxions  of  the  Abfciflas :  Now  fince  BE  X 
AB  ■=■  Area  ACEB,  and  therefore  the  Fluxion  of  the 
Area  ACEB  ==  BE  x  Fluxion  of  A B  ;  confequently 
the  Fluxion  of  the  Area  ABB  ==  BB  x  Fluxion  of 
AB. 

92.  In  like  Manner  in  Curves  related  to  a  fixt  Point  i?, 

the  fluxionary  Triangle  BBM  is  the  Moment  of  th< 

BK 

Area,  and  this  is  =  BMx ,  or  r=  the  Perpen- 

diculax 
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dicular  BT  (on  the  Tangent  at  M)  x  by  \DM\  but  F  I  G. 
Di2  and  DMare  as  their  generating  Fluxions.  Hence 

1.  In  Curves  related  to  an  Axis  AB,  let  AB=:x,      91. 
BD  =  y,  Area  ABD  zz  z,  then  z  z=  yx  ;  therefore  by 

the  Equation  of  the  Curve ,  expunge  one  of  the  Quanti- 
ties y  or  x  out  of  the  Equation  z  zzyx,  and  finding  the 
Fluent  it  gives  the  Value  of  z  the  Area,  Sometimes  it 
will  be  neceffary  to  find  the  Area  of  the  Complement  ABD9 
tut  the  Rule  will  ftill  be  the  fame  if  you  make  AB  the 
Abfciffa. 

Note,  If  the  Ordinates  are  not  at  right  Angles  to  the 
Abfciffa,  the  Area  before  found  muft  be  dhninifhed  in  the 
Ratio  of  Radius  to  the  Sine  of  the  true  Angle. 

2.  In  Curves  related  to  a  fixt  Point  B,  let  BDzzy,      92. 
Perpendicular  BT  {on  the  Tangent)  zzpy  Curve  AD  zzv9 

Dr  zz  x.     Area  BAD  ~  z  :  Then  by  the  Nature  of  the 

yx 

Curve  expunge  y  or  x  out  of  the  Equation  z  zz  - —  ;  or 

pv 
expunge  p  or  v  out  of  the  Equation  z  — ?  and  the 

Fluent  will  give  z  the  Area. 

And  if  the  fluxionary  Triangle  BDM  can  be  computed 
any  other  Way,  and  the  heterogeneous  Quantities  expunged 
by  the  Equation  of  the  Curve  \  the  Fluent  will  give  the 
Area  as  before. 

Example    i. 

To  find  the  Area  of  a  Triangle.     Let  the  Bafe  CD      03. 
zzb,  Perpendicular  A^jzzp,  ABzzx,  dD  (parallel  to 

bx 

CD)  zzy:  By  fimilar  Triangles  ^  =: ,    therefore 

P 

bxx              .                                    bxx 
zzzyx  zz  . ,  therefore  the  rluent  z  zz , 

p  2p 

xy 
z  — ,  and  when  x  zz  p,  and  y  zzb,  the  Area  z  zz 
2 

K  k  2  bp  • 
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F  I  G.   hp  .        py  .        pyy 

Or  iince  x  zz  -^f-,  therefore  2  zz  v*  zz  £ZL% 

2  b  b 

pyy  xy 

and  zz-r  zz  ,  as  before. 

2b  2 

Otherwife  thus : 
54.  Let  the  Perpendicular  BCzzp,  BDzzy,  dezzy,and 

by  fimilar  Triangles  Dd  zz  -,  therefore  2  = 

v^—  pp 
1 

-^ ±  Area  £Z>J,  and  £  zz  — ^ ,  and 

2\/l;  ~^  2Vjjy pp 

thenre  z  ~  I  P\/yj  — ~pp.     Now  in  the  Point  C,  y  is 
a  Minimum  z=^>.  Therefore  by  the  Schol.  Prop.  XII. 

P 

firft   the    Part   ABC  mud  be    found,    which  is  — 

2 

s/AB2- — pp,  and  then  the  Part  BCD,  which  will  be 

^  X  \/BD*—pp.     And   the   whole   ^5D  zz  — 
2  2 

\/AB'—pp  +  —x/IW^Jp,  ovlADxCB. 

Ex.    2. 
oIt  Z^/  y^5Z>  fo  tftfy  Parabola,  where  x  zzym  ;  then  # 

zzmym~~yi  therefore  ^zzj^zzwy^j/ ;  and  z  zz 

y^-f-i-.  —  an(j  -f  m~2,  Z  =  jA7. 

» + 1 

Or  /to:  Let  Ab—x,  bD  mjt  x—ymy    then  *  zz 

1       -—1  ,  \     — 

-     y  m     y,  therefore  z  zzyx  =  -  -  y  w  y,  and  thence 
m  u  m        J 

z  zz 
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1        —  — x         i 

2  zz  ■ y  m        zz  • — ^—xy  :  And  if  »;z2,  zzz   F  I  G< 

m+i  m+i 

jjgt  the  Area  AbD. 

Ex.    3. 

if/  FD  be  an  Hyperbola,  CA  —  a,  AF—b,  AB=x>      95. 

-rs-r.        &b                _.                   .         tfAxr  •_  . 

£D  zz —  y.     Then  %  —  yx  = —   bx  — - 

£#*         ,        for1*  bX'X     fj  1     u       a  >fw-nr» 

+    —  . &c.  and  the  Area  ABDF 

a  aa  a1 

_  #**  for*  fof+  £#5  r  _ 

or  z  —  bx  — + +  ,  csV; 

2a  %aa  4aZ  5a* 

Or   (by  Form  4th)  the  Fluent   (corrected)  is  z=z 

a+x 
2.302585*0  X  Log.  . 

Ex.  4. 
L<?/  FD  be  any  kind  of  Hyperbola,  CB  zz  x,  BD=.y,      g$. 

and  fuppofej  zz ,  then  z  =yx  =  x—}tx -,  and  the 

x 

Area  z  —  ~  x1""  = xy,  for  the  Area  CBD. 

1  — n  1  — n 

If  the  Angle  ABD  is  oblique,  that  Area  muft  be  di- 

minifh'd  in  the  Ratio  of  Radius  to  the  Sine  of  ABD. 

If  n  zz  1  the  Space  will  be  infinite,  if  n  be  greater 

than  1  you  get  the  Space  BDE. 

Ex.   5. 
Let  AD  be  a  Circle,  AC  zza,  AB  zz  *,  BD  zzy  zz      96. 
s/  ax — xx,  then  zzzyx=x  s/ax — xx,  whofe  Fluent 


(by  Form  16th)  is  z  =  \/axX  '-  1* 


*i 


§a         4-ja7- 

4.6.9*5  4.6.8^  1 1<^+  3  7 

+ 
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-B         —  C  ¥-D 

F  I  G.  +  ^—  +    ^—  +   if-  &c.  where  A9B9C,&a 

y         are  the  preceding   Numerators.     Or  (by  Form  10, 

aa  2x  —  a     r 

ii,   13)  z  =  —  -----  <p  -| vax  —  xx  (puttings 

=  ,0 1 745  X  twice  the  Degrees  in  the  Arch  whofe  Sine 

is     /  -  ,  and  Radius  1.) 
^    a 

If  AD  be  60%  then  xzz  ia,  and  Area  ABB  zz  T\aa 

24.5  4-4  7  6.4.9  8.4.11* 

to  which  adding  the  Triangle  DBE  zz ^3,  you 

have  I  the  Area  of  the  Circle.     Here  A,  B,  C,  &c. 
are  the  preceding  Terms. 

If  y  zz  \/ax  -+-  xx  be  an  Equation  to  a  right-angled 
Hyperbola,  we  (hall  in  like  Manner  find  zz:^; 

\s-Zx  4- —    4-    ■■' — — 

*'  Su  4.700  4.6. 90*        4.6.8. u#4 

tf  +  2*       y 00 

+  eJV.  or  2  zz s/ax-\~xx  —  ~q~ <P*  where 

0  T           a  4-  2X  +  2\/ ax  +  xx 
n>  zz  2.30258  Log.  — -L Z_I Z 

a 

Likewife  the  Area  of  an  Ellipfis  is  found  after  the 

fame  Manner  as  the  Circle.     Or  if  you  put  c  for  the 

Conjugate,  tis  no  more  than  multiplying  the  former 

c                        c 
Area  of  the  Circle  by  —  .  And  thus multiply'd 

into  the  former  Area  of  the  Hyperbola,  gives  the 
Area  of  the  Hyperbola  whofe  Conjugate  is  c. 

Ex.  6. 

97.  In  the  Ellipfis  FBE%  to  find  the  Area  adjoining  to 

the  Center  A.     Lee  AEzza,  AFzzc,  ABzzx,  BDzz 


j,  then  y  zz  —  \/aa  —  xx,  by  the  Nature  of  the  Fi- 
a  gurc; 


:pi  iv>T»r* 
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CX 

a 


CX  ' 

we;  theni=yi  =  —  \A*— **>  whence  (by  Form  16}  FIG. 


""T""         3                 5                 7             "T" 
B.    for    the    Area    ABDF.    Or    z  zz  + 


97* 


—s/aa—xx,  putting  <P  zz  ^17453  X  Degrees  in  the 

x 
krch  whofe  Sine  is  —  and  Radius  1. 
a 

After  the   fame  Manner  in  the  Hyperbola,  when     98* 

XX 

C  ,  „     ,  CX 


zz  —^/aa  +  xx,  we  find  z  zz  —   + 
a  1 


3 


O  f,nn   U  8x7/7  ^ 


A.aa  ^  6aa  %aa  r  «>  ^  Cas> 

Z~- . — —   &c.     Or  Z  ZZ S 


5  7  9  2 

+  — y/^-l-xx,    putting    <p    zz    2.30258    Log. 

x  +  %/a*  +  ** 

. «pp — —  » 

a 

Ex.     7, 

7*  jJi$  /fe  /fra  ytfD£  0/  the  Ellipfis  ABE,  generated     99, 
by  the  Line  BD  revolving  round  the  Focus  B. 

Let  ia  zz  Traniverfe  AE,    zc  ==  Conjugate,    BD 

fcy,  draw  the  Tangent  D:T  and  5T-  perpendicular 

cy 
to  it ;  then  by  the  conic  Sections  B T  zz  •  y 
V  2  ay — yy 

whence  DT  -zz  — — -        - .     And  by  fimilar 

V  "9  —jy 

Triangles    D  T  :  T  B  :  :  MR  :  RD,     that    is 

" •    •  ^ 

Viay—yy — a- 
whence 
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F  I  G.  whence    z  zz  ^  zz — -^  =,  :      Put 

99^  z  2  y/— cc  +  lay  —yy 

v  zza — j,  pzzaa —  cc  ;   and  (by  Form  27th)  z  zz 

cvv  cav 

— -  ;    whence   (by  Form? 


2V/?  —  vv  2s/P — vv 


ca 


3d  and  10th)  zzz y/p —  vv x  5O1745 

Z.  2 

VV 

Degrees  in  the  Arch  whofe  Sine  is  ^/ — ,  but  when 

P 
zzzo,yzza — y/p,  therefore  correcting  the  Fluent,  and 

putting  $  zz  Number  of  Degrees  in  the  Arch  whofe 

a  — y 

Co-fine  is  — —        -,  and  Radius  1,  then  we  have 
y  aa  —  cc 

1  A  «,„  >GI  74533^0  C 

the    Area   BAD    or  2  -  ;   J33     ■ 

2  2 

%/  —  cc+2ay — yy.     And  the  Area  of    the  Semi- 

ellipfis  AME  zz  ,01745^  X  90  zz  Ira  x  3.141592, 

Ex.    8. 

100.  To  find  the  parabolic  Area  BAD,  generated  by  the 

Line  BD  revolving  round  the  Focus  B. 

Let  a  zz  Latus  Rectum,  BDzzy  -,  by  the  Nature  of 
the  Parabola  the  Perpendicular  BT  zz  \\4jfi.  =./>> 
and  by  fimilar  Triangles  DT  :  DB  : :  il^ic  :^D,  or 


yy 


s/yy—  \ay  :  y  :  :  y  :  v  =  — —  ;    whence  z 

ss  —  =5  -^—  x • ;  and   (by  Form   3d 

2  4         v/j  —  >  # 

and  nth)  the  Fluent  a  = i-^/ay—. \aa . 

12 

Ex.     9. 

101.  £*/  -^D  ^  ^»  Hyperbola,    B  the  Center,  £//=  rf, 

Semi-conjugate  =  £,   BC~x,  Tangent  AT—t,  Or- 
dinate 
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dinate  CD  =y  ;   by  fimilar  Triangles  ay  =  tx,  and  by  F  I  G. 
the  Nature  of  the  Figure  bbxx — bbaa—aayy^ttxx,  and     IOi . 

xx  =    77— — '  •     The  fluxionary  Triangle  BTt  is  to 
bb-tt  /  o 

the  fluxionary  Triangle  BDd,  as  BTX  to  BDZ  or  aa  to 

,        .      a't       -  bbaa 

xx,    that  is  :  2  :  :  aa  :  — \  \  bb  —tt  \  bbv 

2  bb-tt 

.             .        hbbai          ,    .     _.                   <?/  tf/? 

whence  2  =  7; >  and  the  rluent  z  = h 


W  —  //  2         6bb 

at*  aP 

+  — r   +  — T7  ^-  °r  (by  Form  6th)  the  Fluent 
1O0+  14b6  J  ' 

b+t 
zzziabx  2.30258  Log. for    the    hyperbolic 

Seftor  BAD. 

ay  ay 


Or  thus:  Since  t  zz(-~-  zz    — - 
V  x  I 


,     aa 

^/aa+-yy 


bb 

by  •  bly 

—  3  therefore  /  z=  — J      ,   ,  therefore 

y/bb  +yy  bTfy?  * 

labbi  a  by  _   ,     _,. 

2;  ~  (-^ z=)  —  •,  and  the  Fluent  zzz 

bb — //  2^/bb  +  yy 


ay  2yy  4yv  6yy 


by  Form  the  15th.     Or  (by  Form  the  9th)  z  zz  yah 
X  2.30258  x  Log.  y  +  ^Y~^K  -  S&orBAD. 

Ex.   10. 

Let  RD  be  the  Logarithmic  Curve,  ABzzx,  BDzzy,     I02# 
ARzzb,  Subtangent  zz  a,  by  fimilar  Triangles  ay  zz 
yxzzz,  whence  zzzay,  and  (corrected)  Area  ABDR 
zz  ay  —  ab> 

LI  Ex.  1*. 
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Ex.    11. 

F  I  G.       Let  AD  be  the  Cijfoid  of  Diodes,  AEzza,  AB—X, 


03< 


BD—y,  by  the  Nature  of  the  Curve  y  zz 


3 
X 


s/a — x 


therefore  zzzyxzzxzx  X  a—x*  \  and  the  Fluent 
(by  Form  the  10th  and  nth)  is  zzz$  Sectors  CAM 
—^a—i.x \/ax  —  xx,  that iszzz^AMB — ix\/ax— xx. 

Ex.    12. 

104.         Let  ED  be  the  Concoid  of '  Nichomedes,  CAzzb,  AE 
zza^  ABzzx,  BD—y  •,  the  Equation  of  the  Curve  is 

b  +y  s/aa  — yy  zz  xy,  in  Fluxions  y  s/aa — yy  — 
b+y  Xyj  X  aa  — yy     *  —xy+yx,  therefore zzzyxzz, 

.  ; .      h+y     ,      .     N      h  +  y 

ys/aa-yy—yyX-7====  (— #y  zz)  —  - x 

s/aa  — yy  y 

— yy  baa'y 


ys/aa — yy  zz 


— y*y  bazy—2y 


y/aa  — yy  y  s/aa  — yy 

;      whofe     corrected 
s/aa — yy  v—\-\-a1y—z 

Fluent  (by  Form  10  and  if,  and  Form  9th)  is  z  zz 

n  7     T        a  +  Vaa  -  yy 

Ay  s/aa — yy  +  2.302580*  X  Log.  ^ 

+  ,017453  Degrees  in  the  Arch   whofe  Co-fine  is 

y 

—,  Radius  zz  1. 

Ex.    13. 

105.        Let  AD  be  the  Cycloid,  ABzzx,  BDzzy,  AE~2r9 
FC—U,  Arch  AC—v  •,  by  the  Nature  of  the  Circle 

yy yy  .  yy 

2ry—yy—uu,  and  u  zz  -         /    -,  andx>zz-^  :  And 

by 
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by  the  Nature  of  the  Cycloid  x  zz  v  -4-  u,  and  x  zz  F  I  G> 

ry         ry — yy          iry  —  fy 
v  +  u  zz  -z—  +  _± i±—  zz  —f J-  ;  whence  z  = 

u  u  v  iry—yy 

iry  —  yy     .       .    > 

yx  zz  —  y  zzyviry  —yy>  but  this  is  the 

v  2ry — yy 
Fluxion  of  the  Area  AFC,  therefore  z  or  ABD  zz 
AFC. 

Ex.    14. 

i>/  AD  be  the  Quadratix,  ABzzx,  BDzzy,  then  (by     106. 

the   Procefs  in  Ex.   11.  Prob.  VIII.)  x  zz  — -J—  -j- 

3a 

±ry    ,    wy    ,  £:    wdr^vi  2^> 


+  •  +  6JV.     Whence  z  zzyx  zz 


45*3  3l5<^    .  ^ 

4y4y  at6!/   rJ   •     ,  2jy*  4V1 

4-  — J—  +  _~-<-  C5V.  whence  %  zz  -  y f-  _: 

45^5  3  i5^s  90         225^ 

+  -^—  +  fcfr. 

2205^3 

Ex.    15. 

Let  AD   be  the  Catenary,  ABzzx,  BDzzy  Curve     i0~. 
ADzzv,  the  Equation  of  the  Curve  is  vvzziay+yy, 

whence   vv  zz  ay  +  yy*  and  i>?v*  zz  a  +y  XJKS  or 

a+y  X  l£  —  ^2^z  zz  # +j  x  *ua  —  <** ,  whence  av  =■ 

a+yXX',  therefore  z  zzyx  zz  av—ax,  and  z  zzap 
—  #  r. 

Ex.    16. 

Let  AD  be  fuch  a  mechanical  Curve,  that  the  Ordinate  108. 
FD  zz  Arch  AC  of  the  Parabola  whofe  Equation  is  ry 
zz  uw,  putting  ABzzx ^  BD  or  AFzzy,  FCzzu,  Arch 
ACzzv.  Then  v  zz  x,  and  x  zz  ^  zz  (v/yM^zF  =) 
y~y  s/lr+y,  by  Prob. VIII.  then  zzzyxzzyvzzy[y 
V\r-\-y.   But  *z;  zz  Fluent  of y~  fy  s/^r-^y  y    there- 

L  1  2  lore 
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FIG.  f      .     T.            ,             . — : — r    /t — ; —       fv 
tore  by  form  nth,  z  zz  \r  +  iy  viry+yy -. 

Ex.    17. 

109.  Let  AD  he  a  Circle,  to  find,  the  Area  ABD,  extream* 
ly  near  the  Vertex*.  Let  Radius  CA^ia,  AB~x^ 
BD  —y,  then  z  zzyx  zz  x  \Ziax —  xx  ;  but  in  A9 
\Ziax-xx  zz  \Ziax ;  therefore  (by  Cor.  3.  Prob.  II.) 
%  zzyx—xs/zax  ;  and  the  Area  z  zz  f  x  \/ax  zz  \xy\ 
the  Area  in  the  very  Vertex  of  the  Figure. 

Cor.  After  the  fame  Manner  in  all  Curves  of  a 
finite  Curvature,  the  Area  of  the  Segment  extream- 
ly  near  the  Vewtex  is  \  the  Bafe  into, the  Height. 

Ex.    18.  

T       7     ~        .        r      ^  7  ax  -\-bx  4-ax 

Let  the  Equation  of  a  Curve  be  yzz —  ■■  -- — 

fxV+gx°l 
to  find  the  Area  of  an  extreamly  fmall  Part  of  the  Figure , 

,  tt  .  .        ac  +hc  +dc 

when   x  zz  c .      Here   z  zz yx.  zz  —  -~ — .  xx 


^\m 

■  (by  Cor.3.Prop.II.)  therefore  z  zzac  ~*~  c  JL-1 —  x  a-'. 

Where  *  is  a  very  fmall  Part  of  the  Abfcifla. 

Cor.  Hence  the  Area  of  any  compound  Curve 
may  be  nearly  found,  by  finding  after  this  Manner, 
all  the  Parts  of  the  Area,  belonging  to  the  feveral 
fmall  Parts  of  the  Abfcifa,  and  collecting  them  into 
one  Sum. 

Ex.    19. 

110.         Let  BDm  be  Archimedes'  Spiral,   ABzzr,  Arch 
ACzzv,  BDzzy,  by  the  Nature  of  the  Figure  rvzzcy* 

whence 
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whence  v  zz  — ,  and  by  fimilar  Triangles  v  zz 

r  y 

cyy  cyyy 

whence  x  zz  -~J-  ;  therefore  z  zz  — ±-;  and  thence 
rr  irr 


:he  Area  BED  or  z  zz 


6rr 


Ex.   20. 

LefgypCbe  the  reciprocal  Spiral,  Radius  ABzza,     111. 
kxchACzzb,  Arch  AP  zzv,  BD  zzy ;  the  Nature  of  the 

Hurve  gives  ab  zz  vy,  whence  vy  +yv  zz  o,  and  v  zz 

—vy                                 .             •        ax 
— — ,  and  by  fimilar  Triangles  v  zz ,  whence  x 

{zZ±,  therefore*  =  >±   =  iJ*    =  ZZ*L 

a  2  2a  oma 

—by  ——by 

-  ■ — — ,  and  z  zz -,  and  when  corrected,  the 

2  2 

BC—BD 
Area  BCD  or  zzz  b  x . 


Ex.    21. 

Let  £>pC  be  the  proportional  Spiral,  whofe  Nature     in. 

,.  .  .         by  yx        hjy 

s  by  zz  ex,  or  x  zz  — — ,  therefore  z  zz  - zz  -y-  : 

c  2  2C 

by7- 
And  z  or  the  Area  B9D  zz  -z—. 

¥ 
Ex.  22. 

Let  BED  be  a  Kind  of  Spiral,  BDzzy,  Arch  AD     n2. 
'whofe  Center  is  B)  zz  v,  and  let  its  Nature  be  ex- 

xefs1d  by  this  Equation  avx  zzy3,  or  y  zz  aJv^,  and 

I       I     .  I       JZ 

v    ^v,  whence  zzzvyzz h-a^v'v,  and  the  Area 
2  zz  \a'v'  zz^vy  for  the  Area  ABED. 

Ex.   2j. 
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F  I  G. 

Ex.  23. 

Let  the  Equation  of  a  Curve  be  asxzyz—x9~a6y*,  put 

xx 

y  = ancj  the  Equation  is  transform^  into  &2 

z  

*-  ***i  =  a*.    Whence  *  zz  £f!f=f!, j=  a**3^ 

and  at  zz - and    jar  zz 

22;  y>asz —  i^  7 

7^52:2;  —  ^52i;  4-  a6z  a6z  2a"z        A 

Anc 


z*                           %?  3z+ 

#6  20*  ^6^ 

the  Fluent  =  -^-  +    —  zz   — ^- 
2  a^ 


<$ 


for  the  Area. 


9#c 

Ex.  24. 

237.         Let  the  Equation  of  the  Curve  be y*—6azyz+4xzy 

V — y*  +  6azyz — a+ 
-f  #4- 1=0.     By  Reduction  *  zz - 

1  '  2y 

y4 — 2#1yz-M4                   .       yy  —  aa 
let  -— —  vv9  then _  zz  v9  anc 

Ayy  2V 

aa — yy  ,  jy*— 2d2jy24-^ 

_  zz  1; ;  and  aa — vvzzaa 

2y  4yy 

=  ,"""-?  "*" — ^_—  =  ##.  Therefore  * =  </aa—vv 

From  the  two  Values  of  v*  we  (hall  have  yy—aazz 
nh  219s  and  j  =  Hh  1;  4-  \Aw  +  w,  and  j>  =  ±  ^  4 

—  ,  then  the  Fluxion  of  the  Area  xy  ^  +% 

\Zaa-\-vv 

. vv\/aa  —  vv  aav—vrv 

V aa—vv    +    ■'   ^ —  =   4-  — z^zzzr 

v/tftf  4-  w  >/aa— vv 

aaw 
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2«vv    v'> —  j  whofe  Fluent  is  had  from  Form  10, 

\Za±—v* 


fc.  of  the  Table. 


Ex.    25. 

Let   the   'Equation  cf  the   Curve  be  x?+yi=:axy.     238, 

CLXX 

>uty=- -,  and  the  Equation  is  transformed  to 

vv 

azv^  —  v6 
6+#V  =a*v*.     Then  x^—  — -,    and  3^^ 

\   AWv-to'v,  and  the  Fluxion  of  the  Area  yx 

a* 

axx         ^axv^v 6v5v        4a1  vv  —  6v*v      ,    r 

vv  %xxa>  Zaa 

2alvz  —  iv±         2W         v*  2ax* 

'luent  is * a= = 

%aa  3  2aa  ■  ^y 

w 

Ex.  26. 

To  find  the  Quadrature  of  the  Curve  defined  by  the 
Iquation  axx+bxfXyv+cyrzzO. 

Put  yx  =.  uz,  and  z  = Then  y  ==  -— .  = 

j  x 

1  ss  «j '  *   2  «  ,  becaufe  #  —  jz'  .     Therefore 
ie  Equation  is  transformed  into  this   as  zs  +bufx 

1       X  2       '       -f-  curs    s     x  2   '      =0.    Di- 
ide  the  Equation  by  j      '        xz       '      >   and  we 

A — p— t — 1.1  X— ^— i — I.y 

iall  have  <w  X  2  4-  £«y  4-  '«T  X 

5 
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s        *        x  z  ==  o\    Now  to  make  2:  vaniffi 

out  of  the  laft  Term,  put  its  Index  - — ^Z^ZJt^.^ 

u.  A— i*—s — I.i/  At— u.t — At 

then  s  = +  1  j  and  :  = t — 

=z  7t,  by  Subftitution.     Then  the  Equation  comes  to 
this  as-z17  +  bw  -h  <^T  —  o,  and  confequently  sz  a 


^     v  _    jL#*  I  •      Therefore  F:uz  zz  uz —  F: 


a  a 


zuzzuz  —  F:±^L  w  —  Lu\   •  But^  = 


s  a  a 

xs  ,  ux' 


yx  -,  alfo  z  =z  — ,  and  uz  zz  1 =  —  X  «*'— x  = 

^  j  j  j 

— .     Therefore 


^=2-F:Ax^^i/,    the 

s  >  a  a 

Area.     Hence 

1.  For  Example,  let  x*—axy+y*zzo9  then  F  :y& 

2xy         _         .      v 

22  — F:  zux  au—uy* 

3 

xy 

2.  Let  *•*— K^+^y  :=o,  then  F:yx  = JF: 

4 


4.X**— gg 

Scholium. 
It  may  not  be  improper,  in  this  Place,  to  infert 
(from  the  Tranfadtions)  a  general  Method  for  deter- 
mining the  Quadratures  of  Curves,  with  its  Invefti- 
gation. 

Let 


and 
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Let  the  Equation  of  a  Curve  be  ym  +  ax"  +  ly?  x* + 

cyr  xs+dy  xu  &c.  no.     And  its  Area  Ayx +By*x  f+ 

Cy5xh+Dyl  xk  +  &c.  =  Fluent  of  yx.  Put 
thefe  two  Equations  into  Fluxions,  and  make  the 
twoValues  of  y  equal  to  each  other  (expunging 
ym—  ■  by  the  Equation  of  the  Curve)  and  we  have 

anx""'1  +  bqy  xq~~l   +  csyr  Xs""1   +  &c. 
—  >naxny-1   +  p by?"1  xq  +  r  cy~x  *'  &c. 

£  y  +fByl  xf~l  +  hCyg  xb~l  +  &c. 

Ax  +  lByl-1xf  JrgCyg-lxh   &V. 
multiplying  the  Numerators  and  Denominators   al- 
ternately, there  arifes, 

an  Ax"  +  bqAyf  x*  -+-  csAy  x'  "J 

+  anlByl~1xf+"-1  +  %^>+;*-^/+f-«  L  &c%    zz 
+  ganCyz—1  xb+n—J     J 

T^A>max»+7^2x™  hy* x        +  l~j  X^m cfx*  ^ 

—  mafByl-ixf+»-^mbfByP  +  1-*  #frt* t~i  Y&f; 

+  mabCyz—1  xb-i-n—1     J 

Now  for  determining  the  Indices,  compare  the 
homologous  Terms.  Thus  p~I- — 1,  whence  Izzp  +  i. 
Again  r~p+l — 1  zzg — 1,  and  thence  rzz2p,  and 
g  —  2p+i.  After  the  fame  Manner  tzz^p^  /*  z=  3/) -|- 1 . 
Put  e+nzzq>  and  then/~*+i,  s—2c-\-n,  £zz  214-1, 
«zz3^-f«,  ^  =  3^+1,  £s?f.  Therefore  the  Equation 
of  tne  Curve  will  be  in  this  Form,  ym  -\-axn  +byf  xe+n 
+cyzf,xzeJtn -\-dyVxv+n  &V.  =  o,  and  its  Quadrature 
jfyx+By**1  x'+I  +<^+V*,+Jfc^y,+l  ftfc. 
cs  Fluent  of  yx. 

M  m  Next 
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Next  for  determining  the  Coefficients  A^  By  C, 
&c.  Put  the  Coefficients  of  the  homologous  Powers 
of  x  equal   to  each  other,  thus  anA  zz  i  -—  A  X  ma% 

whence  A  zz  — -—  .     After  the  fame  Manner  B  zz 

m—p  1     £ r___ 

+  p  —  m  —  e  —  nX  A  J     amxe+i+anxp+i 
m  —  ip  x  c  1 

jr2p—2e~in  —  nxcA      fx — - 
i+^Pj.7^+.7&.fFiX;--bBJ    ax'.nwe+i+nxzp+i- 

Hence  therefore  if  y m  -f-  axn  +  h  *  x       '  +  cy  ^  x  ze 
jirdy'i'X^e+n  &c.  zz  o,   then  the  Fluent  of  yx9  or  the 
Area  of  that  Curve  isy 


+  —zrJ*<\ 

m-\-n 


i 


+  / — m — e  —  nX  Ah       J        am  X  e-rl  -±- an  X  p+l 


+  m  —  2p  X  c 

+  2/>  —  Ze  —  m  —  n  X  cA 

+  ;  ^ZTp  x7+T  +7+S"x/+T:  X  —bB}        amXzt+i  +  anXzp+l 

4-  m  —  ^pX  d 


•+-  3?  —  y  —  m  —  n  X  dA  (  ^M-^H"1 


+  :  m— zpXe+l  +2e+nXp+i  •  X~cb  r  v  — r;  

r  V    •    amX$c-f-i  -I-  a?iX  $p-\-i 

4-  ;  *-*•/  X  2*4-i  +  *+«  X  zp+ 1  :  X  —  bC  J 

+  ;«  —  4/>  X  *  1 

4-  :  4/'  —  4/  —  >#  —  »  I  X  ^  / 

-]-  •  «— 3^  X  H-1  +3-+"  X/>-f  i:X— ^'.> 


+  s /V;— 3/,  x  M-i  +  y+«Xj»+i:x^  x  1 

4-:/^7  X  3.4-1  -f  f-j-«X  3P-^i:X-lDj 

r.  Here 
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1.  Here  note,  A,  B,  C,  D  &c.  reprefent  the  flrft, 
fecond,  third,  fourth,  &c.  Terms,  only  leaving  out 
the  Powers  of  x  and  v. 

'  2.  This  Series  fometimes  gives  the  Quadrature  of 
a  Curve  in  finite  Terms  ;  particularly  in  Trinomials 
(that  is  whofe   Equation  confifts   of  three  Terms), 

e—p+m +n     . 

when   is  a  poiitive  whole  JNum- 

—  em  —  pn 

ber ;  to  which  add  1,  and  you  have  the  Number  of 

Terms  in  the  Series. 

3.  But  in  Curves  of  more  Terms,  there  are  fe- 
veral  Conditions  requifue  to  their  exact  Quadrability, 
which  it  is  needlefs  to  enumerate,  becaufe  fuch  Curves 
feldom  admit  of  an  exact  Quadrature.  It  is  fufficient 
toobferve,  that  if  Nzz.  Number  of  Terms  in  the  Equa- 
tion of  the  Curve,  they  will  fometimes  admit  of  fuch  a 

Ne  —  ie-\-2p  —  Np+m-\-n 

Quadrature   when  — +  1 

—  em — pn 

s  a  pofitive  whole  Number,  but  never  elfe ;  which, 
Vumber  will  then  fhew  the  Number  of  Terms  in 
the  Series,  that  confiitutes  the  Area. 

4.  When  the  Quadrature  of  a  Curve  is  required 
3y  this  Series ;  reduce  the  Equation  of  the  Curve 
to  the  preceding  Form,  and  comparing  the  homo- 

ogous  Terms,  the  Exponents  and  Coefficients  will 
be  eafiiy  determined  ;  which  mud  be  fubftituted  in- 
to the  foregoing  general  Series  as  ufual.     And  when 
ny  particular  Terms  are  wanting  in  the  given  Equa- 
ion,  then   the  refpeclive  Coefficients  will  be  o,  and 
hofe  Terms  of  the  Series  wherein  they  are  found 
will  vanilh. 

5.  And  we  mull:  fir  ft  of  all  enquire  whether 
t   will   admit  of    an   exact    or  ^geometrical    Qua- 

rature,  and  if  it  will  not  admit  of  it  in  one 
brm,  it  may  in  another.  To  this  Purpofe  we 
iuft  divide  the  whole  Equation  by  fome  Powers  of 
and  y  •,  fo  that  in  the  refulting  Equation,  there 
M  rn  2  may 


268  The    Doctrine 

may  always  be  one  Term  without  x  and  another 
without  y  •,  for  this  Condition  is  abfolutely  neceflary 
to  the  Equation  ;  and  thus  you  will  have  a  new 
Form  :  And  this  we  mud  do  as  oft  as  poffible.  Now 
the  Number  of  different  Forms  any  Equation  will 
admit  of  is  NN—N,  putting  JV'zz Number  of  Terms 
in  the  Equation, 

6.  If  it  admit  of  fuch  Quadrature  in  none  of  thefe 
Forms,  try  to  find  the  Complement  of  the  Area, 
by  writing  x  for  y  andjy  for  x  in  the  Equation  of  the 
Curve  •,  and  then  proceeding  with  the  new  Equation 
in  all  Refpe<5rs  as  before. 

Example     i  . 

Let  /-f^-^vro.      Here   mzz^9  nzz^  p~*% 

e  zz  —  2,  azz  1,  b  zz  —  £,  and  — —  zz  1 

_  em  —pn . 

whence  the  Curve  is  geometrically  quadrable,  and 

the  Area  zz  I  xy = — . 

bx 

Ex.   1. 

11  1 

Suppcfey"  _  ax*  +  ry?xz  zz  o.     Here  m  zz  I,  n  M 

7  c      1        e  —  p-\-m+n 

*>  a=z  —a.  b~r  ,  pz=z7>  e  =s  % :  then - 

— em  —pn   . 

Sr 
=  1  ;    and  the  Area  =  ff  xy  H y8#-|. 

Ex.    3. 

Let  y* p~ x6  +  -j-yzx*  zz  o  ;  here  the  Curve 

is  not  quadrable  in  this  Form,  therefore  divide  byyz+ 

and  then  1  +  -y*+ *6  y^x6 zzo,  where  mzzo, 

0  =  4» 
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g  4  per 

nzz^  p-—i,  ezzi,  *=-p  b  = -j— ,    and 

■  ~  ■ —  1  ;    whence  the  Area  zz  -- — % 

—  em  — pi  y 

Ex.  4. 

Let  yz  —  ax*-1  —  iaylx  —  afx*  zz  o  5    here  m  3S  2, 

nzz —  I,  a~ — a,  bzz —  2#,  czz — a%  pzz 3,  £  —  2, 

2^ — 2p  +  m  +  n 
whence =  1  ;  and  the  Area  or 

—  em  — pn 

the  Figure  is  zt  ixy —  l#y  :    For  all  the  following 
Terms  of  the  Series  will  be  nothing. 


PROB,     XI. 

Ho  find  any  Number  of  Curves  that  may  he  fquared. 

Let  the  Abfcijfa  ABzzx9    Ordinate  BDzzy,    Area  p  j  q 
ABDzzz.     Ajjame  any  Equation  between  x  and  z,  this     jj- 
will  determine  the  Area  :    From  that  Equation  get  z, 
and  fubftitute  its  Value  in  the  Equation  zzzyx^  and  this 
will  give  the  Nature  of  the  Curve. 

Example    i. 

.  Let#l:zz,  whence  ixx zzzzzyx,   whence  yzz ixf 
and  the  Figure  is  a  Triangle. 

Ex.   2. 

Let  ax>zzz*,  and  z  =  \  alx"  xzzyx,  whence \\/7x 
zzyy  an  Equation  to  a  Parabola. 

Q.X  ZX 

Likewife  if  x*zzaz9   then zzzzzyx;  whence 

$xzzzay,  an  Equation,   again,   to  the  Parabola. 

Ex.  3, 
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Ex.    3. 

Let  W'33**'1  wlience—  ~*=ii=jr*5  there- 

fore xx  =:y>  whence  y  being  negative,  lies  on 

the  other  Side  of  AB. 

Ex.  4. 

Let  ccaa+ccxxzzzz,    or  zz  c^/aa+xx ,    then 


f## 


2;  r: 


jy^s  therefore  ^ 


eg 


3* 


\/aa+xx  \/aa+xx 

Ex.   5. 

=l5   then  i^'.^-v^T^S 

JWi  and   therefore  jy  =  -3f-</aa+xx . 

Ex.  6. 
Affume  ^— .3^2+12  z=2;%    then  |i;—  3^—1 
3**  =  2zz,  and  z  zz  ,_^_22;   zzj*;  therefore 

,   out  of  which  z  may  be  ex- 


f  —  3* — 2;2 
punged  by  Help  of  the  aflumed  Equation. 


Ex, 


Let  e  +fx''\  zzzy  then  z—mnfxn~lxxe+fa^ 
~yx  i  whence^  zz  mnfxn—J  Xe'+'fx*      '• 

P  R  O  B. 
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P  R  O  B.     XII. 

iny  Curve  ABD  being  given  ;  to  find  any  Number  FIG, 
of  Curves   ACE  whofe  Areas  fiall  have  any 
ajjigned  Relation  to  the  Area  of  the  given  Curve. 

Let  ADF  be  any  Curve  referred  to  an  Axis,  or  114* 

IDF  any  mechanical  Curve,  whofe  Complement  is  H5- 

4BD\  or  ADH  any  Spiral  defcribed  by  the  Arch  116. 

?Z>,  whofe  Center  is  A.     ACE  the  Curve  required,  !*7- 
yhofe  Relation  to  the  firft  is  given. 

Put  AB  =  xt  BD  =zy;  Area  ABD  =  z. 
AC  =  v,  CE  =  u9  Area  ACE  =:w. 

Affume  any  two  Equations,  one  of  which  may  contain 
he  Relation  of  the  Areas  z,  w  *,  the  other  the  Relation 
f  the  Abfciffa  or  Ordinate  of  the  given  Curve  AD 
x  or  y)  to  the  Abfciffa  or  Ordinate  (v  or  u)  of  the 
ther  Curve  AE.  By  Help  of  thefe  two  Equations,  and 
his  third  yx^z,  expunge  all  Quantities  as  far  as  poffibley 
xcept  v  and  uy  out  of  the  Equation  uv  zz  w,  and  you 
nil  get  an  Equation  for  the  Nature  of  the  Curve  ACE  : 
Ind  the  fecond  affwmed  Equation  will  determine  the 
Quantities  of  the  Abfciffas  orOrdinates  of  the  two  Curves 
)  have  the  required  Relation. 

Ex.  1.    Let  AD  be  a  Circle,  whofe  Equation  is     II4# 
x—xxzzyy.     AfTume  axzzvv,  and  z=w,  then  x  =      nyt 

VV  ...  2VV        — 

■— ;  whence uv~w~ z=  yx — </ax — xx  = 

a  J  a    v 

'.VV  f~         v\  2W       

——  \/  vv — ;  therefore  u  =. +/ua—V'u,  the 

0  aa  aa  v 

Equation  of  the  Curve  whofe  Area  is  equal  to  that 

r  the  Circle,  when  ax  =  vv. 

Ex.  2, 
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PIG.      Ex.  2.  Let  ax  —  xx~yy  as  before,  and  ax+z=v\ 

4'     and  zzz.w.     Then  uvzzw  zzzzzyx  zz y  zz 

117.  J  a      J 

v — uv      xTT1  y  —  uy  y 

y:  Whence  #zz ,  or  u  zz  — 7—  ,     an 

a      J  a  a+y  ' 

Equation  to  a  mechanical  Curve. 

Ex.  3.  Again  Jet  ax  —  xxzzyy,  cx+zzzw9  and  an 
»  »  # 

zz  vv.      Then   uv  zz  w  zz  ex  -\-  z  zz  ex  +  yx 

2CVV  2VV       /     .        V*r  2VV 

■ ^ J  vz—  —  .     Whence   u  zz x 

a  a    v  aa  aa 

2CV 

\/aa — vv    +  • 

^  '       a 

Ex.  4.  Let  ax — xxzzyy  as  before,  and  aflume  z  — 

2jy?  •  2yzy 

zzw,  and  #zz<y.     Then  uvzzw  zz  z ^ 

3a  a 

2ViV  2XX  ,  2VV' 

zzyx  —  —   -  zz   — —   x     y/ax  —  xx    zz    • 

'  a  a  v  a 


2V 


y/ av — vv  ;    hence  u  zz \/av — vv 


a 


Ex.  5.  Again  let  ax—xx  —yy,  and  z1  =  w,  x  —  v*t 


T  hen  z/i;  zz  w  zz  2  2;%  zz  2  z)vv  zz  ^zyvv  zz qzvv^/ax  —  #a 

zz  4ZWy/avz  — v4-  zz  42i>i'u\/tf— ?/*  :     Hence  a  ij 
4J*f«V^~w,  an  Equation  to  a  mechanical  Curve. 
98.         Ex.  6.  Let  tff+Awzzj)^  an  Equation  to  an  Hyper* 

11 7*     bola  j  and  afiume  zzz<k;,  xxzzcv.     Then  uv  zzw 


cv  ,  ~ cv 


z  zzyx  zz  — -—  X  vA' + cv  zz  -    y/o>  -f  vv.    Hence 


#  zz  — k/cv  +  ^  • 

Ex.  7.  Let  cc+xxzzyy  as  before,  and  ry  —  ^zzsfl 
xx  zz  cu.      Then    uv  zz  w  zz  xy  -\-  yx  —  z  zz  xy  zz 

xxX  cvv  cv 

Hence //zz 


\/cC-\-XX  2^/cV-\-VV  2^/c<v\<uw 

Ex.8 
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xx 


Ex.  8.     Let  y  =  — an  Equation  to  the  FIG, 

\/ ax — xx  I0^ 

"iflbid  -,    and  s/ax — xx  4-  iz  —  w,  and*"^.         '" 

o 

... 2axx — 4-xlx 

1  hen  uv+zvzz  | x  Xs/ax—xx  -) »      _    +  J- 


6vA* — s$ 


tf* —  aw 


v/## — 


#* 


x  ~  Xs/ax  —  xx   rz  vy/  av —  zv 


rlence  «  —  y/av—Wi  an  Equation  to  the  Circle. 

Ex.  9.   Let  yzzdxr  x  *  4-/*^  ;  aflumezzzze;,  i>zz     u4# 

117. 


■%#* 


+ /*"  I    ,  then  will  x 


f 


,  and*  ac r~ 


w^/" 


(  v 


vzzz  zzyx 


,  jzz<fo  X 


v 


f 


;   whence  #£  ~ 


= ^pr  x*  —e\ 


:    therc- 


/»»/ 


-f  * 


dvm 


ore  «  = 


1      i,       \ 
X  v  —  e\ 


mnf 


Ex.  10.  Let  BD  ory  zz  Arch  yf#  of  the  Parabo-      11S. 
2  ^i£,    whofe  Equation  is  ^zzj^,  putting  ARzzpy     117. 

?^zzj,  Tangent  T^-^  j  then  /  =-^- .      Now  af- 

ume  2  r  w;,  _y  r  v,  then  will  «v  =  &  z:  £  zr  j*  r: 

T>JJ  21\TJ0  2^.Y    •  2^*  2VX    . 

N  n  can- 
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2VX 

FIG.  confequently  u  rz  — — ,  a  mechanical  Curve. 

115.  Ex.  11.  Let  AD  be  a  Cycloid,   Diameter   of  the 

117.  generating  Circle  zz  #,  FGzzs.  Aflume  jzzi^  zrw, 
then  by  the  Property  of  the  Cycloid yxzzjy-9  whence 
uv  zz  w  zz  £  zz  yx  zz  sy  zz  sv ;  and  therefore  u  zz  s  ; 
confequently  yf£  is  a  Circle  the  fame  with  AG. 

Ex.    12.    Let  AD  be  a  Figure  of  Arches,  where 
Arch  AG  zz  AB  zz  x.     Aflume  yzzv,  zzzw.     And 

by  the  Property  of  the  Circle  x  zz  — —--=L 

Then  uvzzwzzzzzyx 

Hence  u  zz  - 

2^/av — vv 

116.  Ex.  13.    Let  AD   bt  the  Spiral  of  Archimedes, 

117.  whofe  Equation  is  by  zzxx->    and  aflume  xzzv>  and 

...         .         •         XX,  .  vv  - 

zzzw  j  then  ^u—wzz^zzjxzzjyz;—  — 7- 1;  zz  ~r~rv 

whence  buzzvv,   and  AE  is  a  Parabola,  convex  to- 
wards A  C. 


2s/ay  —yy 

avy  avv 


i\/ay  — yy       2^/av — vv 
av 


PROB.    XIII. 

To  find  the  Surface  of  a  Solid. 

As  the  Fluxion  of  any  Space  is  equal  to  thd 
defcnbing  Line  drawn  into  the  Fluxion  of  the  Axis; 
i'o  the  Fluxion  of  the  Surface  of  a  Solid  (generated 
by  a  Line  revolving  about  an  Axis)  is  equal  to  the 
Periphery  of  that  Circle  drawn  into  the  Fluxion  of 
the  Line  generating  that  Surface.     Therefore 

Let 


Sett.  II.         c/FLUXIONS.  275 

Let  the  Afafa  AP  zzx,  Ordinate  PMzzy,   Curve  F  I  G« 

AM  (or  BM)   zz,  £  =  3.141 6x2  zz  the  Circumference  119, 

f  the  Circle  whcfe  Radius  is  1  ;  then  to  find  the  Surface  1 20. 

s  generated  by  the  Curve  AM  revolving  about  the  Axis  121. 
AP  ;  by  the  Equation  of  the  Curve  expunge  one  of  the 
ndetermined  Quantities  and  its  Fluxion  out  of  the  Equa- 


tion s  zz  cyz,  or  cyy/xz  4-j/1  ;  and  find  the  Fluent. 

Example     i. 
Let  ABB  be  a  right  Cone,  ABzza,  BCzzb,  then     I2r 

bz                                  .        cbzz         ,  cbz7- 

f  zz  — ,  therefore   s  zz  cyz  zz ,  and  s  zz  — — 

a  *  r  a    '  2a 

zz  -^- .     And  the  Surface  of  the  whole  Cone  ABD 
2 

zz  ^xABxBC. 

Ex.   2. 

Let  AM  be  a  fpherical  Surface,  Radius  zz  0,  by  the     1*9. 
*roperty  of  the  Circle  ax  zzyz;   therefore  s  zz  cyz 
zz  cax,  whence  s  zz  cax. 

Ex.    3. 

Let  AM  be  a  parabolic  Surface,  ay  zzxx,  then  y  zz     120. 


,  whence  jzz<tj  y/ a  z+jyz  zz  ^^+4**  : 

caax+Scx* 


,nd  the  Fluent  (corrected)  is  5  zz >/aa\^xx 

ca%                   0    T           2x+y/aa+4xx 
-  "5^7x2.302585  Log. ,  found 

>y  Forms  the  9th,   nth,   and  13th. 
Ex.    4. 

Let  axm   zz  ymJr  1  be  an  Equation  to  infinite  Parabolas. 

I        \ 

5y  the  Procefs  in  Ex.4.  Prob.  VIII.  zzzy^/i  +bym -, 

N  n  2  whence 


119. 
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/ L        ■£+*     I ~f 

FIG.  whence  s  zz  cyy\/i  +bym   zz  cym     y^/  b  -f  y 

119.  f 7 

Therefore  the  Fluent  of  £  or  rfrjjv'1  +  ^V  m  WM  be 
had  by  Form  the  15th,  when  m  is  the  half  of  any 
negative     odd    Number :     And    the     Fluent    of 

-j.+I    / — n 

cym  ys/  b  +y  m  will  be  had  alfo  by  Form  the 
15th,  when  m  is  any  pofitive  whole  Number.     And 

/  I 

likewife  the  Fluent  of  cyyy/  1  +  bym  will  be  had  by 

Form  the  nth  when  m  is  the  half  of  an  odd  Num- 


--'        ( L 

ber;   firft  finding  the  Fluent  of  cym     ys/i-\-bym   , 

by  Form  the  9th  and  13th.  In  other  Cafes,  Form 
the  15th  or  1 6th  will  give  the  Fluent  by  infinite 
Series. 

~        jr  i  c        \i      caa 

Cor.  Ir  mzz  1,   then  s  zz —  Xaa+4-yv . 

Ex.   5. 

1  z  1 .         In  the  elliptic  Surface  BM,  whofe  Center  is  A,  let 
AD  =  a,    ABzzb,  AP=  x,    PMzzy  ;    then  y  zz 

bb  —  bbxx 

bb  —  —  xx9  and  y  zz —  _     _,  and  z  ± 

aa                        a^/aabb-bbxx 
bx -, —       bx 


j 


y/x-+y>  =  —yy/a^™xx+bbxx  —  —^a*+ddxx>i 

cbx 
putting  aa  c/}  W  zz  <&/.     Therefore  /  zz  92;  zz 

x/a*+ddxx.  Let  j^zz  ,01 7453  x  Degrees  in  the  Arch 

whofc  Sine  is  ,    when  a  is  greater  than  £.     Or 

ifi                    o  t         dx+s/a^+dJxx  t 

i^zz  2.30258  Log. ■ — ■ — ,    when  a  is  lefs 

than  b.    And  we  fiiall  have  (by  Form  iothand  13th, 

or 
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,     ^  1       1       1  x  c^aa  ^      FIG- 

or  by  Form  the  9th  and  13th)    s  =   ■  ^  •  <^  + 

. +/a*+bb—aa.x%>   for  the  Surface  BM  revolving 

2^  ^  ° 

round  ^P. 

Ex.   6. 

7/z  //fo  Hyperboloid  BM,   defcribed  by  revolving  about     I2 - 
AP,    lee   the   Semi-conjugate  =1  b,    Semi-tranfvers 

ybbxx 
— bb% 

bxx  -  bx       -  -  • 

y  —  —7^7 — -,  and  v/#*-f-j/a  =  —\/ddxx~a*% 
as/xx—aa  aaJ 

putting  ddzzaa+bb.     Therefore  /  —  cy^/xz+yz  rs 

x/ddxx  —  <z+  j  whence  (by  Form  the  9th  and  1 3th) 

cifX       *jj '  c*aa  O  T 

s  -  "2^"  ^ddxx  ~a* 2T~X  2'3°258  LoS- 

/fc  -f-  s/ddxx —  a* :     And    the  Fluent  corre&cd, 

cbx       ebb  cbaa 

I  =  ~2^  Vddxx  —  a* +  — i-X2.30258 

_  da-\-ba 

Log.    ■     ■ . 

♦  dx+^/ddx*  —  a+ 

Ex.  7. 

To  find  the  Surface  defcribed  by  the  Hyperbola  revolving    124. 

round  the  Conjugate  AC.  Here#=  ir\/bb-\-yy~  and  xzz 

id 


«yy       :_,  .— -.     .  /  w  +  ^ 


,  and  v/f*  +jF  ~yj 


bb 


by/bb  +yy  v        #  +  yy 

The  Circumference  defcribed  by  Mis  <rx,  whence  i  s 

ca         /        alt 
cxz  =  —^-yy/bb  -f  —  jy  .     And  (by  Form  9  and 

13) 
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F  I  G.  cay      /         "dd  2.302585^^* 

l3)s  =  Trx/^  +  1Fyy   +     ^ X 

<fy     ,      /       Idyy 

Ex.  8. 
Ij22.         i#  /£*  f/f/&"/  angled  Hyperbola  CM,  let  ^P  zz  #,. 

PMzzj,  and  aazzxy,   andj/  zz zz  -, 

x       

whence  v/^7-+y*  zz  — y^^4+^+,  and  therefore  i  zz 

XX 


caax 


cyx/xlJty2'  zz  ■ — \/a+  +x+  'zz 


*3  v/i +***—* 

caaxx 

+ - .     Whence   (by  Form  3  and  9)  j  zz 

v  a*-\-x* 

caa  _     _.  r caa    - — s — 

— -  x  2. 30258  x  Log.  *z  -f  y/a*+x* :  —  — tX/a*+x*. 

But  in  C,    let  #zz#,    and  jzzo,  therefore  the  Fluent 

caa  caa       — caa 

Correfted  >s^^  -  l^tf*  +  **  +  —  K 

2.30258  Log. ■■■  ■       ■   - ,   for  the  Surface  de- 

aa  x  1  +  v/2 
fcribed  by  CM  about  the  AfTymptote  AP. 

Ex.    9. 

I2/.  Ztf  the  Ellipjis  Mm  revolve  round  the  Line  AP  per- 

pendicular to  the  Axis  CA.  Let  CAzzd,  RMzz§mzzzy 
then  s  zz  cz  X  PM+  cz  X  Pmzzicdz.  Whence  s  zz 
2cdz.  And  the  whole  Surface  defcribed  by  RD^zz 
cdx  Semi  -periphery  RD£K 

Ex.  10. 

^  To  find  the  Surface  of  the  Ungula  of  a  Cylinder  cut 

off  by  a  Plane  FgK     Let  F  be  the  Vertex,   ADZ  the 

Section 
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Se&ion  made  by  a  Circle  perpendicular  to  the  Axis  ;  F  I  G, 
FD>   NI  Perpendiculars  on  the  Plane  of  the  Circle     I26. 
ADZ  ;   DC,  IP  Perpendiculars  on  AZ. 

Put  CD—d,  DFzza,  Radius  of  the  Cylinder  mr, 
DI—z,  CPzzx,  then  r —  d+PIz=. Cofine  of  zzzy9 
or  Plizy+d — r ;  and    by  the  Nature  of  the  Circle 

rxzzyiy  and  by  fimilar  Triangles  Nl—  —7  xy+d-r-> 

!_  «■ r  •    -,r     J        az      3 —         arx  az 

but  s  zzNIxzzz  -j-  Xy+d-r  =  —j-  +  ~j~X 

_  arx  az        

d — r  :  Whence  s  r:  —f~  +  —j-  X  d — rj      and 

the  whole   Surface  ZFADZ  —  ax  ADZ  —  -^- 
X  Arch  ZDA—  Cord  Z.£ 


Ex.  11. 

/,#   /£*  Ciffoid  NM  revolve  round  the  AJfymptote     j2; 
vfP-,     let  AN=a,  APzzx,    PMzzy,  then  is   *  =: 

tf — v)                 a—YtZ         ,            .         — #y — 2vy 
•  =  —  ;  whence  x  = £ :££ 

\/a)—j)  >  therefore  z  =  -^    /        3- ;  confequent- 

2y  \t         y 

From    whence  (by   Forms  the  9th  and  13th)   jn 

caa  '  

ica^/ay  +  2yy+—  X2.3025L0g.tf +6^2^3*7  +  0^: 

and  the  Fluent  being  duly  corrected,  smxay/ay+qyy 

2.302  c2$caa     T        ^-r-6y  +  2v/^tfv-hQyv 
—  ctftf  -+-  « — ; x  Log  - 


a  X  7  +  4v^3 

Ex.  12. 
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Ex.     12. 

FIG.       Let  DM  be  the  Log.  Curve ;  to  find  the  Surface  it 

128.     defcribes  by  revolving  round  the  Affymptote  AP.     Put 

Subtangent  PTzza*  ADzzb,  APzzx,  PMzzy.     By 

ay 
the  Nature  of   the   Curve  x  zz  -  -  :  Whence  s  zz 

3 

u&V7'  - 

cy</ — —  +yl  ±  cy^/aa+yy  ,  and  by  Form  9  and 

y^        , 

13)  s  zziy  \/aa+yy  +  ^ora  X  2.30258  Log.  y  + 
y/Ta^yy  ,  but  in  D,  s zzo,  zn&  y  zzb  9  therefore  the 
Fluent  corrected  by  Prop.  XII.  is  szz  \y  \/aa+]y  — 

y+\/aa+yy 


\ly/aa  +  bb  +  ^^X  2.30258 Log* 


Ex.   13. 

129.         Let  the  Cycloid  AM  revolve  about  RG;  LztAPzzx, 
PMzzyy  Curve  AMzzz.      By  the  Procefs   Ex.  8. 

Prob.  VIII.  izz^y/— ,  thererefore  ^iz^xP^X^v/^ 

X  # 
^                1    1  #                2    * 

— :  a — x  x  ex  \/-~zz  cazx    rx —  ca*xzx,  whence  szz 

3    JL  13  . 

ica^x1-  —  §  ca7xz  r=  Cy/ax  x  2a — |#.      And     when 

#  ziff,  the  whole  Surface  defcribed  by  AMCzz  %caa. 

Ex.   14. 

1  *9«         Su^pofe  the  Catenary 1  AM  to  revolve  round  the  Axis 
AP,  by  the  Nature  of  the  Curve  zzzz2ax+xx9  or 


zz 


a+xzzy/aa  +  zz9    whence  x  ~-  r  ;  likewifc 


tf2J 


y  zz  i/z1 — x2-    zz  —  ■    .  Since  szzcyz,  aiTume 

y/aa  +  zz 

the  Fluent  szzcyz— t  (by  Rule  8.  Prop.  X.)     This 
put  into  Fluxions  isi  =:  cyz  +  czy —  / ,  or  /  zzczyzz 

cazz 


PJ  ,V./>.  %0o. 


Sed.  II.        of  FLUXIONS.  28r 

— j  and  (by  Form  the  3d)  /  zz  cay/aa+zz  , 

y/aa+zz  p 

whence  szzcyz  —  cay/aa-\-zz  zz   cyz  —  caa  —  cax. 
And  when  corrected  s  zz  cyz  —  cax. 


PROB,     XIV. 

To  find  the  Content  of  f olid  Bodies. 

In  any  Solid  AMm9  generated  by  the  Space  APM  130, 
revolving  round  the  Axis  AP  \  fuppofe  the  Plane  Mm 
to  move  along  the  Axis  APy  and  by  that  Motion  to 
defcribe  or  generate  that  Solid  ;  and  fuppofe  a  given 
Rectangle  Z?  to  move  with  the  fame  Motion  along  the 
fame  Axis  A  P,  and  by  that  Motion  to  generate  a 
Parallelopipedon ;  the  Fluxions  of  thefe  Solids  will 
be  as  the  defcribing  Planes  Mn  and  B  drawn  into  the 
Velocities  of  their  Motions  or  the  Fluxions  of  the 
AbfcifTa  AP.  Now  fince  BxAPzz Parallelopipedon, 
and  B  X  Fluxion  of  AP  zz  its  Fluxion,  confequently 
the  Fluxion  of  the  Solid  A  Mm  zz  defcribing  Plane 
Mm  x  into  the  Fluxion  of  AP. 

Likewife  if  the  Solid  AMh  be  fuppofed  to  be  gene-  j^j 
rated  by  a  cylindric  Surface  MHhm  continually  ex- 
panding itfelf  and  moving  along  the  Ordinate  PM, 
till  retaining  AP  for  its  Axis  ;  it  may  be  the  fame 
vay  proved,  that  the  Fluxion  of  the  Solid  AMHhmA 
)r  HMEmH generated  thereby  is  zz  cylindric  Surface 
MHhm  multiplied  by  the  Fluxion  of  the  Ordinate 
M.     Therefore, 

To  find  the  Solidity  of  a  Bodyy  let  the  Abfciffa  APzzx 
Ordinate  PMzzy,  MHzzu,  c zz3.i4.16  ($c.  s  zzfolid 
Content.  Then  by  the  Equation  of  the  Curve  expunge 
ne  of  the  indetermined  Quantities  {and  its  Fluxion) 
ut  of  the  Equation  s  zzcyyx  for  the  Solid  AMmy  or  out 

O  o  of 
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F  I  G.  of  the  Equation  s  zz  icuyy  for  the   cylindrical  Solid 
AMHhm  or  HMEmh  ;   and  then  find  the  Fluent. 

Example     i. 

123.        Let  ABB  be  a  Cone,  Height  AC  zz  a,  CB  or  CD 

•                       cbbxzx 
zzb,  then  bxzzay,  therefore  s  zz  cyyx  zz 

and  s  zz  zz  ,  and  the  whole  Cone  zz 

%aa  3 

cabb  '*'  .  TT  .   . 

=  Bafe  x  i  Height. 

3 

Ex.   2. 

122.        Let  BF  be  a  Prifmoid,  whofe  Bafes  are  right  angle  a 
Parallelograms,  though  not  fimilar. 

Let  its  perpendicular  Height  AL  zz  b,  AP  zz  x, 
ADzzd,  BEzzs,  AGzzn,  BCzzm,  by  fimilar  Triangle; 

7  j     s^         ^         y  7  m—n 

b :  x  : :  s—d :  — ; —  x  zzg)L  and  h  :  x  : :  /# — «  :  — 7 — 

=  /£ ;  then  Klzzd   +    —1 —  #,  and  /#  sz  0  • 

h 


m—n         ,        •        .        s—d  m—n 

— -  *-,   then  s  zz  d  +  — 7—  x  x  »  +  — r~~*Xtf:= 
£  h  h 

m—n        .         J— ^        .        #2— 72 

dnx  +  — 7 —  dxx  +  — ^—  ###  +  j — ^x  "lT"^,"i 

therefore  j  zz  dnx  +  ; —  dx%  -\ ; —  nxl 

ih  20 


x*  for  the  Solid  F1IKF.     And  when  x—k 

Q,hh 

then  the  whole  Solid  BF  zz  dm  -+-  sn  +  2jw  +  idn 

X  —  =  :  J  +  Id  Xm  +  a  +  l,s  xn  :  x  I*. 
0 

Ex.    3. 

!  90.        £**  ^M/»  £f  the  Segment  of  a  Sphere,  its  Diametc 
=  a,  then  yy  zz  ax  —  xx,    therefore  s  zz  cyyx  zz  caxi 

—-ex1* 
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caxz  ex*  *    *  Cr. 

— cxzx.     Therefore  s  zz  — — ,  for  the  Seg- 

2  3 

tnenc  AMPrn.    And  when  x  zz  a,  the  whole  Sphere 

zz  —r-  zz  f  the  circumfcribing  Cylinder. 
6 

E  x.  4. 

Let  AMm  be  the  Segment  of  a  Sphere  of  an  exceeding 
[mall Height  1  hzxzyy—ax  nearly,  therefore  (by  Cor.  3. 

Prop.  II.)  s  zzcyyx  zzcaxx  >  therefore  s  zz zz — , 

2  2 

nearly. 

Hence  in  any  Solid  of  a  finite  Curvature,  the  Con- 
tent of  a  Segment  of  a  very  fmall  Height,  will  be 
found  to  be  half  the  Bafe  drawn  into  the  Height. 

Ex.  5. 

Let  the  Solid  be  a  Paraboloid,  where  axzz ,yy\  then      130. 

caxx  cyyx 

s  zz  cyyx  zz  caxx ;  therefore  j  zz zz  — —  — 

22 

I  Bafe  X  Height. 

And  in  general  ifxzzym,  then  x  zzmym—1y-i  and  then 

1      •  1     1  r  cm 

s  zz  cyyx  z:  am^'-Hy  ;  and  therefore  s  zz  y»  +  * 

y  ;rc  +  2 

zz y*x.      Therefore  in   the  conic   Parabola, 

m-\-i 

where  w=t,  that  is  when  the  Curve  is  convex  to- 

cyyx 
wards  AP9  then  the  Solidity  zz  — - —   zz  j  Bafe  X 

5 
Height. 

Ex.  6. 

L<tf  iwD  fo  #  Parabolic  Spindle ',  generated  by  tie      l7Q 
Parabola  AMD  (whofe  Axis  is  DT)  revolving  round 
the  Ordinate  AT. 

Let  AT~b,  DTzzd,  DHzzv,  MHzzu,  then  MP 
or  yzzd — v>  and  avzzuu  by  the  Nature  of  the  Curve  : 

O  0  2  Whence 
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FIG."  •  —2UU  ,  r         * 

Whence  y  zz  — v  =z >  wherefore  szzicuyy  zz 

— -  zz - xd  — Therefore  the  Fl  u- 

a  a  a 

—4cdu>              4-eip  . 

ent  j  zz + :  but  in  A  where  j  is  o, 

uj=}> ;  therefore  the  Fluent  corrected  is  s  zz < 

3* 
4ft/#*  40/ "  4^5  8cdb>  /\.cu» 

^a  $aa  §aa  15a  15a 


$d — 3^,  for  the  Solid  AMRhm\  and  when  v  and 

8ft#5         8<r£^ 

&zzo,  the  whole  Solid  ADd  zz  zz  zz 

i5a  15 

T8S  the  Bafe  x  Height. 

Ex.     7. 
130.         Let  AMrn  he  an  Hyperboloid,  Tranfverfe zz#,  Conju- 

gate  zz  b.     Then  yy  zz  —  x  ax  +  xx  >  and  J  =  ^jat 

f£Z>#       cbbxx 

zz x  tf#  +  xx.  And  the  Fluent  s  =  — — -  4- 

cZ>£#5        _  .77    ^^^+2^.v  3^4-2* 

—  =  (cxpungmg  W)  -3^^-  X  rjj  =  -^^- 

X  Bafe  x  Height. 

Hence  if  x— o,  then  the  Solid  =  I  Bafe  x  Height, 
and  if  x  be  infinite,  then  the  Solid  =  |  Bafe  x  Height : 
Therefore  the  Hyperboloid  is  always  between  I  and  7 
the  circumfcribing  Cylinder,  and  is  nearly  —  -A 
thereof. 

Ex.    8. 

joo.         Let  the  Hyper  Ida  CM  revolve  round  the  Conjugate 
AP,  A  being  the  Center,  AC=b,  Scmiconjugate  =  a. 

bb 
By  the  Nature  of  the  Figure  yy  =  bb  4-  • xx  -> 

whence 
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cbbxz  x  r  I  Cj« 

whence  s  —  cyyx  ~  cbbx  +  ,  and  s  —  cbbx  + 

ebb 

— X*  —\cbbx  +  icyyx,  the  Solid  defcribed  by  ACMP. 

3aa 

Ex.    9. 

Let  the  Hyperbola  DM  revolve  round  the  Affymptote    I34* 

AP,  let  AB  =  by  BD  =  d,  xy~  aa.     Then  i  —  cyyx 

ca*x                             ca^ 
=  — — -,  whence  j  =  — ,  let  the  Solid  begin  at 

XX  *v 

B  ;  and  then  the  Fluent  corrected  is  s  =  —r ■ 

b  x 

■  caa  x  d—y. 

Note  if  CAB  is  not  a  right  Angle,  j  muft  be  di- 
minifiied  in  the  Ratio  of  the  Radius  to  the  Sine  of 
[hat  Angle.  Whenjy  =  o,  the  infinitely  long  Solid 
DMPB  -  caad  -  eddb  =  Bafe  x  AB. 

Or  thus :  Let  AP=x,  PM=zy,  aa=xy>  then  u—  x=z 

• — ,  whence  s  =  icuyy  —  icaay  -,    therefore  s  =  icaay 
=  29^,  for  the  infinitely  long  Solid  AHM^P. 
Ex.    10. 

Let  DM  the  Log.  Curve  revolve  round  the  AJymptote    12%' 
4P,  let  Subtangent  TP  =  * ,  then  jp#  =  ay  5  and  i  = 

gpx  zz  ^j  ;  therefore  j  =  -^-  s=  Bafe  x  I  rP, for 

le  infinitely  long  Solid  MP  AD. 

Ex.    11. 

Ltf  yfitf  ^  0  Spheroid,  A  the  Center,  yf£  =  a,  AC    235* 
=  b9  then  yy=bb  —  —  *#  j  whence  j  =  g^#  ==  ^# 

^xz#        ,  9m  cbb 


5  therefore  j  s  ,W*  —  —  **  =  \cbhx 

\  cyyx.      And   when  x  =  <?,    then  j  =  |  ^  =  { 
lafex  Height. 

Ex. 
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F  I  G.  Ex.  12. 

x30#         Let  the  Segment  ADMNof  a  Circle  revolve  about  the 
Sine  AN-,  CDzzr9  CAzzb,  AP  or  CQpzx,  PMzzyzz 

s/rr  —  xx —  b ;  then  s  zz  cyyx  zzcx  X  rr-\~bb — xlT- 

ibcxs/rr — %X\  and  the  Fluent  szzcxxrr+bb  —  {xx 
—ibex  Area  CDM^  the  Solid  defcribed  by  AD  MP. 

Ex.   13. 

137.        In  the  Cijfoid  AM  revolving  round  ARzza,  we  have 

XX  •  ex  * X 

y  jzz  r-,  whence  s  =  cyyx  zz ==  —  cxzx 

\/ax  —  xx  a — x 

ca*x 

—  caxx  —  caax  +  - :  Therefore  (by  Form  4  &c) 

a  *—  x  * 

cxl  caxz 

-  caax  —  2.30258^  x  Log. 


3  2 

a— x  :  And  when  duly  corrected  szz  —  {ex*  —  kcax% 
— caax +2. 30258a*5  Log.  a :  —  2.30258^  Log.  #-— 

a 
x  =  2.302585^*  X  Log.     ;■    —  \  ex*  —  \  c'ax" 

caax. 

Ex.  14. 

!  og#       Let  the  Cijfoid  revolve  round  the  AJfymptote  AP9  then 
zz  u  :  Whence  s  —  icuyy  zz  zcxyy  zz 


y/3 

icyyxa — JP1*:  Therefore  (by Forms  10,  11  and  13) 


5  zzcax Segment  ACT)  -\-?cx#y  — yy  %  for  the  infi- 
nitely long  Solid  ADMgK  And  the  whole  ABMQ 
zzcax  Semicircle  ACE. 

Ex.    15. 

39.      Let  the  Chonchoid  DM  revolve  about  the  AJJymptoteAPi 

ADzzay  ACzzb,  then  b-\-y<faa—t yyzzxy,  and#=r* 

therefore 


Sed.  II.        c/  FLUXIONS.  287 

therefore  j  zz  icuyy  zz  icxyy  zz  icy  xb+y  */aa — yyzz  FIG. 

ibcy>/ aa—yy  +  2 cyy\/aa — yy.  Defcribe  the  Quadrant 
ADK\  then  (by  Forms    10  and    13  &V)  szzicbx 

v  JL 

Area  AKLR —  \cy,aa- yy-.     And,  duly  corrected, 


szzicbx  Area  AKLR  +  :>tca>  —  \cx  aa—yy1  %    for 
the  infinitely  long  Solid  ARMQP. 

Ex.     16. 

Let  the  Conchoid  DM  revolve  round  the  Axis  DR%     j^q, 
here   the   Circle   defcribed   by  RMzzcxx^  and  the 
Fluxion  of  BR  or  a—y  is  —y  -,  therefore  the  Fluxion 

of  the  Solid  .rzz  —  exxy  zz  —  cy  x  —    ^-  xaa—yy=. 

<- *         aabbcf  laabc  . 

yXHj'  —  — y  —  aacy :  Whence 

c ?         ebbaa  , 

s  zz  —  xb  +y  H — —  —  iciabc  X  2.302585  X 

Log.  y  : — aacy.  And  by  due  Correction  (whenjyzz^) 

,       -7 j       . j         aabbc  .. 

Jczi^X^+J  — i^X^-ftf  +■ — abbc  +  aH 

—  aacy  +  2.30258  x  2^^  x  Log.  — . 

Ex.  17. 

Lf/  /£?  Cycloid  AMG  revolve  about  the  Axis  RG,     J2Q 
ktARzza,  APzzx,  RPzzu,  pMzzy,  Arch ABzzv, 
PBzzz,  then  x—a — y,  and  xzz — -j/,  and  by  the  Na- 
ture of  the  Figure  u  zz  v  +  z>   and  it  zz  v  +  z  zz 


ax  iy — a       .  y  /  y 


4-  — 7-       .     XZZX\/ 


2\/ay—yy        2\/ay — yy  a—y  a—y 

then  }  =  icuyy  ;  and   aiFume   s  zz  cuyy  +  t9  this  put 


into  Fluxions  we  fhall  find  /  zz  —  cyyu  zz 

\/a-y 


/a-^-y 
whence 
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whence  by  Forms  th 
Syy  +  ioay  4*  i  Saa 


1    *  ^#  whence  by  Forms  the  ioth  and  i  ith)  tzz  ^g-~  <p 


x  c  \/ay—yy  ( putting  <p   zz 

8  Sectors  CBR 

)  :     Therefore  s  zz  cuyy  +  4  ca  x 


aa 


i  $caa  4- 1  oacy  +  8  cyy 


SzRorCBR 'Say—yy,  for 

the  Solid  de k ri bed  by  PMGR.  And  when  ^  =  4| 
then  s  zz  -I  ca  x  Semicircle  ABR9  the  Solid  deicribed 
by  the  whole  Space  AMGR  revolving  about  RG. 

Ex.  1 8. 

130.         Let  the  Catenary  AM  revolve  about  the  Axis  AP  5 

here^Pzz*,  PMzzy,  AMzzz,  and  zz  zz  iax  +  xx9 

whence  (fee  Ex.  8.  Prob.  III.)  zy  zz  ax.     Now  izz 

£yyxy  and  affume  szzcyyx+t9  chis  in  Fluxions  gives 


ax  xx 


t  zz  —  2  wj  —  (becaufe  j/  zz )  —  2cay  x 


."*-•".'■.                    .ax 
(becauie  xx—zz — ax) —  2cayxz — =  —  2cay 


X  z — y  =7  2cayy  —  icayz  ;  then  afTume  /  =  cayy  — 
icayz  4-  u,  this  Equation  in  Fluxions  will  produce 
u=z2cazy=z2caax,  whence  u—icaax.  Therefore  the 
Solid  s=cxyy+cayy — 2cayz-\-2caax. 

Ex.  19; 

-  on         Let  the  Abfciffa  AP—x,  Ordinate  PM=y,  p=3- 14 1 6; 
to  find  the  Solidity  of  a  Body  defcribed  by  the  Revolution 
of  any  Curve  defined  by  this  Equation  yy=A-+-Bx+Cxz. 
The  Fluxion  of  the  Solid  pyyx  —  A-\-Bx+Cx%  :  X 

Bx  Cxz 

px,  and  the  Fluent  is  A  -\ + :  X px  fof 

2  3 

Bx 
the  Solidity ;    out   of  this  expunge  either  - —    or 

Cxz 

— -—  by  the  Equation  of  the  Curve,  and  you  will 

have 
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px         FIG. 


have     the     Solid     zz  yy  +  A  —  \  Cxx  :  X  -j-  &      1 30 


px 


yy  +iA  +  \Bx  :x~ — ,  which  contains  two  gene- 
ral Theorems  for  all  Solids  of  this  Kind.  There- 
fore from  the  Equation  of  the  Curve  get  the  Values 
of  A9  B,  C,  and  fubftitute  them  in  that  Exprefiion 
af  the  Solid  where  you  have  the  feweft  of  the  Quan- 
tities A9  By  C,  as  in  the  following  Cafes. 

1.  Let  yzzax  denote  a  Cone,  then  yyzzaaxx,  and  you 
have  A—Oy  Bzzo,  Czzaa.     Whence  the  Solid  zzyy 

px 

2.  In  the  Frujlrum  of  a  Coney  bzz  Radius  of  the 
Top,  and^v  —  bzzaXy  or yyzzbb  +  2abx+ aaxx  •,  here 

Azzbby  B=2aby  C—aay  and  the  Solid  —yy  +  ibb-rbax 

px  px 

X  —  =  (expunging  ax)  yy  +  by  +  bb  X  — . 

3.  For  the  Segment  of  a   Sphere   whofe   Radius   is 
r.yyzz2rx—xx.     Here  AzzOy  Bzz2r9  Czz — i,  and 


px         px 


the  Solid  zz  yy+ixx  x  =-  yy  +  rx  x 

2  3 

4.  Far  the  Frujlrum  of  the  Sphere,  yyzzrr — xx  9  here 
Azzrry  Bzzoy  C  =:— 13  and  then  the  Fruftum  — 
/w 

yy  +  2rr  X  -r- . 
o 

5.  J#  /£*  Spheroid,  azz  Tranfverfe,  dzz  Conjugate, 

ddx  ddxx  dd 

\nayy  zz —  ■ — ,  here  A  zz  o,  B  zz  —  --—-, 

JJ  a  aa    '  '  tf 


Solid  zr  vy  +  — —  x  7 — >    f^  tne 


<?#  "J  ia  3 

segment. 
6.  For  the  middle  Ffitftrum  of  the  Spheroidy  2tzz 

cc 
rranfverfe,  2czz,  Conjugate,  thenyyzzcc — — -  xx> 

P  p  where 
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F  l  G'  where  A  5=  c<%   B  zz  o,   Cz:  -77%,  the  Solid 

130.  *  '  // 


px 


yy  +  2cc  X 

7.  In  a  Parabolcidyyzzax,  here  //zzo,  £—#,  Czzo, 

the  Solid  zzyy  x  -J7. 

8.  iV  /£<?  Fruftrum  of  a  Paraboloid^  b  =z  Radius 
of  the  lefTcr  Bafe,  yyzzib+ax  *,  here  A~bby  Bzza> 


- px 

Czo,  then  the  Solid  =  yy  +  ^  x  -^— . 

9.  7»  /£*  Hyperboloid)  lazz.  Tranfverfe,  2^/=:  Con- 

r\  A  /1V  dd, 

jugate,  andj^  —  — t"~^Txx'>  here^=o,5zz 

,  C  zz  — .     Solid  =  yy  +  — -  X  ~~ ,    the 


Segment 


PROB,     XV. 

140.  The  Nature  of  the  reflecting  Curve  AMn>  and  the  lumi- 
nous Point  L  being  given ;  To  find  the  Focus  F,  or  the 
Concourfe  of  the  near  eft  reflected  Rays  MF>  nF. 

Take  the  Particle  of  the  Curve  Mn  infinitely 
fmall,  and  let  C  be  the  Center  and  CM  the  Radius  of 
Curvature  of  the  Arch  Mn  ;  and  on  ML,  nL,  MFy 
nF  let  fall  the  Perpendiculars  C£,  Ce,  CG,  Cg  -,  alfo 
on  the  Centers  L,  i7,  defcribe  the  fmall  Arches  Mr, 
no  \  then  the  little  Triangles  Mon,  Mnr  are  equal  and 
limilar,  and  Mozznr.  By  the  Nature  of  Reflection 
the  Angle  LMCzzCMF,  and  LnCzzCrJ<\  whence 
CEzzCG,  and  CezzCg.  Now  if  CEzzCe  (that  is,  if 
L  falls  in  £  or  e)  then  will  CGzzCg;  that  is,  the  Point 

B 
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F  will  fall  in  G  or  g  when  M  and  n  coincide  :  But  if  F  I  G. 
Ce  be  lefs  than  CE,  that  is,  if  L  falls  below  E,  then  140. 
will  Cg  be  lefs  than  CG,  and  the  Interferon  F  will 
then  fall  above  G  towards  M\  and  the  contrary. 
The  Triangles  LEQ,  LMr ;  and  F00,  FSG  are 
fimilar,  and  E^zz  CE  —  Ce  zzCG  —  CgzzSG;  and 
Mr  —  no,  and  FG  zz  MG  —  MF  zz  ME  —  MF ; 
therefore  IM :  Z£  :  :  (Mr  :  E^  :  :  ;**  :  SG  :  : 
FM:  FG:  :)  FM:  ME  —  MF.     Whence  MF  = 

2LM—ME  ' 

Otherwise  thus :  Draw  the  Tangent  MP,    and  the 
Perpendicular  LP,  and  let  LMzzy,  LPzzu,  MEzzv, 

yy 

and  by  Prob.  V.  MC  zz  — ,   whence  by  fimilar  Tri- 


yuy 

uyy 


angles  vy  zz  —•—,   or   v'uzzuy,    therefore    MF  zz 


iyu  —  uy 

1.  Wherefore  if  CM  he  the   Radius  of  Curvature, 
E  'perpendicular  to  LM,  and  LP  perpendicular  to  the 

Tangent  PM,  and  we  make  the  Diftance  cf  the  radiat- 

ng  Point  LMzzy,  MEzzv,  LPzzu:  Then   compute 

vy 
he  Value  of  v  by  Prob.  V.  and  take  MF  zz  : 

J         J  ly — v 

find  when  AM  is  convex  towards  L  write  —  v  infiead 
f  +  v. 

2.  Or  find  ufrom  the  Nature  of  the  Curve,  by  Help  of 

uyy 

vhich  expunge  u  out  of  the  Equation  MFzz  ■■  ■    ,    ■ — -. 
•    J  2  lyu — uy 

Cor.   The  Curve 'FfH  pafllng  through  all  the     1,l 

oims'P,   or  touching  all  the  reflected  Rays  MF,mf 

s  called  the  Catacauftic  or  Cauitic  by  Reflexion.   In 

hich  any  Portion  HfF  of  the  Curve  is  zzLM-\-MF 

—LA — AH.     For  drawing  mL  infinitely  near  mL, 

,nd  Mo,  mr  perpendicular  to  mF,  ML  \  then  fince 

\lozzMr,  therefore  Lm+mfzzLM+Mf,  or  LM+ 

P  p  2  Mf 
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F  I  G.  Mf—Lm  —  mf  zzos    and  adding  fF,  LM+MF 

—  Lm  —  mf—fF-,  but  thefe  Moments  are  as  the 

Fluxions,  and  therefore  the  Fluents  thereof  will  be 

equal,  that  is  the  Curve  HFzzLM+MF—LA—JH. 

Example     1 . 

142.  Let  AM  be  a  right  Live,  then  v  is  infinite,  whence 

2y — v  —  v  J 

Or  thus  :  u  is  a  (landing  Quantity  and  uzzo,  there- 

tiw  tivv 

fore  MF  =2  — .       .     —  — —  zz  —  y:     Whence 

iyu — ny  — uy  J 

Perpendicular  PFzzPL,  and  F  is  the  Focus  of  the 
reflected  Rays. 

Ex.    2. 

143.  Let  MB  be  a  Circle y  C  the  Center;  then  MF  zz 

vy 
.     And  when  y  is  infinite,  MFzzivziiME. 

iy — v  J 

And  if  MB  be  very  fmall,  MF  zz  — rr  4-  en   * 
And  if  LCzzCB,  then  MFzzlvzziMEzz\LM. 

Ex.  3. 

144.  -^  -^®  ^  ^  Parabola,  and  let  the  Rays  be  para!-, 
lei  to  the  Axis  BE,  then  y  is  infinite,  whence  MFzz 

—■—  zz  iu.      But  by   Prob.  V.    v  zz  JbM^L 
•j.y — v  r 

2@MZ 

(putting  r  zz  Latus  Rectum)  alio  QT  zz  — ^ 

therefore  gtTzzv,  and  QFzzlvzzMF,  and  therefore 
F  is  the  Focus  of  the  Parabola. 

Ex.   4. 

145.  Let  BM  be  a  Parabola,  and   let  all"  the  Rays  be 
perpendicular  to  the  Axis  BQ    Let  BPzzx,  PMzzzt 

te'iji  and  rxzfrzz;     Then  by  Prob.  V.  ME  or  1/ 


Pl/VL.;*.    *# 
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—  J£f5_    and  sszzzz+irr  by  the  Nature  of  the  Fi- 

vy  22* 

gure  :  Whence  MFzz zzkv  —  —7  +  iz  zz 

2ZX 

r       ' 

Ex.  5. 

Let  DM  be  the  Log.  Spiral,  the  Center  Z  the  lumi-     146. 

vy 
nous  Point.  By  Prob.  V.  vzzy,  whence  MF—  ~ 

Ex.   6. 

Suppofe  DM  to  be  an  Ellipfis,  L  the  Focus,   the     1^j9 
Tranlverfe  =  ir,  Conjugate  =  2c,  then  by  the  Pro- 

cy 
perty  of  the  Curve  PL  or  #  =  —  ,  and  it 

viry — yy 

=  _£0l_;  whence  MF  - W = 


2rj— yy)'  2yu  —  uy 

cyzyX2ry—yy 

— * — ■ -=  ir — y,  conlequently  (fince  the 

Angle  LMP  —  FMT)  the  Point  Fis  the  other  Focus. 
And  in  like  Manner  it  will  be  found  that  Rays 
ifluing  from  one  Focus  of  an  Hyperbola,  and  reflec- 
ted by  the  Curve  will  diverge  from  the  other  Focus. 


PROB.     XVI. 

7 be  Nature  of  the  refracling  Curve  AMn,  and  the  lu-     I4S. 
minous  Point  L  being  given-,  to  find  the  Focus  F,  or 
the  Point  where  the  near  eft  ref railed  Rays  MF,  nF 
concur  \  and  where  they  meet  the  Axis  of  the  Figure. 

Suppofe  the  Arch  Mn  to  be  infinitely  fmall,  and 
let  C  be  the  Center  and  CM  the  Radius  of  Curvature 

in 
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F  I  G.  in  M \  and  let  fall  the  Perpendiculars  CE,  Ce  on  the 
Rays  of  Incidence  LM,  Ln,  and  the  Perpendiculars 
CG,  Cg  on  the  refracted  Rays  MF,  nF  -,  and  let  the 
Sine  of  Incidence  CE  to  the  Sine  of  Refraction  CG 
be  as  m  to  n.  On  the  Centers  L,  F,  defcribe  the 
fmall  Arches  Mr,  Mo.  Now  fince  Ce  exceeds  CE, 
therefore  Cg  exceeds  CG,  they  being  in  a  given  Ra- 
tio ;  whence  MF,  nF  interfecl:  beyond  G. 

The  Figures  GCME  and  onMr  are  ft  mil  ar ;  there - 

MGxMr 
fore  ME  :  MG  :  :  Mr  :  Mozz  ^~ •  andLAf 

:  L^::Mr:$e   zz    ^^^-  '  And  by  the  Pro- 
perty  of  Refraction,  m  :  n  :  :  (Ce  :  Q*  :  :  CE  :  CG : 

r        rv    r        rr       \    a     c           nxL^jxMr 
Ce  —  Cis  :  CV  —  CG  :  :  )  d?  :  &"  zz  ■ -ftt 

and  by  the  fimilar  Triangles  FoM,  Fgs  -,  Mo  —  Sg 

Mo  :  :  MG  :  MF  zz 


148 


mxMGxLM — nxLQxME 
149.         Produce  MF  till  it  interfect  the  Axis  of  the  Curve 
in  0,  and  let  LA  =  d,  AO  zz/,  LM—y,  MO  zzs, 

AH~x,  MHzzz,  then jzzv/z1  +  tfrx    ,    and  s  zz 

\/zz+f — x  .     And  it  is  jy :  —  s  :  :  rn  :  on  :  :  m  :  n, 


and  Wftt. — Ms  or  nyzz — ms,  that  is 
mfx  —  mxx  —  mzz 


nzz-\-ndx-\-nxx 


r 


^/zz+d-^-x 
Therefore, 


s/zz  +f—x 

j.q  1.  To  find  the  Fccus  F,  let  CM  he  the  Radius  of 

Curvature^  CE  perpendicular  to  LM,  and  CG  to  MG, 
MEzzu,  MGzuu.     LMzzy,  ni  and  n  the  Sines  of  Inci- 
te and  Refraction.     Then  find  i>  and  u  by  Prob.  V. 

'  take  MF  zz 1    muuy .      jr  jM  is    C0Hm 

muy — nvv — my 

cave 
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cave  towards  L,  write  —  v  for  v,  and  —  u  for  w:  And  FIG. 

if  the  Rays  converge  when  they  fall  on  the  Curve  AM, 

write  —y  for  y, 

2.  'To  find  the  Point  0  where  the  refracled Ray  meets 

the  Axis  of  the  Curve,  let  LA  z=  d,  AO  =/,  AH  zz  x, 

MHzzz,  then  by   the  Nature  of  the  Curve   expunge 

r '  .      _        .      nzz  +  ndx  +  nxx 
x    or  z   out   of  the   Equation 


j 


zz-\-d-\-x 


mfx  —  nixx  —  mzz  ,    . 

■ -,    and  by  .Reduction  find  j^   And 

J  zz+f-xz 

when   the  C  is  concave   towards  L,    write  —  x,  for 

-J-  x,  &fr . 

Cor.     The  Curve  NfF  patting  through  al!  the     150, 
Vintsi7,  or  which  touches  all  the  refracled  RaysKAT, 
MF,  is  called  the  Diacauftic  or  Cauftic  by  Refraction. 

And  any  Portion  of  it  NFzzFM  +  —  ML  —  NK  — 

KL.  For  fuppofing  Mn  infinitely  fmall,  and  draw- 

ng  Mo,  Mr,  Perpendiculars  on  fn,  n  L  ;  then  by 

n 

\t  Nature  of  Refraction  m  :  n  :  :  rn  :  on  zz  —  rnt 

m       ■ 

n 
herefore   on  zz  —  rnzzoi    that   is  MF  —  nf— 

m  J 


—  x  Ln  —  L  M  zz  o,  and  adding  Ff  \  we  have  Ff  zz 
m  °   J  J 


AF—nf xLn  —  LM,  but  thefe  Moments  are 


m 


s  the  Fluxions;  whence  theFJuents  will  be  equal,  or 


?N zz  FM~  KN—-;  X  LK  —  LM. 


Ex. 


MCE9  v  zz— —  9  alio  mm  xrr  — ■  uu  zznnxrr  —  w: 
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Example    i. 

FIG        Lrt  ^M  be  a  plane  Surface,  then  v9  u  are  infinite 

•5i."  Whence  £$ =  '^SL.      Now    Je, 

muy  —  nvv  —  nvy         —  nvv 

r  iz  the  infinite  Radius  of  Curvature,  the  Perpendicu- 
lar LA  zz  p9  then  by  the  fimilar  Triangles  LAM, 
rp 

y 

by  the  right  angled  Triangles  MEC9  MGC :  Whence 

mm  —  nn         ,     nn  „,       c  **■& 

uu  zz  rr  +  —  vv  9     therefore    M F  38 

—  muuy  mm — nn  ny  ml  —  «* 

zz x  rry -  zz y* 

nvv  mnvv  m  mnpz 

y.     And  near  the  Point  A9  Af  zz p. 

mJ  J  n 

Ex.    2. 

2  Let  parallel  Rays  fall  on  the  convex  Side  of  the  Spert 

A  My  thenjy  is  infinite,  and  MF  zz muuy 

muy— nvv — nvy 

-,  and  near  the  Vertex  A9  u  zz  v  zz  AC; 


mu  —  nv 

mxAC 


whence  Af  zz 


m — n 


Ex.    3. 

153.         ■£*/  parallel  Rays  fall  on  the  concave  Side  of  the  Sphert 
AM9    then  y  is   infinite,  and  v9    u   are   negative 

whence  Aff  = - ~ — —     anfli 

—muy—nvv+nvy         nv — mu  * 


at  the  Vertex  A>  v~uzzAC9  then  AF  == 


w# 


# — /» 
m 

AC. 


n — m 

Ex. 
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Ex.    4. 

Suppofe  the  Rays  proceeding  from  L,  to  fall  on  the  convex  p  I  G. 

Side  of  the  Sphere  AM;  then  MF  z: ^ .     J54- 

muy—nvv—nvy 

And  in  or  near  the  Vertex,  MF~  -= 


muy 


m — n  xy — nit 
mry 


m — n  xy — nr 

And  to  find  where  the  ref railed  Ray  meets  the  Axis 

of  the  Sphere^  zz—irx—xx^  and  zzzzrx — xx,    by 

which    expunge    z    and    z   out   of    the    Equation 

nzz + ndx + nxx  mfx — mx  x  — mzz 

,   and  there 


J  zz+d+xZ  J  zz+f—xZ 


nr-\-nd  mf  —  mr 

arifes       .  —  —  ,  by 

v  2  rx  +  2  ax  -f-  ad  v  2  rx — 2/x  -f// 

Reduction  of  which/  is  found.     And  in  the  Vertex 

mf —  mr             nr  -f-  nd 
A  where  x  is  o,   7 =:  -3 ,   or  f  — 

mdr 


m — n  X  d — nr 

Ex.   5. 

If  Rays  fall  on  the  concave  Surface  of  the  Sphere  AMy     l  V* 

muuy 

then  MF  =: ; .    And  near  the  Ver- 

— muy — nvv  -+-  nvy 

muy  mry 

tex,  Mf-  - J =      J ■. 

71 — m  xy — nu  n — m  xy — nr 

To  find  where  MF  cuts  the  Axisy  here   zz~irx 
-XX  ;  put  the   Equation  into  Fluxions,  and  write 
—  x  for  x,  — x  for  x,  — r  for  r  in  the   Equation 

nzz  -f-  ndx + nxx  mfx  —  mxx  —  mzz 

— -  ir „ .     ,  -~= ,  and  wc 

J  zz  +d+xZ  J  zz  +J^* 

Q^q  have 
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F  I  Q.  nr — nd  — mr — mf 

have  — — —  -  —  — ;    and 

y/dd — 2  dx  -\-2rx  vff-\-  ifx  -\-irx 

nr — nd            — mr —  mf 
in    the   Vertex   ^ — '  ?c  t ,  or/z= 

mrd 


n — m  x  d — nr 

*55*  Cor.  Hence  we  may  find  if  the  Sphere  in  this  Cafe 
has  a  geometrical  Focus,  or  fuch  a  one  where  all  Rays 
are  refracted  accurately  to  one  Point.  When  this 
happens,  AO  mull  be  a  determined  Quantity  for  all 
Parts  of  the  Curve,  the  fame  as  at  the  Vertex  ;  and 
therefore  the  Powers  of  x  mud  vanifh  out  of  the 
general  Equation  expreffing  AO  •,  confequently  the 
Coefficients  of  each  Power,  being  equated,  mull  de- 
llroy  one  another.     Thus  the  Equation  for  AO  be- 

ing  n    X  r — d"  X  ff  +  ifx  +  zrx  zz  mz  x  r  +/    X 


dd — 2dx  +  irxy  then  putting  n   X^ — d  xtf+zrxx 


zz  mz  x  r-\-f  x  ir — 2d  x  #,  after  reducing  the  Equa- 
tion, there  will  be  found  n2dzznzr — ntr — mzfzznlr — 

mrd 
mt—rm  x    nd_md_nr  ■   i    from   whence   will   be 

;#+#        t       r       r            tn+n 
found  d  zz  — - — r,  therefore /zz r,which 

being  negative,  fhows  that  the  Focus  O  lies  on  the 

fame  fide  as  the  radiating  Point  L.     Therefore  when 

the  Diilance  of   the  radiating  Point  is  fuch  that  dzz 

m  -f-  n 
r,  then  F  or  0  will   be  a  geometrical  Focus 

for  all  Rays  falling  on  all  Points  of  the  Sphere  ;  and 
a  will  be  to/:  :  as  m  to  7/,  and  the  Rays  after  Re- 
fraction will  diverge  from  O. 

And  on  the  contrary  Rays  converging  to  0,  and 
falling  on  the  Sphere,  will  all  be  accurately  refracted 
K.  the  it"  Focus  L. 

Ex, 


Seft.  II.        of  FLUXIONS.  299 

Ex.    6. 

Let  parallel  Rays  fall  upon  the  Spheroid  AM,  let  r   *  . T' 
Tranfverfe    —  b9  Parameter  zx  a>  then   zz  ~  ax  -—     1 5   ■ 

-7-**,  and  zi;  —  -i^x — -r^X;   and  fince  d  is  infinite, 
therefore    the     Equation    for    AO    becomes    n  zz. 

r  ma        ,        ma 

mf  —  mx ^ -r  x  ■' .  ■ 

2  - ,  whence  /  will  be  found; 

/ax  —  y  **  +f—x 

and  in  the  Vertex  where  x  mo,  w/" — bnazznf  or 

_    -It»# 
'   ""  ;»— »  " 

Cor.  yf#</  /0  find  if  the  Spheroid  has  a  geometrical     156. 
F^r«j,  we   have  from  the  above  Equation,  »»  x  :  j$f 

—  2/x  +##          r—rna\         c               max 
+ax  -!.„  =  *»/ /    20*/  —  am  X  — , mx  + 


— V* 

__    J  *,  then  equalling  the  Coefficients  of  x  and 


W<2 


*S  n2-  x  #— 2/  =  2^/ —  ma  x  — ^ ^,      alfo     »» 

— »#<z  ma  _  .     -  _ 

— j =:  —,- —m  .      rrom  the  former  Equation 

2^^      r  •]  2mza 

imz  —  2»2 = —  X/>  or  2wz  —  2«z  —  - — JL    x 

v/k^                     mzar  .  '  '*' 
z:  w2d 7 —  —  #?tf,  hence   we    find   a  zz. 

fyi~ ft1 

-b.     And  from  the  fecond  Equation,  we  get 


m1 
likewife  a  = ■ — b  \  therefore  we  may  conclude 

that  the  Spheroid  has  a  geometrical  Focus,  when  azz 

by^ml—nz  \ma  m-\-n 

; i  and  then/ zz  zz b  22 

ml  J        m—n  2m 

Q^q  2  U 
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l5bm    \b  4. .  but  zz  Diftance  of  the  Focus  from 

the  Center ;  therefore  /  =  Diftance  of  the  remoter 
Focus  from  the  Vertex.  And  therefore  in  this  Cafe 
all  parallel  Rays  falling  on  all  Points  of  the  Spheroid, 
will  be  accurately  refracted  to  the  further  Focus  of 
.  the  Figure. 

And  on  the  contrary,  Rays  ifTuing  from  the  fur- 
ther Focus  of  this  Spheroid  and  refracted  at  the  Sur- 
face, will  all  emerge  parallel  to  the  Axis. 


Dt 


P  R  O  B.    XVII. 

FIG    *£°  fin&  the  Center  of  Gravity  of  any  Liney  Surface  or 

Solid. 

The  Center  of  Gravity  of  a  Body  is  that  Point 
upon  which,  if  it  were  iufpended,  it  would  reft  in 
any  given  Pofition. 

Let  MN  be  any  Figure  or  Solid  Body,  regular  or 
irregular  ;  Cits  Center  of  Gravity  ;  and  iuppoie  it  to 
be  Iufpended  in  C  upon  the  horizontal  Line  SC>  and 
the  Point  of  Sufpenfion  to  be  in  S.  Let  all  the  infinitely 
fmall  Particles  of  the  Body  be  reduced  to  the  Line  SC, 
iituated  refpectively  in  Planes  perpendicular  to  SC ; 
as  at  e,  d,  £,  &c.  Now  by  Mechanics,  the  Force  of 
any  Particle  e  to  turn  the  Body  about  C,  is  as  its 
Weight  and  Diftance  from  C,  that  is,  as  Ox*,  or  as 
SC—Sexe,  for  the  fame  Reafon  the  Force  of  all  the 
particles    between    S   and   C  will   be  SC—Sex*  + 

SC—SDx  d  +  $C—St  x  b,  &c.  In  like  Manner  the 
Force  of  a  Particle  beyond  C,  as  £,  to  turn  the 
Body    the   contrary  Way  about   C,    is   Cgxg,  or' 
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dg—SC  x  g  ;  ancJ  tne  Force  of  all  the  Particles  g,  h,  i,  FIG, 

&c.  will  be  Sg^SCxg  +  Sb-SCxb  +  ~Si=SC  x  *,     *57" 
&c.     But  as  C  is  the  Center  of  Gravity,  the  Forces 


on 


each  Side  will  be  equal  -,  that  is,  iSC—Se  X  e  + 

SC-Sdxd,  &c  =  %-SCxj-  +  5A-5C  X  A,  &c. 
andSCx*  +  5Cx^+5Cx^f  +  <SCxA,&c.  ac 
&X*  +  Wx</  +  3f  X£  +^X^,  &c  whence  SCzz 
&X*  +  Sdxd+Sbxb  +  Saxa  +  SgXg  +  Shxh,  &c. 

"T+T+l  +  *  +£  +  A,  &c.  =  MiV. 
Now  if  any  one  of  the  variable  Diftances  as  Sb  be 

called  x  ;  the  Body  MN,  S  ;  then  will  Sbxb  zzxf ; 
and  the  Sum  of  all  the  Sax*  +  Sbxb  +  Sdxd,  &c. 

zz  Sum  of  all  the  xs9  or  the  Fluent  of  xs  ;  and   the 

Sum  of  all  the  a+b-\-d>  Sec.  zz  Sum  of  all  the  s,    or 

the  Fluent  of  i;  that  is  the  Body  MJV;  therefore 

tt_        Fluent  of  #>  Fluent  of  xs      r_. 

SC  zz  -=n tt  =    ~      . — -^    .    Therefore, 

fluent  of  s  Body  MN 

To  find  the  Center  of  Gravity  *,  let  s  zz  Line,  Surface 

or  Solid :  Multiply  the  Fluxion  of  the  Line^  Surface  cr 

Solid  ( i  )  by  the  Diflance  {of  the  Center  of  Gravity  of 

the  generating  Point ,  Line  or  Plane)  from  the  Axis  of 

Sufpenfton  ♦,   and  find  the  Fluent  z ;  then  —  zz  Di fiance 

j 

of  the  Center  of  Gravity  from  the  Point  of  Sufpenfton. 

Example     I. 

Let  SB  be  a  right  Line  or  Cylinder,  S  the  Point  of    15S. 
Sufpenfion  ;  SBzzx;    then  zzzxx,    and   zzzlxx; 

2; 
therefore zz  ix,  for  the  Diflance  of  the  Center 

of  Gravity  SC. 

E  x. 
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Ex.  2. 

FIG.      In  the  Triangle  SI^p,whofe  Point  of  Sufpenfion  is  Si 
159.     let  SF  bifTect  the  oppofite  Side  §D,  then  the  Center 
C  is  in  the  Line  SF;  draw  AE  parallel,  and  SG  per- 
pendicular to  OP,  put  SFzza,  SB~x,  Slzzv,  SGzzh, 

hx 
£yp—b,AEzz.y.  By  fimilar  Triangles  <z/zz ,  and 

w 

bx  bx  .  bhx%x 

v  zz ,  y  zz    — ;    then  z  zz  xyv  zz 

a       J  a  J  aa 

bhx*  .  •  bhxx 

and  z  zz  -— .     Alio  s  zz  yv  zz  ,  and  s  zz 

2>aa  J  aa    9 

:  Therefore  —  zz  \x,  and   when  x  zz  a,  — 

iaa  s  \  y    s 

zz  \a  zz  «SC. 

Ex.   3. 

160.  £*'  AM  be  the  Arch  of  a  Circle,  s  its  Center,  AD 
~b,  SE—r,  SB—x,  AMzzv,  BMzzy.  It  is  evident 
the  Center  of  Gravity  of  any  Arch  AEG  is  in  the 
Line  SE  that  bifTects  it.  Whence  z  zz  xv  zz  (by  the 
Nature  of  the  Circle)  —  ry  -,  and  zzz — ry  -,  and  the 

Fluent  corrected  is  z  zz  br  —  ry.     Whence zz 

rb  —  ry  •''  '  z  rb  rt    •     . 
,  and  when  yzzo,  —   zz   — ■  zz  oC,    the 

Diftance  of  the  Center  of  Gravity  of  the  Arch  AEG 
from  S> 

E  x.  4. 

161.  For  the  Seftor  of  a  Circle  MmS,  whofe  Center  and 
Point  of  Sufpenfion  is  S  -,  let  Arch  Mm~c,  Radius 
SMzzr,    Mmzza,    SQpzx,   QDq—v.     Then  gh[  zz 

ax 

,  and  by  the  lad  Example,  the  Diftance  of  the 

Center  of  Gravity  of  the  Arch  QDq  from  S  is  zz 

ax1       .       r        .         dA--.*           >             ^.v 
*  therefore  .2  zz ,  and  z  zz  5  there- 

fore 
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f        z  a*z  2axz  %ax  FIG 

fore  —  zz    ; zz zz  ;     and 

s  %rXiXV  %rv  3c      ' 

1QY 

when  Kzzr,   then  «SC  zz . 

Ex.  5. 

Jfyr  the  Circular  Area  P§D9  Let  SD  or  SEzzzr      162  ! 
*£=*,  i^=',  55=*,  ^^==5  ^zzj,  by  the  Na- 
ture  of  the  Circle  y  zz  v/rr_  ##;  then  £  zzjy*#  zz 

xx\/rr—xxy  and  2  zz  —  |  x  rr—*#u ;  corrected  *zz 


rr—bbf—  rr—xx^x  f5— -y5 

~  " = Alfo  ^  zz  Area 

3  3 

fAB^  _ -j  whence  —  zz  -f  x  -•■   ,         L 

zz  &.     And  the  Diftance  of  the  Center  of  Gravity 

of  the  whole  PADS  from  S  is  zz   ^—7-. 

^-  ^vr—yb 

Again  in  Refpect  of  the  Axis  of  Sufpenfion  SD  j 

Gnce  the  Center  of  Gravity  of  the  defcribing  Liner, 

is  in  the  Middle  of  BA,  therefore  z  zz  ly  xyx  zz 

rrx-x*x  r%x  x* 

,  whence  z  zz  — — .    But  (in  ^ 

x  zz  b,  z  zz  o  )  the  Fluent  corrected  is  z  zz 
irrx-yrb-x^fa  z  y^x—yih—^+P 
« 1 i  therefore  T=ix 7 7 j 

and   when  at  zz  r,  J^Z^l =  Diftance  of 

the  Center  of  Gravity  of  the  Semi-fegment  PADS 
from^D.  ^ 

Ex.   6. 

7tf  the  Parabola  rxzzyy,  let  SP  zz  x,  PMzzy,  then  l6„ 
in  Refpedt  of  the  Axis  of  Sufpenfion  ST,  z—yxxzz  °' 
*Xy/ni  and  x  zz  f  xx</7x  :  And  $  zz  \xy  =ixy/^i 

therefore 
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1        therefore  —  =j*  the  Diftance  of  the  Center  of  Gra- 
vity from  ST. 

Again  in  Regard  to  the  Axis  of  Sufpenfion  SP, 
becaufe  the  Center  of  Gratity  of  the  defcribing  Line 

is  in  the  Middle  of  MP,  therefore  zzz  I yyx  —  — - 

and  thence  z  zz  —  ;  and  s  zz  — —  :  Therefore  — 
V  3r  * 

zz  ly,  the  Diftance  from  SP. 

Ex.  7: 

164.         For  the  hyperbolic  Area  BCMP,   between  the  Af- 

fymptotes.     Let  SB  zzb,  BC  zz  c,  SP  zz  x,  PMzzy, 

cbzzxy.     Then  in  Regard  to  the  Axis  SD>  zzzyxx 

zzcbxy  zndzzzcbxy  but  ini?,  xzzb,  therefore  by  Cor- 

cbxx — b 


reclion  zzzcb  x  x — b.     And  —  s 

s  Area  BCMP 

Again  for  the  Axis  of  Sufpenfion  SP,  zzziyyx: 

ccbb  — ccbb  — cby 

-^x~*> and  z  =  ~Tx~  =  — r^_cor 

cb       ;    z  cbxc — y 

_- x  c  — y  ancj  — ,    - 


2    ~        y  j     "~     2  Area  5Cil4P    ' 

Ex.  8. 

i65.        Ztf  /?M5  &  an  Ellitfis,  S  the  Center,  AS  zza9 

SBzzb,  Sgjzy,  QMzzxzz  -|  \/bb^y     then    for 
the  elliptic  Space,  z  zz  xyy  zz  -J-  y/bb—yy\  and  z 


abb  a 


zz  —  -y  x  bb—yyx\  corrected  3  zz 

X  TP^1 :  Thence  4  =   «*I^Xg==*?j , 

Like  wife 
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-Likewife  for  the  Di fiance  from  SB,    i  =  tocxy.  25  F  I  'G. 

^y  «^v"y  .  a  ay  day* 

" W^-,  and  2  =  — y -777-  -,  whence 

z  ^bbaay —  aay* 

T    =  T^xAreaS^A7§[~' 

Ex.    9. 

i>/  5MP  ^  the  hyperbolic  Space,  Tranfverre  z=.2a,     163. 

£       — 

Conjugate  zz  2^,    SPzzv,  PM=y~~V2ax+xxi 

aa  iaa    /r .      . 

whence  xxzzzaa  +  -,,-- yy  —  —y  V  bb+yy,  xx  zz 

aa     .  aayy  .  ,  aa 

yy  — J- -^—  •.  whence  j£  zz  v#;c  zz yzy 

^bb    J         bs/bb+yy  *  bb      J 

aayy  „       ,      d^y>  aay     ,- 

—  -/_    9  and  z  =  _^_ '  v'W+jf)'  + 

bVbb+yy  tfb  lb 

dab  '   _  /-- .  2: 

—  X  2.30258  Log.^y  -f  v^  +j|y,  whence—  zz 

A o  ,  ^  r.-  zz  Diftance  from  55^. 

Area  SMP 

Then  for  the  Diftance  from  SP,  we  have  z  zz 
vy*  W#       : — -     ,3  jl:  -r-i M*x 


zz x  idx-\-xx,  and  the  Fluent  &zz 


2  2tftf  2# 

W^j  2:  ^abbxx+bbx* 

r  ~6a^~"'  therefore  7"  ~  ntaaJTAnkSPM  # 

Ex.    10. 

/^r  /£*  Surface  of  a  right  Cone,  let  SD  zz/,  r  zz     j^ 

ircumference  of  the  Bafe,  Axis  SB  zz  dy  SM  zz  v, 

[Fzzx.     Then  it  is  plain  its  Center  of  Gravity  is  in 

ex 
le  Axis  SB.     —r  ^  Circumference  of  the  Circle 

a 

fx 

,  and  by  fimila:  Triangles  v  zz  — j-,  and  v  zz 

R  r  fi 
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F  I  G.  fx  .       f^*v        tA^j?        ;  cfx> 

^~,  therefore  *  =  -y-  =  -^  and  *_=  -^ , 

,,  f#v  cfxx      „        _         Z  o^ 

alio  j—  — 7-  zz  -  -fj  :  Therefore  —  zz  -j*  zz  SC. 
id  lad  s 

Ex.    11. 

166.  For  the  Cone  {or  Pyramid)  SDE,  let  the  Bafe  zz  £, 
the  reft  as  in  the  laft  Example  >,  then  the  Circle  MQ 

bxx  ■    .  bx^x  ,  bxA 

=  it  > ana z  =  t> and 2  =  -y  alfo 

zz  — 77-  :  Therefore  — -  zz  I*  zz  SC  the  Di (lance  o 

o^dd  s 

the  Center  of  Gravity  from  6". 

Ex.  12 

167.  Let  SMD  be  a  Sphere,  SP  zz  x,  PMzzy,  Radiui 

zzr,  CZZ3.1416,  then  yzzs/irx — xx,  and  zzzcy^xk 

.       u  2<rr#*  OT+ 

zz  icrxxx  —  ^^?>; ;  thererore  z  zz  —  

3  4 

cx> 
and  j  zz  crx1  — (by  Ex.  3.  Prob.  XIV.) ;  there- 

ty  fkrx oxx 

fore  —   zz   — : for  the  Di  dance  of  the  Cen- 

s  1  ir — 4# 

ter  of  Gravity  from  S. 

Ex. 

167.         For  the  Spheroid  SMD,  whofe  Center  is  C,  let  SCzz 
a,  CFzzb,  SPzzx,  PMzzy,    czz3.14.1b,    then  yyzz 

bb       ■  ebb 

-     x  'tax — xx',  and  z  zz  cyyxx  zz x  2ax7-x—x*x 

da  »  ## 

^£ <;££         

and  zzz  -        x^'-^+iandjz  X  ^ — a*1 

Z  $ax  —  ?xx 

and  —  zz 


s  12a  —  4# 

El 
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Ex.   14. 

^  >i  the  Center  of  Gravity  of  the  Solid  SBJ)my  F  I  G, 
generated  by  a  partial  Revolution  of  the  Parabola  SMD    168. 
ibout  the  Axis  SB. 

Let  S  be  the  Point  of    Sufpenfion,  let   SB  =.  d, 

BD  zz  b,     SP  zz  x,     PM  zzy,     ax  ±  jy\     Arch 

cy 
Ddzz  c\  then  Arch  Mm  zz  —j—  ;    therefore  z   zz 

cyy     .        caxzx  cax1  cax% 

ib  2b     ■  6£  4^    » 

Jierefore  —  zz  J#,  the  Diftance  from  £?*. 
Again  for  its  Diftance  from  SB,  let  Chord  Ddzzf 

fy 

then  Chord  Mm  zz  -t-j  and  by  Ex.  4.  the  Diftance 
of  the  Center  of  Gravity  of  the    eclor  PMm  from 

P  zz  ^  ;    therefore   *  zz  *£    =  ^1  ,  and 
3'  3^  3^ 

2/yJ         .       r        2                8/ys  8/v 

z  zz 7-  i  therefore  —    zz    ■ — -    zz   — :li— , 

15^  j  i^caax2-  15c 

the  Diftance. of  the  Center  of  Gravity  from  SP,  and  in 
the  Plane  that  paffes  through  the  Axis  and  biifeds 
Che  Bafe. 

Ex.     15. 
Let  the  Hyperbola  CM  revolve  round  the  Affyr,iptcte     169. 
SP,  and  defcribe  an  Hyperboloid  CMB  :   Let  SBzzb^ 
BCzzd,  SPzzx,    PMzzy,   czz$,  1416.  bdzzxy ;    and 

bbddcx 
z  zz  cyy xx  zz ,    v;  he  nee  z  zz  obddc  Log.  x  : 

And  corrected  z  zz  bb.ddc  Log.  -,-  :  Alfo  szz  cyyx  zz 

cbbddx  ebbdd  . 

and  j  zz  — ,    and    corrected    s  zz 


XX  *  X 

r ddxm7x  5  therefore  r-  7^xxL°s,"~^ 

R   r  2  = 
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F  I  G.  =  Diilrance  of  the  Center  of  Gravity  of  the  Solid 
from  SA. 

E  x.     1 6. 

1 6 j.         Let  the  Solid  be  an  Hyperboloid,    Tranfverfe  n  2#, 
Conjugate  =  2<£,  c  zz  3.1416,    SP  zzx,  PMzzy,   zz- 

b     , ;  .  cbbx 

—  vzax  +  xx  ;  whence  zzzevxxx  zz  ' X  2axz-fx*>h 

a  y"  aa 

ebb      — ; .        ebb    . 

whence  z  zz  —7  X  iax>-\-{x+  ;  alio  s  zz  — —  x  X 
aa  aa 

ebb       _      ;       _       z 

2ax-\-xx\  and  s  zz x  axx.+.j£* ;  therefore  —  = 

CICl  J 

$ax  -4-  2xx 

—  — ---  ~~  zz  Diftance  of  the  Center  of  Gravity  from 
12a +4x  J 

the  Vertex  S. 


PROB.     XVIII. 

To  find  the  Centers  of  Pereuffion  and  Of  dilation. 

The  Center  of  Percufilon  is  that  Point  in  the  Axis 
of  a  vibrating  Body,  which  (Inking  againft  an  im- 
movable Obftacle,  the  Body  fhall  incline  to  neither 
Side,  but  reft  as  it  were  in  Equilibrio,  on  that  Point. 

And  the  Center  of  Ofcillation  is  the  Point  in  the 
Axis  of  a  vibrating  Body,  in  which  if  a  fmall  Body 
or  Particle  be  placed,  it  fhall  perform  its  Vibrations 
after  the  fame  Manner,  in  the  fame  Time,  and  with 
the  fame  angular  Velocity  as  the  whole  Body. 
170.  To  find  the  Center  of  Pereuffion;  through  the 
Point  of  Sufpenfion  C,  and  Center  of  Gravity,  draw 
the  Axis  of  the  Body  CO  ;  and  fuppofe  0  to  be  the 
Center  of  Pereuffion  ;  through  CO  draw  the  Plane  in 
which  the  Center  of  Gravity  moves,  and  imagine  the 
Body  to  be  divided  into  innumerable  fmall  Prifms, 

all 


PLot.^j?^. 
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all  perpendicular  to  this  Plane,  and  let  them  be  fup-  FIG. 
pofed  to  be  reduced  to,  or  fituated  in,  the  Points  where 
they  inter  feci:  this  Plane  •,  and  let  p  be  one  of  thefe 
fmall  Prifms.  Draw  pf  perpendicular  to  CO,  and 
pd  perpendicular  to  Cp  ;  then  pd  will  be  the  Direction 
of  p's  Motion  as  it  revolves  about  C  •,  and  the  Body- 
being  ftopt  at  0,  p  will  urge  the  Point  d  forward, 
with  a  Force  proportional  to  its  Magnitude  and  Ve- 
locity, that  is  as pxCp  ;  therefore  the  Force  where- 
with p  acts  at  d  in  a  Direction  perpendicular  to  COy 
will  be pxCf.  And  the  Force  by  which^ endeavours 
to  turn  the  Body  about  0,  will  be  as  pxCfxdo,  or 

pxCfx'CO  —  Cd,  that  is  as  pxCfxCO—pxCpK 
Now  fince  the  Sum  of  all  thefe  Forces  to  turn  the 
Body  about  O  mult  be  =0,  therefore  all  the pxCfx 
CO—pxCp'-zzo,  or  all  the  pxCfxCOzz  all  the  px 

Sum  of  all  thepxCp1 

Cpz-,  therefore  CO  —  — n — - — r — ttz t — ~ ?"• 

t  '  bum  ot  all  the pxcj 

For  the  Center  of  Ofcillation.     Through  the  Cen-     171.. 
ters  of  Motion  C  and  of  Gravity  G  draw  the  Axis  CO, 
and  let  O  be  the  Center  of  Ofcillation.     Draw  the 
lorizontal  Line  Cr,  and  Or,  Gg,  pn  perpendicular 
thereto,  and  ^/perpendicular  to  CO. 

By  Reafon  of  the  equal  angular  Velocities  of  all  the 

Particles  of  the  Body  •,  the  abfolute  Motion  of  any 

Particle  q  (and  confequently  the  Force  that  generates 

it)  will  be  as  Cq  xq  ;   and  therefore  a  Force  acting  at 

Cq 
n  that  can  generate  that  Motion  in  q,   is  as  yr-x  Cq 

Co1  X  Q 
Xq,  or  — — — -,  by  the  Power  of  the  Leaver:  Let 

s  z=  Sum  of  all  the  Cqz  X.q  in  the  Body,  and  let  this 

De  as  (the  Weight  of)  the  Particle  p.   If  the  Weight 

)f  the  Particle  p,  acting  at  //,  generates  any  Motion 

Co1  x  Q 
n  the  whole  Body  AD,  then  — ~p  zz  that  Part 

of  the  Gravity  of  p  Which  generates  the  Motion  of 

che 


3io 
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FIG.  the  Particle  q\    and   the  Force  acting  at  q,  and  the 

J1'     Motion   of  q  generated   by  that    Force,  is   -^—  x 

Lq 

Cq'Xq             CnxCaXg  . 

— --p  or p  and  the  Velocity  of  q  is 

CnxCqXp          1;              \     £  ,     .        Cnxp    ., 
~ 2 — Hb  and  its  angular  Velocity —.After 

Cq%  ^  n 
the  fame  Manner  any  other  Force — L  p   acting 

at  /?,    will  generate  the  fame  angular  Velocity  in 

any  other  Particle  q  -,  and  confequently  the  Sum  of 

all  the  Forces  Cq%xq  .     ,x,  .   ,  ... 

• - -p  or  the  Weighty  will  generate 

the  fame  angular  Velocity  in  all  the  Parricles  q  toge- 
ther or  in  the  whole  Body.  Now  fince  the  Weight  of 
any  Particle  p  will  generate  an  angular  Velocity  in  the 

i  •  i  •  Cnxp 

Body  AD  about  C,  which  is  as  Sumof  alltheQ'xi 

therefore  the  angular  Velocity  which  all  the  Particles 

the  Sum  of  all  the  Cnxp        T 

p  can  generate  is  as  — — — — - .     In 

r         to  bum  or  all  the  CpL  xp 

like  Manner  the  angular  Velocity  which  the  Gravity 

'    of  a  Particle  p  placed  in  0  would  generate  in  itfelf  is 

as  -7va„  ■■    ■    or  as  -7^7; — .     But  becaufe  of  the  E- 
CO*  Xp.  ^O 

quality  of  the  Vibrations  and  correfpondent  Accelera- 

•   tions,  this  laft  muft  be  equal  to  the  Sum  of  the  for- 

Sum  of  Cnxp  Cr 

rner ;  whence  -3 ,-  ~,  w  :"  =:  "VvS,   •  :   But  by 

Sum  ot  Cp-  xp  CO  * 

the  Nature  of  the  Center  of  Gravity,   the  Sum  of  all 

Ci 

the   Cnxp  =  Cgx  Body  ADzz~~xCGx  Body  AD 

(V*  Cr 

~  ~CO~  x  ^um  °^  a^  t^ie  ^/X-P*      Therefore  -^Jjj 

Sum  Cfxp  Cr 

X  mrrn — 7^~, — r"  =  -  nr\ ':  9  whence  C  O  zz 
*     bum  Cp'-xp  CO\    ' 

Sum 
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SumofallC^x*       A    '      .       c        \      n  'FIG, 

And  therefore  the  Center  or 


■Sumot  all  Cfxp    *  uuclult  slKS    -    ***   Vi     *7* 

Ofciliation  is  the  fame  with  the  Center  of  Percufiion. 
Since  Sum  of  Cfxp  =  CGx  Body  AD  -,   therefore 
Sum  of  Cpz  xp 
C0  *"  ~CG  x  Body  AD  ' 

Alfo  fince  Cp1  —CGz+Gpl—iCGxGf,  therefore  the 

Sum  of  all  Cpz  xp  s=  Sum  of  all  GCz-\-Gpzxp  -Sum 
of  all  2CG  x  Gfxp.  But  by  the  Nature  of  the  Center 
of  Gravity,  the  Sum  of  all  the  Gfxp  32  o-,  therefore 
Sum  Cp*  x/>  =s  Sum  CGZ  xp  +  Sum  Gp*xpzz  CG* 
X  Body  yfD  +  Sum  GpzXp.  Therefore  CO  hz 
Sum  Q>2  x^  Sum  of  Gpz  Xp 

~  CG   +      rr^n~A„  4r>    •    And 


CGxBodyyfD   -  w  ~      CGx  Body  ^D 

Sum  of  all  Gplxp 
G0-      CGxBodyJD    '' 

Therefore  if  J  rz  Body,    Cpzzx,  Cfzzv,  Gpzzz9 

then  the  Sum  of  all  the  Cplxp  —  Sum  of  *2.r —Fluent 

of  xzs,  and  Sum  of  Cfxp  ~  Sum  of  vszz  Fluent  of 

vs.     And  Sum  of   Gpz  xp  ==  Sum  zzs  zz  Fluent  of 

Fluent  of  xzs  Fluent  of  xzs 

zzs-,  therefore  CO  zz  -77; — f — :    =z  77^ — ^— -j — ^r 

i<  luent  or  vs        CG  x  Body  AD 

Fluent  of  z2i 

:CG+CG>cBod7^-     Whence  this 

RULE. 

iDraw  a  parallel  Line  to  the  Axis  of  Motion,  through 
the  Center  of  Gravity  of  the  Figure  [whether  it  be  Line, 
Surface  or  Solid)  -,  and  find  the  Sum  of  all  the  Produces 
of  every  Particle  of  the  Figure,  multiply* d  by  the  Square 
of  its  Diftance  from  the  Axis  of  Motion,  or  elfe  ^from 
the  parallel  Line  ;  which  is  done  thus, 

1.  Multiply  the  {Moment  or)  Fluxion  of  the  Figure \ 
by  the  Square  of  its  Diftance  from  the  Axis  of  Motion, 

and 
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FIG.  and  {by  Help  of  the  Equation  of  the  Curve)  find  the 

171.     Fluent  F,   or  elfe  multiply  by  the  Square  of  its  Diftance 

.    from  the  parallel  Line,  and  find  the  Fluent  G. 

But  in  many  Cafes,  efpecially  of  Solids,    the  Fluent 

cannot  be  had  at  one  Operation  ;  and  then  you  muftfirfi 

find  the  Sum  of  thefe  Products  in  the  generating  Line* 

or  Plane,  of  the  Figure  propofed ;  thus.     Multiply  the 

(Moment  or)  Fluxion  of  that  generating  Line  or  Plane, 

by  the  Square  of  its  Diftance  from  the  Axis  of  Motion, 

or  elfe  from  the  parallel  Line  ;  and  find  the  Fluent.   And 

then  multiply  this  by  the  Fluxion  of  the  Abfciffa  of  the 

Figure ,  and  find  the  Fluent  F,  or  elfe  G. 

2.  Then  draw  a  Line  thro*  the  Point  of  Sufpenfion  and 

the  Center  of  Gravity ;  and  from  the  generating  Point, 

Line,  or  Plane  of  the  Figure,  let  fall  a  Perpendicular 

upon  it  \    and  find  the  Diftance  of  that  Perpendicular 

from  the  Point  of  Sufpenfion  \  then  multiply  the  Fluxion 

of  the  Figure  by  that  Diftance,  and  [from  the  Equation 

of  the  Figure)  find  the  Fluent  M.     And  let  dzz  Diftance 

from  the  Point  of  Sufpenfion  to  the  Center  of  Gravity, 

F         F 
and  B  zz  Body  or  Figure  given.     Then  ~rfor  -r^-  or  d 

Q 

+  -Tg-  will  be  the  Diftance  of  the  Center  of  Percuffwn 
or  Ofcillation  from  the  Point  of  Sufpenfion. 

S  C  H  O  L  I  U  M. 

If  the  Center  of  Percufnon  or  Ofcillation  be  made 
the  Center  of  Sufpenfion,  then  the  former  Point  or 
Center  of  Sufpenfion,  becomes  rhe  Center  of  Ppr- 
cuflion;  if  the  Plane  of  its  Motion  remains  the  fame. 
And  in  general,  the  Diftance  of  the  Center  o(  Suf- 
penfion from  the  Center  of  Percuflion  or  Ofcillation, 
lame  Body,  will  always  remain  the  fame  5  if 
the  Diifance  of  its  Center  of  Gravity  from  the  Point 
of  Sufpenfion,  and  the  Plane  of  its  Motion  'in  re- 
gard to  i\\c  Body)  remain  the  fame.     For  then  </ani 

G 
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G  remain  the  fame,  and  -y^r  =  Diftance  of  the  Cen- 
ters of  Gravity  and  Percuffion.  And  therefore  in 
this  Cafe  if  the  Body  be  put  into  any  oblique  Pofi- 
tion,  it  makes  no  Difference.  Likewife  \i  the  Dif- 
tances  of  the  Center  of  Gravity  from  the  Centers  of 
Sufpenfion  and  Ofcillation,  be  known  in  one  Cafe, 
they  are  known  in  all  Cafes,  the  Plane  of  the  Mo- 

Q 

tion  remaining  the  fame.   For  their  Rectangle  zz  —~  5 

and  therefore  they  are  reciprocally  proportional.  And 
hence,  as  to  the  Calculation,  it  will  be  fufncient 
to  find  the  Center  of  Ofcillation  in  the  fimpleft 
Cafe,  and  then  it  may  be  eafily  had  in  any  other, 
or  when  the  Point  of  Sufpenfion  is  at  any  other 
Diftance  affigned. 

Cor.  The  Center  of  Preffure  of  any  Plane  immerfed  171. 
in  a  Fluid,  and  fuftaining  that  Fluid,  is  the  fame  with 
the  Center  of  Percuffion  of  that  Plane ;  the  Axis  of 
Motion  being  the  Interferon  of  this  Plane  with  the 
Surface  of  the  Fluid.  The  Center  of  Preffure  is  that 
Point  againfl  which  a  Force  being  applied  ~  Sum  of 
all  the  Preffures,  mall  juft  fultain  them  s  fo  as  the 
Plane  fhall  incline  to  neither  Side. 

Through  the  Center  of  Gravity  of  the  Plane  draw 
AO  perpendicular  to  AS  the  InteriecTiori  of  the  Plane  ' 
and  Surface  of  the  Fluid,  and  let  c  d  be  parallel  to 
AS.  Then  the  Preffure  againft  any  fmall  Part  cd 
is  as  cdxAb,  and  its  Force  to  turn  the  Plane  about 
0  the  Center  of  Preffure  is  cdxAbxbO  —  cdxAb 
XAO  —  cdxAb'-,  and  the  Sum  of  all  thefe  mud  be 

1  l       r         jiA         Sum  of  cdxAb1 

equal  to  o,  therefore  AO~  -s t—j rr-.there- 

^  Sum  or  cdxAb  ' 

fore  0  is  the  fame  with  the  Center  of  Ofcillation  and 

Percuffion,  and  confequently  is  to  be  found  the  fame 

Way. 

tS  f  E  x  a  m  p  1  e 
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Example      i. 
FIG.      Let  CB  be  a  right  Line,  CBzzx,  then  fzzxxx 

1H*    and   F  zz ;    alfo   j'dzzxx,    and  AT  zz  ~^~  '•> 

F 
whence  -v-=-  zz  f#  zz  CO. 

E  X.     2. 

x74«        7;/  <s  Parallelogram  where  the  Axis  of  Motion  is  in 
the  Plane  of  the  Figure,  CBzzx,  BDzzb,  then  f  = 

/'AT* 

&*1*,  and  F  zz  — —  -,   alfo   Mzzbxk,    and   AT  — 
;  whence  -77  zz  1 -#  n  CO. 

2  jkZ 

Ex.  3. 

175.  Zrt  yf#D  fo  the  Arch  of  a  Circle^  the  Center C  the 
Point  of  Sufpenfion,  and  the  Axis  of  Motion  perpen- 
dicular to  its  Plane  ;  let  Arch  ABD  zz  s,  Cord  AD 
zz  c ,    CBzzr.      Then   Fzzrrs;    and    by   Ex.    3. 

r£  F  F 

Prob.  XVII.  J  zz  —  -3    therefore  -nr  =  -j-  ~ 

<: 

Ex.    4. 
'j~64         2>/  y£D  £<?  a  right  Line,  the  Axis  of  Motion  per- 
pendicular to  the  Plane  parTing  through  it.     CBzzd, 

BAzzy,  then  f  zz  dd+yy  x  2j/,  and  F  zz  zddy+ty  ; 

ir    *>r       j         1  ^         2^y+|^  ^ 

MoM=2Jy.9  whence^  =  __  =  </  +  _.. 

Ex.    5. 

177.  For  the  Periphery  cf  a  Circle,  let  CD  zz  d,  Radius 

ADzzr,  Circumference  zz  r.     If  the  Axis  of  Motion 

be  perpendicular   to  its   Plane,  then   G  zz  rrc,  and 

.  G  rrc  rr 

But 
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But  if  the  Axis  of  Motion  be  in  the  Plane  of  the  FIG. 
Circle,    let    DE  zz  z,    Pi^zz  J,    then   g  zz  zzs  zz 

,  and  by  Form  17,  the  Fluent  Gzz  - — -,for 


\/rr — zz  2 


G  TT 

the  whole  Circle  :  Therefore  d  A r~-  —  d  +  — 7 

1     aB  '    id 


Ex.  6, 

For  the  Plane  of  the  Circle,  the  Axis  of  Motion  per-     iyyt 

pendicular  to  its  Plane,  DEzzz,  Circumference  at  E 

cz              .         cz^z  _  _        <rz+  <r* 

zz  ,  then  G  = ,  and  G  zz 


r  r  4r  4 

Th™d+HB=d+TdB   =d+~d- 

And  if  the  Axis  of  Motion  be  in  the  Plane  of  it, 


cr> 


6  zz  \zxz  \/rr  —  zz,    whence   G  zz  — g—  s  and  i+ 
G  a*1  rr 


dB    ~      ^  8^5    "a     t   4^ ' 

E  x.     7, 

For  the  Periphery  of  the  Circle,  parallel  to  the  Ho-      I7g# 
rizon,   let  the  Axis  of  Motion  be  parallel  to  ED, 
Radius  DJSzzr,  BJzzv,  DL~z,  CDzzd,  then  g= 

4221;  —  ■  =• ,  and  (by  Form  17)  the  whole 

Vrr  —  zz 

^,  ^         rrc       .         1  G  rrc 

Fluent  G  =  —  j  then  J  +  7^  =  <* +  -^-:$: 

'  +  -n- 

Ex.    8. 

Fi?r  /£<?  Plane  of  the  Circle,  whofe  Point  of  Suf-     ly%% 
penfion  is  in  CD  perpendicular  to  its  Plane.  Let  AL 

—  x,  DL—z>  then  g  zz  \xzzz  zz  42*2}  x  \/;'r — 2Z» 

S  f  2  and 
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FIG,       ,!  ■  -    ._,  _,        cr*  ,       '     G 

and  the  whole  fluent  G  zz  -g—  ;  and  </  +  ~~Jn~  = 

Ex.  9. 

1 70.  /#  <z;z  IfcceJes  'Triangle  where  the  Axis  of  Motipn  is 
parallel  to  the  Bafe,  let  CDzza,  CAzzx,  BE—/,  then 

tv       J*         j  ■        J*'*        1            7-        A4      ir 
IK  =  — ,  and  ^  =z *,  whence  F  zz jalio 

fx1  x  fix  F 

M  =  - — — >  and  M  n ;  therefore  -rr-  z=  \x  = 

a  3a  JVL 

fcf. 

If  the  Axis  at  C  be  perpendicular  to  the  Plane  of 
the  Triangle,  let  A§>zz\v9  then  C^  X  Fluxion  of  A^ 

zzxx+wxzv*  and*  being  given,  the  Fluent  ss 
2^^  -[ ,  tnen  ^  zr  2arz;#  + zz  (becaule 

fx    fx*x  fwx         .  „        fx* 

v  zz  J  - )  y 4- r  >  whence  F  zz  - —  + 

f>x*             \2fa^-\-fia       ,        _         F           \iaa\ff 
__.    -_     ^_i —     tiiererore  =   ■*-=£-. 

Ex.  10. 

j 80.  /«  rftf  Parabola  CAF,  ACzzx,  AFzzy,  Agzzv, 
axzzyy.  Let  the  Axis  in  C  be  parallel  to  AF,  then 
*  zzyxlx9     =  xlXy/ax%  and    F  zz  fa*  v/^ ;  and  m 

zzjxx*  zz  .viv/i  and    Mz:  y*2  v/Vw.     Therefore 

If  the    Axis   be  perpendicular  to  its  Plane,  then 
C££  x  AQjzz  xx+vvxv,  and  the  Fluent  zzxzv+jvl9 

x  being  given  -,  then  Fzzx*vx+  — —  =yx\x+~- — 

.       .__  axxs/^x  *  _ 

=  x\\  y/«x  +  - — j-* — ;  whence  F  zz  ;#*  </ax  + 

% 
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TV**2  v/^.      Therefore  M  zz  fe  +  |*.  F  *  G' 

Ex.   11. 

Z*/  y/£  be  the  Surface  of  a  Sphere  *  ABzzs,  £E—z,     1 8  r. 
Radius  AJDzz r,  t  —  Circumference.   Then  Circum- 
ference of  BE  zz  — ,  and  6  =   '** 


X 


|'    ■**        :  whence  C?  =  J£I  _  -^1  „  i^ 

v/^— zz  =  -y1  •  And  fczro  therefore  </  +  ~ 

,         2rr 
zz  d  +  —j-. 

Ex.    12. 

^  Ztf  AB$D  be  a  Parallelepipidon,  the  Axis  of  Mo-     182 
tion  perpendicular  to  the  Piane  AB9D-,  Jet  ABziia 
AD=2h,  Breadth  zz  c9  GSzzx,  SZzzy,  then  GZ*  x 
Ate  zz  **-f-jp  x  4-cy,  and  the  Fluent  zz  40^  +  f^ 
v  being  given;  whence   g  zz  4AvJji  +  -^t   = 
4^x2*  +  l^i^  .    therefore   G  zz  f a&*3  +  ff^  rz 

j^i  +  M,a .  aifo  fi  =  4^ .   Therefo;e  ^ 

G  .       aa  +  hb  ^ 

-2w  =  d+~r—. 

Ex.    13. 
In  a  Cylinder  hi  CA=zx9  AD=r,  Ae~y,  CH-a>     H2. 
f  --  Circumference,  the  Axis  of  Motion  parallel  to 
JB;    then   for  the   Circle  ADB,  Ce*  x  De  X  ^  = 

fr+JP  X  4^\/^=^r  and  the  whole  Fluent  =  ^£L 
.  .  2 

+  -g-.     Then/==— ~  +  ._>and^=2Il 

f  -j-  i  which  corrected  gives  F  =     rcXi~rcai 

6 

+ 
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FIG.,     rHx — rna  re      3        x+a 

+ g ;  and  B  a  x—a  x  — ,  a  =  — j — , 

,  .,,      jP  2#* —  2#*  rrtf — rra 

then   will   ->^-  =  — i +  - —   z= 

dB  sx  — 3aa  2*  — zaa 

4-xx  +  4-ax  +  \aa  +  3?r 

6x  +  6a 

Ex.     14. 

184.  Let  CKB  be  a  Pyramid^  whofe  Bafe  is  a  Parallelo- 
gram, and  Axis  of  Motion  in  C parallel  to  the  SideD^f. 
Let  its  Altitude  zza>  ABzzf,  ADzze,  CHzzx,  HLzzy, 

ex  fx 

then  KI  zz  ■,  and£Fzz-^-,  and  CIs  x  KI X 

a  a 

cxy  cx>y 

hi  zz   xx-i-yy  x  ~„>  and  the  Fluent  zz + 

ci  a 

cy^x                    .        cx>x            exxy*           cfx^x 
;  whence  F  zz y  4- zz 4- 

cpx*x  A     k  ^         cfx*  cfix>  Af/. 

~— -.     And  F  zz  -y —  +  ~— -.      Alfo  M  zz 
i2a±  $aa    ^    6oa± 

cf^x  cfx+  :  F 

-— — ,    and  M  zz  -f —  ;  whence  -,-7    =    U   + 

ff  uaa+ff 

-x  zz . 

Ex.     15. 

185.  In  a  right  Cone^  \ttCA~g^  Altitude  zz#,  Radius 
of   the  Bafe    zz/,  JBzzx,    BIzzz,  ^  =  3,1416  then 

BE  or  ED  zz  &>  72  zz  J ^XX-  —  zz-y  then  for 
#  ^      aa 


the  Plane  DO,  C7i  x  lExAlh  zz  £+#   +Z2:X4£ 

ffxX  a  Cifxz 

zz,    and  the  Fluent  zz  g+x   x 


j 


ca  .     <-  '  aa 

tf*x* 


+  -~-,    x   being   given.      Then   F  zz  g+x    X 

cffx'x 
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cffxzx  cf+x+x  '  FIG 

J~.  +  ~^7->    confidently   F  zz  :  %gc#  +  ' 

cffx*  ff  

igCX*  +  **.  +  -^  :  X  «£     Alfo  M  zzg+x  X 

'  {**»  and  M  zz  :  i^  +  Iw*  :  x  — .     Whence 

aa  °  aa 

JL  _  20££  +  3°£a  +  l2aa  +  3ff 

M  ~~"  2og  -\-  15a 

Ex.     16. 

iw  /^  S/>£<?r<?  ^S.     Draw  the  Diameter  AS  paral-      181. 
lei  to  the  Axis  of  Motion   at  C.     And  let  ADzzr, 
AE~v,  Efzzz,  EBzzy,  ezz3.14.16  :   Then  for  the 
Circle    BE,    c  x  lEfxtfX  Ef1  zz  2czJz  ;    and    the 
Fluent  2:  {irz*  —  l<rj*  -,    whence   G  zz  *ry«&  zz  lev  x 

in! — vv  zz  2crzvlcu  —  2crv*v  +  InJ+v  ;    and    G   zz 
Lr*i/i  —  lor*  +  Tlccvs.     Alfo   the  Fluxion   of  the 

Solid  zz  cyyv  —  evX2rv — vv,  and  the  Solid  or  the 

Q 

Segment  BAE  zz  crvz  — \cv*  zz  B.     Then  ~jn~  zz 

2cr2^ — ia-vl+2v*        A     ,  r      .        ,    ,    ^  , 
1 g .    And  lor  the  whole  Sphere, 

jB=-£r=D0->indC0  =  d  +  W 

2rv  yf 

If  v  be   very  fmall,  then  DO  zz  ■— r-  zz  — , 

nearly  •,  and  in  mod  Clocks  the  Bob  of  the  Pendu- 
lum is  in  this  Form. 

Ex.      17. 

Let  AD  be  a  Paraboloid  -9  CAzza,  AB—x,  BD~)\     ,55, 
BI—z,  rzz3.i4i6,  rx~yy.      Then  ElX-ilX+CI*  == 
i+ia  -\-zz  \x  4'Z\/yy — zz>  and  the  Fluent  —  a-\-x 

X  #7  +  -0'4  i  therefore  /•=  rt+.r    x  C->v  H - — 

4 

A* 
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F  I  G.  x  =  a+x*  xcrxx  +  icrzxlx -,    whence  F=lcaarxx 
+  fftgryj  +  *****  +  ^wra^i    Alfo  m=  I+£  X  cy*x 
=  *+*  x  ^raWi  and  M=  bwtf  +  }##,     Therefore 
i7         6a%  +  Sax  +  rx  +  %xx 

M  ~~  6a  +  4x 


PROB,     XIX. 

187.    To  find  the  Law  of  centripetal  Force  requifite  to  caufe  a 
Body  to  move  in  a  given  Curve  BF, 

Let  B  be  the  Place  of  the  Body  moving  in  the 
Orbit  BF  by  a  Force  directed  to  the  given  Point  C. 
Draw  the  Tangent  BT,  and  the  Radii  CB,  C^,  in- 
finitely near  each  other.  §>R  parallel  to  CB  ;  and 
CT,  ®n  Perpendiculars  to  BT.  Let  the  Diftance  CB 
—  D,  perpendicular  CY—P,  then  the  infinitely  fmaJl 
Line  £{R  will  be  as  the  Force  and  Square  of  the  Time 
conjunctly,  that  is   as  the  Force  and  Square  of  the 

@R  g)R 

Area  CJ9j?j  therefore  the  Force  is  as  -— — ~_  or  ■~~-rr, 

CB%)       WW 

tint  is  (becaufe  P  :  D  :  :  %  :  ®R  =     ^  *  D  )  as 

>ap' — rr-~\     But  -— —  =  Radius  of  Curvature  in 

the  Point  £,  and  the  fame  Radius  is  alfo  — ■ —   by 

rich.  V.  wherefore  the  Force  is  as  —  --.-     that  is, 

1 )  to  be  given)  as  the  Fluxion  of  "pp  • 

Therefore  to  find  the  Law  cf  centripetal  Force,  let 
-  Difiance  frcrn  t '  P  ;=  perpends 


PLvm.f.j'zo 
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cular  on  the  Tangent :    Compute  the  Value  of  P   znF  I  G, 
Terms  of  D,  by  the  Nature  of  the  Curve  \  then  find  the 

Fluxion  of    ppi  making  D  zz  ii  and  then  expunge 

all  Quantities  as  far  as  poffible^  except  D>  and  you  will 
have  F,  the  Law  of  centripetal  Force  required. 

Example     i. 

Let  C  the  Center  of  Force  be  in  the  Circumference    1 88* 
of  the  Circle  CBD\  Diameter  CDzzir,  the  Triangles 

CBD  and  CBT  are  fimilar,  whence  P  zz  — - — ,  there- 

r        —1  —\rr  i6rzf)         1 

fore  ~jj  -  — — ,  therefore  F  <x     /J>5   -  oc  ~Dj  ; 

that  is,  the  Force  is  reciprocally  as  the  Fifth  Power 
of  D. 

Ex.  1. 

Let  DB  be  a  Circle  \  and  C  at  an  infinite  Bifiance^     1  gQd 

By  t  .^ 

AEzzx,  EDzzy,  ADzzr,  then  Pzz  — -,  and  ~^~ 

—~rr 
fc  "7J73 >'~%  whofe  Fluxion  (becaufe  D  is  a  (landing 

2rz  2rz 

Quantity)  is  ^Tp^js  therefore  F  oc  ^gT"?^3    or 

Ex.   3. 

Z>/  &F£*  «»  £/%fa  ;  C  the  Focus,  £  the  Center;         ^ 
draw  Z?£  and  its  Conjugate  AE9  and  let  the  tranfverfe 
Axis  z=  2r,  Conjugate  =  2t\  then  by  the  Property 
of  the  Ellipfis  irD—DD  the  Reftangle  of  the  focal 

Diftances  from  B9  is  zzAEl9  alfo  AE  or  x/irD-DD 

cD  ,  ~i         -2rD+DD 

:c:  :  D:Pzz     , ■-,  and  —  3 

y/irD-DD  PP  ccDD 

T  t  . f    = 


j22  *fhe    Doctrine 

FIG,         — 2r         i  .  .      .     2r£ 

-  ~^F~  +  77'  whofe  Fluxion  1S  7Zd5>  therefore 

2r 


Fa     ,-nr^-  or 


Ex.    4. 
!QI#        JL<tf  C  fo  the  Center  of  the  EUipfis  ;  then  by  the  Na- 
ture of  the  Figure  AC2-  +  CBl  zzrr  +  cc,  and  AC  zz 

cr 


x/rr+cc—DD  -,MoAC:c::r\P 


\/rr+cc--DD 
i           — rr — cc+DD 
therefore  —  -p-p  =  — •,  whofe  Fluxi- 

.     2Db  c  2D        -r.      ^, 

on  is    ccrr     ;  therefore  F  oc  -~~r  <*  D.     That  is, 

the  Force  is  as  the  Diftance. 

Ex.  5. 
JG2,        i>/  5^ ^  an  Hyperbola,  C  the  Focus.    Proceeding 

as  in  the  Ellipfis,  we  fhall  find  Prz  — . 

\/2rD+DD 
1  — 2rD — DP  _2  r  1 

and  —  pz    _         ^D2)         -~ccD  c~c 

2rb  2r 

whofe   Fluxion    is    —77™  therefore  i7  oc  - — rrr  or 

F  ca 


And  after  the  fame  Manner  if  the  Force  be  in  the 

cD 
other  Focus,  there  will  be  found  P~  — , 

\/DD— 2rD 


2r 


and  the  Force  i?  oc       ^  «  ,  and  is  therefore  a 

centrifugal  Force, 

Ex.     6. 

Z>/  ABbean  Hyperbola*  C  the  Center,  Tranfverfe 
93#      zz2r,  Conjugate  zz2r,  £  5:  half  the  Conjugate  belong- 
ing to  CB.     Then  by  the  Property  of  the  Hyperbola 

bb 
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tb—*DD—rr  —  cc,  and  b  —  K^rr  —  cc+DD;  and  ^  *  G' 

CT 

b  :  c  :  :  r  :  P  zz  —         - .  Confequently  •— 

s/rr — cc-\-DD 
l  —rr  +  cc—DD  _.      .        .    -2DD 

~pn    —  ■ ,  whole  riuxion  is  . 

rJr  ccrr  ccrr  * 

— 2D 
therefore  F  <*     «•    ■  ■»  oc — D,  and  is  therefore  a  cen- 

trifugal  Force. 

Ex.  7: 
if/  ^5  be  a  Parabola^  C  the  Focus,    r  zz  Latus     194, 

IrB 

Reftum;  by  the  Property  of  the  Figure  Pzz^/  — , 

whence  —  -pp  zz  — ~p,  whofe  Fli 


PP  -    rD  »   T-^  **uxlon  1S   rx>D 


therefore  Foc-gj, 

Ex.  8. 

Ztf  yf5  fo  0  Parabola,  C  the  Center  of  Force  at     195. 
an  infinite  Diftance  in  the  Axis.     JDzzx,  DBzz.y> 

r?*  thenP=~r^^r ' and  -pf-  = 

— ixx — ax~         — 4*  1  1    r    r-1     •       • 

~— -   fin,   whole  rluxion  is 


mr ,+  "Sr. +  "S"  =  < becaufe  ~  *  = z)) : 

TdT  +  ~^T  :  X  D  •  therefore  **  ~ ^ > 

4^>  *       4 

or  (becaufe  D  is  infinite)  oc  -^JT5  or  ^^jrjragiven 

Quantity. 

Ex.    9. 
L<tf  C  be  the  Vertex  of  the  Parabola,  CAzzx,  ABzzy*     r   g, 
ax—yy,  by  fimilar  Triangles  TB  :  JB  ::  TC  or  x : 

CT  or  P  —  - — y— ?— .-  >  whence 


T  t  2  4.\vc+j7 
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FIG.   4*x+yy         —4  *  i    c    t:\     ■       •      4** 

— a^.  =z L  —  —  •,  whofe  Fluxion  is  J^~ 

2X  2Diy 

+  — — .  But  DD—xx+ax,  and  thence  i:z 


xl  a  +  ix* 

4x  +  2a   _    iDb  4Db 

therefore  Foe  -— 7—  x  j^  =  — -,   or  1 

D 

«  — r~t 

Ex.  io. 

197.  Z>/  J7/^  fo  tf#  Ellipfis  ^  C  the  Focus  \  and  let  the 
Curve  VB^Jje  formed  from  the  Ellipfis  ^  thus  ;  take  CA 
zzCb,  and  the  Angle  VGA  to  the  Angle  VCb^  as  m 
to  #,  for  all  the  Points  of  the  Curve.  To  find  the  Law 
of  centripetal  Force  of  a  Body  moving  in  the  Curve  VBQ. 
Let  the  Tranfverfe  of  the  Ellipfis  z=2r,  Conjugate 

—  ic.    By  the  Property  of  the  Ellipfis  the  Perpendi- 

cD 

cular  Cp  =:      y     r,      --,  alfo  tb—TA,  and  L  BCb 
VirD  —  DD 

7i  P  y.t  b 

—  —  ACo.     And  by  fimilar  Triangles  — 5^—   3 

m  to  BY 

»      "a*  ^CPX^  L        .  P 

tB  =  —  TO  zz ,  that  is  -—=: 

m  M  x/'DD-PP 

nc 

\  whence  by   Reduction 


m  s/xrD  —  DD  —  cc 

PP~  ~In»\D— mzDz— mzcz+nzcz    '  whence  TF 

— 2rmz  mz  nzcz — mzcz       .    r  _, 

~  TV-  4-  "znr tttz — ;  whofe  fluxion 

n  c2D  nlc*  nzczDz     ' 

2rmlj)  2nx — 2m7'  --  mz 

ls  ¥?W  +  '1^Fd~c  d>  therefore  Fx-dd~ 

nz-—m% 

— — cc.     In  the  fame  Manner  if  C  were  the  Center 

rDl 

of  the  Ellipfis,  it  might  be  proved  that  the  Force  is 

mzD  nn  —  mm 

as  —  +  — Di — cc. 

Ex.  11 
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Ex.     11. 

Suppofe  AB  to  be  the  Logarithmic  Spiral;    fince  the  FIG, 

Angle  CBT  is  always  given,  there  is  given  the  Ratio     l9%* 

n 
of  CB  to  CT  fuppofe  as  m  to  n.    Then  P  =z  —  D ; 

,    — 1  — mm  _  .       2;»s2) 

and    'pq    =  — nTT*    whole  rluxion  is 


I 


therefore  Foe  , 


Ex.   12, 


L*f  C5  fo  the  hyperbolic  Spirals  draw  CTperpen-     ion, 
dicular  to  CZ>,  and  let  CB~y,  the  given  Subtangent 
CTzza.     By  fimilar  Triangles  \/^-f-_};y  :y  :  :  a  :  P 
ay  ,  il  —  *  1 

'fr  =  ip  therefore  - 


2V  20  I 

whofe  Fluxion  is  ~r-   =  in    therefore  F  oc  — ■ 


*£-■ 


P  R  O  B.     XX. 

#!&*  Nature  of  the  Curve  ABB  forming  an  Arch  being  2oo! 
£W#  •,  to  find  the  Nature  of  the  Curve  RST?  bound- 
ing the  <Iop  of  the  Wall  ATRD  fupported  by  that 
Arch  ;  by  the  Preffure  or  Weight  of  which  Wall,  all 
the  Parts  of  the  Arch  are  kept  in  Equilibria  without 
falling. 

1.  Let  feveral  equal  right  Lines  AB,  BC,  CD,  &c.     201 
placed  in  a  vertical   Plane,  be   moveable   round  the 
Angles  A,  B,  C,  D,  &c.  whilft  the  Points  A,  G,  at 
the  Bafe  remain  fixed  and  immoveable.     Through 
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F  I  G,  5,  C,  D,  &V.  draw  the  Lines  Bi,  Cm,  Dp,  &JV. 
perpendicular  to  the  Horizon ;  and  complete  the  Pa- 
rallelogram Bhik,  and  make  ClzzBk,  and  complete 
the  Parallelogram  Clmn.  In  like  Manner  make 
DozzCn  or  Im,  Erzzop,  Ftzzrs,  and  complete  all  the 
Parallelograms  in  the  Figure  as  at  firft. 

2.  Let  feveral  Weights  which  are  to  one  another 
as  the  Lines  Bi,  Cm,  Dp,  &c.  lie  refpectively  on  the 
Points  5,  C,  D,  &V.  Now  the  Force  Bi,  is  'equiva- 
lent to  Bh,  Bk,  acting  in  the  Directions  BA,  BC , 
the  Force  Bh  is  deftroyed  by  the  Refiftance  of  the 
Point  A ;  but  Bk  endeavours  to  move  the  Point  B  to- 
wards C.  In  like  Manner  the  Force  CM  is  equivalent 
to  CI  and  Cn  \  the  Force  Dp  to  Do,  op,  &c.  Now 
the  Forces  Bk  (acting  towards  C)  and  CI  (acting  to- 
wards B)  being  equal  by  Conftruction  deftroy  one 
another.  In  like  Manner  the  Forces  Cn,  Do  ,  Dq, 
and  Er ,  Ev  and  Ft,  &c.  deftroy  one  another  ;  and 
the  Point  G  being  fixed,  it  is  manifeft  the  Figure 
ABCD,  &c.  will  not  be  moved  by  the  incumbent 
Weights,  Bi,  Cm,  Dp,  &V.  but  all  its  Parts  will  re- 
main in  Equilibrio. 

3.  The  Force  Bh  :  Force  Bk  or  CI :  :  Sine  LhiB 

or  iBC:S.  LABi:  :  -0  '     •;-»  -!^~  or 


S.ABi  '   S.iBC    ^     S.mCB  # 
Likewife  Force  CI:  Force  Cn  or  Do  :  :  S.MCD  or 

pDC  :  S.mCB  :  :  7gJ^  :  ^jy  or  -j^gg,  | 

and  fo  on  ;  whence  it  is  plain  in  general,  that  any 

Force    C/  is    as  —7; — 1 — 7^ — .     Now  fince  Cm  zz 
S.  L  mCB 


?mxCl  S.BCxxCI 


S.Cml        ~       S.mCD      ' 
S.BCx 


therefore  the  Force 


S.mCB  x  S.mCD' 
4.  Now  let  the  Number  of  the  Lines  AB,  BC, 
CD,  GrV:  be  increafed  and  their  Lengths  diminifhed 
p  chat  the  Figure  may  obtain  the  Form  of 

a  Curve, 


if  *  be  given ;  or^f«  -.—,  ifj> 

be  given. 

Wherefore  to  find  the  Curve  ST,  let  BCzzx,  ACz±y% 
ABzzz-,  then  by  the  Nature  of  the   Curve  AB,  com- 

tute  "  yi  ^  *  he  &iven>  or  ~~Z~  tf  J  be  given, 
nnd  take  AT  proportional  thereto.  And  x  may  be  ex~ 
punged  out  oj  the  l/alue  of  AT,  by  Help  of  the  given 
Line  BS,  and  thence  the  Nature  of  the  Curve  ST  will 
he  known. 


Example 


200. 
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a  Curve,  and  the  PrefTure  will  then  act  on  all  Parts  of  p  j  g 
it ;  and  the  Angle  BCx  will  then  become  the  Angle 
of  Contact,  and  the  Sines  of  mCB  and  mCD  become 
equal  to  the  Sine  of  mCx  :  Therefore  drawing  the 
Tangent  An  (Fig.  200)  the  PrefTure  on  any  Point  A 
to  preferve  the  Equilibrium  will  be  as  the  Angle  of 
Contact  at  A  directly,  and  the  Square  of  the  Sine  of 
the  Angle  mAn  reciprocally.  But  the  Angle  of  Con- 
tact is  as  the  Curvature,  or  reciprocally  as  the  Radius 
of  Curvature.  Therefore  the  PrefTure  is  reciprocally 
as  that  Radius  and  the  Square  of  the  Sine  of  that  An- 
gle mAn. 

5.  Let  BCznx,  ACzzy,  AB^zz.  Radius  of  Cur- 
vature in  AzzR.  Then  if  g  be  given,  S.  L  TAN* 
*  1  1 

y,  and  ■   l<r.Ar    <*  ~*     Then  the  Weight  or  Pref- 
Ture on  AzzATx },  and  that  (as  has  been  proved) 

is  as —■  oc  ■ ,   therefore  AT  <x . 

RxS.TAN'        fy  "£  ' 

zl 
or  in  general  AT<*.  -^--.      But    when    x   is  given 

Z1  2Jl 

R  ~  '—iv~  >  or  if  y  be  Siven  R  —  ■  „>••"  ;  there- 

y  x 


32 


8  The    Doctrine 


Example     i. 
FIG.      Let  BA  be  a  Circle^  Radius  ARzzr,  BCzzx,  ACtzy<> 

202  \  / :  Tm~—X  . 

'     BS— a,  x  given.  Thenyzzv'2rx—xx9yzz--p*===z=zXi 

v  2rx— xx 


202. 


rrxz  ,  ...    —  xy  rrx* 


y  —  -  ri  ^en  will 


2rx — xx\z  yl  2rx—xx\ 

3 


irx—xx^  rr         .       r        A. 


9  therefore  AT  « 


— 3    * 
r — x  xx>  r—x  r  —  x 

or  AT '  =  3  -.       And   expunging  x>'  Sg^ 

r — x 


{AT —  CS  —)  , ■  a  —  r  +  \/rr-yy>    for 

rr — yy 
the  Nature  of  the  Curve  ST. 

Hence  the  Curve  ST  runs  upwards  ad  infinitum^ 
and  the  Perpendicular  DE  is  an  AfTymptote  to  the 
Curve. 

SCHOLIUM. 

If  ST  had  been  a  right  Line,  then  the  Point  A 
would  be  prefifed  with  too  little  Weight,  and  B  with 
too  much  :  And  hence  appears  the  Reaion  why  circu- 
lar Arches  commonly  break  about  the  Top,  by  being 
loaded  there  with  more  Weight  than  their  due  Pro- 
portion. 

E  X.     2. 

Let  the  Carve  BAB  be  an  Ellipjis,  BRzzr9  DRzzc, 
CB  —x9  ACzzy9  BSzza,  x  given.  Then^zz  — \/zrx—xx^ 

ex             r — x  — crx%  „T1 

y  =  -—  X       ,  y  =:  ■  Whence 

\f  2rX'    '  XX  OYX-—XX  % 

L   — — p,  which  is  as  AT  \  therefore 

y  ccxr — x 

An 
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r*&  «.,  r*a  F  I  G, 

AT  = 3   .     Then  S^  =     <z  —  * 

r— #  r  —  # 

=:  (expunging  x)  ^ZZZZTT'  —  a  —  r  +  *T~vcc-yji 

for  the  Nature  of  the  Curve  $T9  being  of  the  fame 
Kind  with  the  foregoing. 

Ex.  3. 

Let  AB  be  a  Parabola,  BCzzx9  CAzzy9  SBzz\a9     203, 

rxzzyy,  y  given.     Then  x  =  — =rH  a;  zr  -z- ,   and 

3c'  2 

-^7-  zz  — ,  a  given  Quantity,  therefore  AT  is  every 

where  the  fame,  and  ST  is  the  fame  Parabola  placed 
in  a  higher  Pofition. 

Ex.   4. 

Z*/  BAbe  an  Hyperbola,  TVanfverfe  zz  ir9  Con-    203.' 

jugate  —  2c%  BCzz\x9  CA~y9  BSzz\a,y  given.    Then 

rryy         .  r     ', , 

2rx+xx  zz:  ■ >  whence  r+xzz  — v  cc-\-yy9  xzz\ 

cc  .  c 

ry  y  rcyz 

Ll_  x ,  x  =:         ^     ,    9  wherefore  vfT'oc 

*  \/cc-{-yy  cc+yyf 

(—  =)    s,  and  ^Tz=  > 

yl  cc+yyyx  cc+yyu 

Hence  the  Curve  ^continually  approaches  nearer 
and  nearer  the  Hyperbola  :  And  S§>zz(a+x — AT—) 

r    y Pa  „       .      __ 

a — r+  —  v  cc-\-yy —  ^  -,  expreiies  the  Na- 

ture  of  the  Curve  ST. 

Ex.   5. 

Let  BA  be  a  Cycloid,  BCzzx,  CAzzy,  BDzzs, 
BV~a,  x  given.     By  the  Property  of  the  Curvej—         ^ 
U  u  s  + 
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FIG.  y- ■    ,       •  a*  . 

s  +  Vax — xx9    but  s  zz ■-  ■■»,    then  jy 

2£X — 2,Ytf  .       la — X  ,  .. 

-zzx  J  --->  andjy 


2y/ax—xx  x  ixs/ax—xx 

therefore    ~*-?L  = x  :  Therefore  yff « 

J/3  2  X  « # 

T  I 


Ex.  6. 


50*  jLtf  £^  be  the  Catenary,  BCzzx,  CAzzy,  BAzzz, 


r+x 


BSzza,  x  given ;  then  zzz\/ irx+xx^zzz  x> 

s/irx\xx 


rx 


therefore  y  ==  (  vzz — xz  zz  )  -   ■  — ,  and  y  ~ 

\Z2rx~\xx 

— rxzxr-\-x          ;            — xy          r+x      ,       _ 
— -  —  ♦,  whence  — r-^-  =: ,  therefore 

2rx-\-xxx'L  yl  rr 


AT  is  as  r+x,  or  yfT  =z  —  x  r+x.     Hence, 

i.  If  a  ==  r,  then  AT  zz  a  +.x  zzCSj    and    then 
5?  is  a  right  Line  pafling  through  S. 

2.  If  #«S  is  very  fmall,  draw  At  perpendicular  to 

the  Curve,  and  by  fimilar  Triangles  (zzz)  — .  : 

^/  zrx+xx 


rx 


(y  =  )  .    :  :  (  AT  zz  )  —  X  r+x  :  A tzz 

V2rx+xx  r 

a  zzB  S  \  therefore  the  Arch  is  of  the  fame  Thicknefs 

every  where  :  Confequently  a  heavy  flexible  Line  put 

into  this  Figure  would  fupport  itfejf. 

3.  For  the  Nature  of  the  Curve  ST>  we  have  SQ 

ax 
rz  (  a  +  x  —  AT  zz  )  x — .     Therefore  if  a 

is  lefler  than  r  the  Curve  is  concave  towards  B,  and 
if  a  is  greater  than  r,  it  is  convex  towards  B. 

Ex.  7, 
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Ex.     7. 

Let  AB   be  the  logarithmic  Curve,   GD  its   Af-  FIG. 

fymptote,  B  S  —  a,  B  D  —  r,  Subtangent  G  E  zz  /,     20^. 

BC  zz  x,  CA  zzy,  AGzzr  +  x,  then  by  the  Property 

tx 
of  the  Curve y  =z  — -j-— ,  and  if  *  be  given,  y  zz 

— /*2         .  — xy  tx>x^Tx2  r+x 

z  ,  whence i_  zz  — — 1 — 3 

r+x  yi  r+x  XP&  tt 

a 


whencey£T«r+#s  or  AT  zz  —  x  r+x,  the  fame  as 

in  the  laft  Example. 

For  the  Nature  of  the  Curve,  SQzz  (  a  +  x  —  AT! 

ax 
—  )  x ,  therefore  if  azzr,  then  ST  becomes 

the  AffymptoteDG,  and  if  a  be  lefs  then  r,  the  Curve 
ST  is  concave  9  but  if  a  is  greater  than  r,  it  is  con- 
vex towards  B. 

Or  thus  for  the  Nature  of  the  Curve,  GTzz  (r+x 

r  — a 
— ATzz)r —  a -\ x,  for  the   Relation  of 

ST  to  the  AiTymptote  GD. 

Ex.     8. 

Let  AB  be  the  Cijfoidy  whofe  Equation  is  axx — yxx     206. 
zz jy5,  in  Fluxions   2axx  —  iyxx — xzy  zz  %yzy  ;  this 
again  in  Fluxions  (making  x  zz  o),  iaxl  —  lyx2-  — 
zxxy  —  ixxy  —  xzy  zz  6yyz  +  ^y%y  ,  from  the  former 

.       .         2ax—2yx    . 
Equation ;/  zz  +^    *,    and  from    the  latter, 

2a  —  'iy  xxl  —  4xxy  —  6yyz 
y  zz  — — .    Nowif^zzio, 

xzzi3  fuppofejy  —  2,  xzz.  1,  to  find  AT-,  herej/zz 

~~—~xv 
{{,  y  zz  -—,5462  '9  whence r-f—  zz  ,293   for  the 

U  u  2  Value 
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FIG.  Value  of  AT.     And  to  find  it  in  the  Vertex  where  * 
and  y  are  o,  andj  infinitely  greater  than  x\  we  fhall 

2  ax        '      la     x      2a—Atxy—6yy~ 
have  axx=f>,yzz  —  =W  J>y=- ^~ 

—2^  —  xy  3 

— j  whence ~  zz  — — -  ==  Infinity. 

9jyy  ^3  4v<zy 

Af<?r£  generally  thus : 

Since  tftftf — yxxzzy*,  in  Fluxions   20## — 2)w# 

3^y*+^J  .     ,  . 
. — xxy  —  %y%y9  whence  x  zz — - — y9  this  again  in 

Fluxions  and  reduced   (making y  invariable),  x  zz 

yi+xzyxx — %yz — x*xy      .  . 

IX- Jt —Xy  =  (expunging  xx) 

ayx — axy  ,  .  gaaxyz 

\y  X  — — zzztzr  =  (expunging  #) :±zrr  — 

yyxa—y  4yyxa—y 

%aayz  x 

(expunging  x ) ~zz~~~z -;  whence  — —  zz 

a—y   x  4  \/ay—yy  yz 

Therefore  AT  oc _ 


d 


— -/  x  W  ay-yy  s/yxa—y 


PROB,    XXI. 

207.  Tloe  Curve  BA  being  given,  by  whofe  Revolution  about 
the  Axis  BC  there  is  generated  a  concave  Surface  or 
Vault ; .  To  find  the  Height  AT  of  a  Wall  ftanding 
on  the  fame,  and  Jupported  by  that  Surface ',  Jo  that 
all  the  Parts  may  remain  in  Equilibrio. 

Let  PB^be  an  infinitely  fmall  Part  of  the  Surface 
contained  between  the  Planes  PBR  and  QBR9  draw 
the  Ordinates  DC9  AC ,  and  take  Dd9  Aa  infinitely 

fmall 
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fmall  equal  Parts  of  the  Curve.     Let  BCzzx,  CAzzy,  p  j  q. 
BAzzz:  By  the  Reafoning  in  the  1  aft  Problem,  the 
Weight  infilling  on   the  fmall  Part  of  the  Surface 

ABda  will  be  as  — ; — ,  when  the  Particle  of  the 

Rf 
Curve  is  given.     But  this  incumbent  Weight  is  ab  x 
ABxAT,  But  AB  «  y,  therefore  the  Weight  is  as 

ATxyy  and  this  <*  - — • — ,  whence  AT'  0: ■ „ 


Ry%  Ryy* 

z* 
Or  in  general  AT  «  ■  „    3   .     Whence 

Putting  BC  zz  x,  CA  ~y,  BA  zz  z.     Take  AToz 

— -xy    .r  .  ,  j-,        x       .r  .    . 

— •       lJ  x  be  given*  or  AT «  — r —   //  y   is  given  : 

yy  *        0  jj 

And  the  Nature  of  the  Curve  ST  will  be  known  by  ex- 
punging x. 

Example     I. 

Let  BA  be  a  cubic  Parabola,  rzx  zzjy*  -,  then  r%k    203. 

x 
fez  syzy,  and  (if  y  be  given)  f-'x  zz  6yyz,  whence  --=■ 

zz ;  therefore  AT  is  as  — -    a   given  Quantity: 

rr  w 

Confequently  the  Curve  ST  is  the  fame  Parabola  with 

BA,  but  placed  in  a  higher  Pofition. 

Ex.   2. 

Let  BA  be  a  biquadratic  Parabola,  r">x  zz  jy+,  and     20&L 
y  given.  Then  r^x  =  qyy9  and  r^'x  zz  \2yzyz>  where- 
fore — •-  zz  — — ,  whence  AT  ex  y  or  AC. 
Ex.     3. 


Let  BA  be  a  Circle,    y  ~Virx—xx,  X  given;     209, 

rx — xx        ..  — rrxz 

then  y  zz  -      -•    ---,  y  zz  - }   \  whence 

s/2  rx — xx  2  rx — xx* x 


y 
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FIG.    ~xy  rr 

— -r—  =   —       ;-;  therefore  AT  *. 


yyi         yxr—x  yxr—x* 

i 


that 


is  as    jjQytCR}''     Whence  tne  Perpendiculars  R S9 
DE  are  Affymptotes  to  the  Curve  ST. 


P  R  O  B.     XXII. 

To  find  the  Refiftance  of  a  plane  Figure  or  Solid  moving 
in  a  Fluids   in  the  Direction  of  its  Axis. 

2I0#  Let  AB£>bt  any  plane  Figure  or  Solid  whofe  Axis 
is  AQj>  draw  CBf  parallel  to  the  Axis  A^  and  gD 
and  Ordinate  BE  Perpendiculars  thereto-,  BD  a 
Tangent  at  B,  and  Df  perpendicular  to  it.  Call  AE* 

,v ;  EB,  y  •,  AB9  z ;  Bn<>  z ;  Br,  x ;  rn9  y. 

Let/i?  reprefent  the  Force  or  Refiftance  of  a  Par- 
ticle of  the  Fluid,  ftriking  againft  C  with  a  given 
Velocity,  then  will/D  be  the  Force  againft  the  Curve 
Line  or  Surface  at  B  in  Dire&ion  f  D\  and/£  will 
be  the  Force  or  Refiftance  againft  the  Curve  in  Di- 
rection BCy  which  alone  is  the  Refiftance  that  hinders 
or  oppofes  its  progreflive  Motion  in  Direction  of  the 
Axis.      But  by  iimilar  Triangles  fB:fg:  ifB1:' 

fD*  :  :  DB*  :  Dg%  :  :  zUy\  and fg  =  -f-  xfB. 

zz 
Therefore  the  Force  of  a  Particle  againft  C  and  B  are 

y1  yl 

as/5  and  —  xfB,  that  is  as  1  to  — — .  Now  the 
z1  z- 

Quantity 


B 

T 

Q 

C 

PLIX.^W 
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Quantity  of  Fluid  ftriking  againfl:  Bn  in  the  Curve  is  F  I  G, 

ds  y9  and  againfl:  Bn  in  the  Solid  (generated  by  AB  re-    2l°' 
volving  round  its  Axis)  asjy  :  Therefore  the  Force 
againfl;  the  Bale  :  Force  againfl:  the  Curve  :  :  y  to 

yl  ,  jy*  '  y 

— ,  or  as y  to— ; ~,  or  as  jy  to — p-,  that 

2*  xz  4-  y*  .  x1 

J' 

y 

is  as y  to ^ — : —  :   And  Force  againfl:  the  Bafe  : 

1  +  -*! 
y- 

Force  againfl:  the  Solid,  is  as  yy  to — — r-  . 

1  + 


r 

Note,  by  the  Refiftance  of  a  plane  Figure  moving 
in  a  Fluid  is  meant  the  Refiftance  of  a  prifmatic  Solid 
of  any  given  Depth,  and  whole  Bafe  is  that  Figure  : 
And  it  is  fuppofed  to  move  in  a  Direction  parallel  to 
that  Bafe. 

Hence  to  find  the  Refiftance  \  by  the  Equation  of  the 

y 

Curve  1  exterminate  xz  out  of  the  Quantity - — •. — 

1  +  x; 

y 

for  the  Curve  -9  and  find  the  Fluent  F  -,  or  out  of  the 

Quantity ^ — —  for  the  Solid,  and  find  its  Fluent 

1  +  —.- 

yZ 

G.  "Then  will  the  Refiftance  againft  the  Bafe  :  to  the 
Refiftance  againft  the  Curve  :  :  y  :  F.  Or  the  Refiftance 
againft  the  Bafe  :  to  the  Refiftance  againft  the  Solid  :  :  as 
yz  :  to  2G. 

Example      1 . 
Let  there  be  a  Triangle  (or  prifmatic  Solid)  A RS     2ll 
moving  in  Direction  SA.  Let  AQjzl*:  %Rzzc\  ARzzd, 

AE 
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"  AEzzx,  £B—y ;  and  by  fimilar  Triangles  xzz 

bty*  y  y 

whence  x-  ==  — — ,  therefore  - 


cc  T  ,     xz  bb 

yz  cc 

=  — -^rr  =5     Jj-*    whofe  Fluent  JF  zz  --%-. 
cc+bb  ad  dd 

Whence  the  Refiftance  of  the  Bafe  to  that  of  the  Side, 
is  as  y  to  -,j-,  that  is  as  dd  to  cc» 
Ex.     2. 
211.        Let  ARS  be  a  Cone,  whofe  Axis  is  Ag>j  then  #zz 

JL,  *  =  2*1,  and  -JL  =  — JZ--  : 

ccxy  ccyy  ccyy 

i^tbb  =  sr>  whoie  Fluent  G  =-^r>  and 

ccyy 
iG  —--/:-.     Therefore  the  Refiftance  of  the  Bafe 

ccyy 
to  that  of  the  Side  is  as  yy  to  ~~jj~i  or  as  ^t0  cc' 

Ex.  3. 

2  to.        Let  A B  R  be  a  Circle,  Radius  ^  =:  r,  y?£  zz  #3 

£5  zz  >     Then  x  zz     ^      zz  — ^ 3  and  4n 

r — x         \/rr — yy  yx 

yy  y  y 

=  i .   therefore  - — rr-  =  * 

rr— -^  1  +  JL^      1  +  yy 

yi  rr—yy 

rr—yy  .  y? 

=      ^    Vt  whofe  Fluent  Fzzy .      Wher 

rr    J  J         ^rr 

the  Refiftance  againft  the  Bafe,  to   the  Refiftance 
againft  the  Circle  (or  cylindric  Surface)  is  as  y  toj 

—  V^"'  tnat  *s  as  3rr  t0  37T — yy  :  which  when  jyzzr, 
is  as  3  to  2.  ,  E  x.  4 
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Ex.    4. 

L<tf  ABQbe  an  Hemifphere,  then  ~ — -—   zz  p  I  G. 

1+~JT-  2I°- 

—  X  )T,  whofe  Fluent  C  zz  -- - . 

rr  JJ'  2  4?r     * 

therefore  the  Refiftance  againft  the  Safe,  to  the  Re- 
fiftance againft  the  convex    Surface,  is  as  j*  to y% 

yA- 

—- ,  or  as  zrr  to  2rr— yy9  which  when  y  zzr, 

2;T  5  yy  y  , 

is  as  2  to  1. 

Ex.     5. 
L<?/  ABR^be  a  Spheroid,  ^ the  Center,  §>J—ay     2ro* 
Latus  Rectum  zz  ir9  AE=zx,  BEzzy,  QEznuzza — ^5 


then  uuzzaa  —  -7 yy->  and  x  zz—u 


22L 


^3 

jy  rra — ryy 

therefore  rj-  = : .yy;  whofc 

!    1 x__  rra+a — rxyy 

r 

— ryy 

Fluent,  by  Form  the  4th  and  nth,  is  Gzz~*- 

'     J  2a — ir 

4^^X2.30258  rra-\a—rxyy    

+  : ;  xLog: £-:  Whence 

« — r  nu 

the  Refiftance  of  the   Bafe  to  the  Refiftance  of  the 
convex  Surface,  is  asj/jy  to  2G 9  and  whenjy  zz  QR9 

it  will  be  as  a — r  to  - X  Log  :  —  :  —  r. 

a — r  °      r 

Ex.     6. 
Lf/  ^Z?£  fo  an  Hyperboloid  ;  denoting  the  Quan-     210. 

tlties  as  in  the  laft  Example,  uu  zz  aa  +  — yy9    and 


X  x  yy 
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FIG.  yj  rra+ryy       .  r      . 

w«  _ — 61 — ^  —  — _^ — yy9  whole  Fluent  Gzz 

2l0'       i  x^l        rrtf+r-Hxjry 

^  _ 

ryy        ,      rraa  rra\a\r  X  yy 

i X-^  +  *  X  z=rrX  2.30258  Log. 


r-M  r+a  rra 

Therefore  Refiftance  of  the  Bafe  :  Refiftance  of  the 
convex  Surface  :  :.yy  to  2G. 

Ex.     7. 

iZl0t        Let  ABE  be  a  Paraboloid,    AEzzx,    BE  zzy3 

irx.  zz  yy,  then  x*  =  — £-  ;    and  '*     •      = 

1  +  -     - 

yZ 

% — :2— ,  whofe  Fluent  Gzz 2.3025^  Log  :  s/rr-ryy\ 

And  by  Correction  Gzz2.302585rrxLog:       y  -^ 

r      » 

And  the  Refiftance  of  the  Bafe,  to  the  Refiftance  of 
the  Surface  of  the  Solid,  is   as  yy  to  2.302587T  X 

rr+yy 

Log : : 

Ex.  8. 

210.        Suppofe    A  B    to  be  a  cubic   Parabola,    r*xzzy\ 

qv4v*        t  yy  r*yy 

then  a:1  zz  ■     ^-,  whence  JJ  - 

1  + 


r4+a,4  ! 


,0174577" 
whofe  Fluent  G  (by  Form  the  5th)  zz  ■ r * 

3yy 

X  Degrees  in  the  Arch   whofe  Tangent   is ; 

and    the  Refiftance  of  the  Bafe  :  Refiftance  of  the 
Surface  :  :  as  yy  to  2G. 

Ex.     9. 
2 1 2.         Let  ABB S^  be  the  Solid  generated  by  the  Cycloid 
AB  D  revolving  round  A%.     D  i^zz  a,  A  E  zz  #, 

EBzzy 
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EB  zzy,  ABzzz;  by  the  Nature  of  the  Curve,  y  zz  F  I  G. 

zz              '          .           2%         ,  yy  212. 

2  — ,  and  y  zz  z i  then  **—. —  21   ' 

H •-— 

Fluent  G  zz  — ^-  :  Whence  the  Refiftance  of 

2  30 

the  Bafe,  to  the  Refiftance  of  the  Surface  :  :  asj/y, 

2VJ  2V 

toyy -,  or  as  1  to  1  ~  -  — ,  and  in  the  whole 

3a  3a    .  • 

Solid  it  is  as  3  to  1. 

P  R  O  B.     XXIII. 

To  find  the  Center  of  Gyration  of  any  Body. 

This  Center  is  fuch  a  Point  0,  that  a  given  Force     239. 
acting  at  a  given  Diftance  from  the  Axis  of  Rotation 
SR,   will  in  the  fame  Time  generate  the  fame  angu- 
lar Velocity  in  that  Body,  as  it  would  do  if  the  whole 
Body  was  placed  in  0. 

Let  A,  Z?,  C,   &c.  be  any  Particles  of  the  Body, 

and  let  tall  the  Perpendiculars  Aa,  Bb^  Cc^  &c.  and 

Or,  Pp,  on  the  Axis  of  Motion  SR.     And  fuppofe 

a  given  Force  S  apply'd  at  P,  acting  at  the  given 

Diltance  Pp  from  that  Axis,  to  move  the  Body  about 

SR.    1  he  abfoiute  Motion  of  the  Particle  A  being  as 

AaxA-,  the  Force  acting  at  A  that  generates  it  mud 

alfo  be  as  AaxA\  and  a  Force  acting  at  P  that  will 

Aa 
generate  the  fame  Motion  in  A^  is  as  -p—-  X  Aa  x  Ay 

or  — p- — .     Likewife  the  Forces  at  P  that  gene- 

X  x  2  rates 


34o  The    Doctrine 

n    T    p  Bb2,  V  "R 

. '  rates  the  Motions  of  B  and  C,  will  be  as  gj- 

239^  ^ 

CVxC 
and  — 5 ,  &V«    and  the  Sum  of  all  thefe  z=  S. 

And  the  Force  at  P  that  can  generate  the  fame  angu- 

Or1  xA 
lar  Motion  of  A,  placed  in  A,  will  be  as p        , 

likewife  the  Force  at  P  that  can  generate  the  Motion 

Orz  x  Body 
of  the  whole  Body,  placed  in  0,  will  be  — ■ — -j- 

zz  Sy  bv  the  Hypothefis.     Therefore  the  Sum  of  all 

Aa**A  Bi*xB      ,       Cc*  x  C      _ 

the   —pf-  ■+  — p^—    +         ^       >  &c-   * 

Or*  X Body        ,  n  t       Aa*x  A+BFxB&c. 

~ *-.  whence  Or7-  — =--=■ . 

Pp         '  Body 

Therefore  if  z  ==  Body,  #  =  Diftance  of  any  Parti- 
Sum  of  ##fe             Fluent  of  xxz 
cle,,  then  rO  =  ~  -  Boo> f 

Whence  this 

RULE. 

Multiply  the  Fluxion  of  the  Figure  by  the  Square 
of  the  Diftance  of  the  generating  Point,  Line,  or 
Surface,  from  the  Axis  of  Motion,  and  find  the 
Fluent;  which  divided  by  the  whole  Body,  the  Square 
Root  of  the  Quotient,  is  the  Diftance  of  the  Center 
of  Gyration. 

Example,     i. 

240         Let  SA  be  a  right  Line  moving  round  S.    Let  SBzzx, 

'  x* 
S4=a,  then  .$=*,    and   Fl.  xlx  =  -— ,  andzzzx, 

—  or  Xy/]  or  a^/i   =  Diftance  of  the 

3* 
Center  of  Gyration  SO  \  the  fame  is  true  of  a  ftender 

Cylinder, 

Ex.  2. 
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Ex.   2. 

In  the  Periphery -of  a  Circle  revolving  about  the  Dia-  FIG, 

meter  SR.     Let  CA  zz  r,  BA  zz  x,  SA  zz  z,  c  zz  Cir-     241. 

rx 
cumference,  then  z  zz  ■ — —  -  — ~.     And  the  whole 

\/rr — xx 

riuent  or  (by  Form  17)  =  zzicx 

y/rr — xx  2 

rr  err 

;  and  for  the  whole  Circumference  it  is 


2  •  2    ' 

then  J  ^L-  r</  \  zz  CO,    the  Diftance   of    the 

ic  v  '■'  '   ' 

Center  of  Gyration. 

Ex.   3. 

For  the   "Plane  of  a  Circle,  or  a  Cylinder,  revolving    242. 

round  the  Axis  in  C.   Let  CAzzr,  CBzzx,  £  =  3.1416, 

then  Circumference  at  B  zz  2cx,  and  z  zz  2cxx,  and 

'Fluent  2cx*x  zzicx*  -,  and   for  the  whole  Circle,  'tis 

fcr* ;  but  the  Area  of  the   Circle   =z  err,  whence 

cr* 
k/- —  zz  rs/\,  the  Diftance  CO. 

V    2crr  V         9 

E  x.     4. 

For  the  Plane  of  the  Circle  about  the  T>iameter  RS.     243. 

Let  DCzzrXBzzx,  then  Flux.  Figure  zzxs/rr — xx, 

and  the  whole  Fl.  of  xzx\/rr — xx,  when  xzzr,  is 
irr x Quadrant ;  and  for  the  whole  Circle,  irrxCk- 
t!?,  this  divided  by  the  Circle  gives  Irr,  and  s/\rr 
or  if  =:  Diftance  CO. 

Ex.     5. 

i^r  .'£<?  Surface  of  a  Sphere  about  the  Diameter  RS,     243. 
Let  DCzzr,  CBzzx,  RDzzs,  czz^.  1416.     Then  the 
Circum/erence  of  the  Circle  defcribed  by  D  is  zz2cx9 

a  t?i      •  r    l     t7-  2c::xrx 

ana  2a\f  zz  rluxion  of  the  rigure  zz   — — ~~~, 

vrr  —  ## 
multiply 
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'  multiply  by  xx  and  we  have  — - =- ;  but  when 

vrr — xx 


xx 


xzzr>  whole  Fluent  of  — -  zz  r,  and  (by  Form 

vrr — xx 

17)  the  whole  Fluent  of —  ,.:  z2$cr*t   and  for 

vrr — xx 

the  whole  Surface  tis  zz  icr*>  and  the  Surface  of  the 

Sphere  zz  A.crr,  whence  — • zz ,  and  \/\rr 

or  rs/\  =  CO  the  Diftance  required. 

Ex.  6. 

243.  Ztf  RAS  be  a  Globe  revolving  about  the  Diameter 
RS j  let C O zzr,  CB zz#,  czz 3.141 6^  then  zcxxzDBxk 
or  4^x  v/Vr  —  ##  zz  2  zz  Fluxion  of  the  Solid  ;  and 

the  Fluent  of  4cx>x  \/rr — xx  zz^crrxr*  (by  Form 
17)  zz  -xV^S  when  x  zz  r.  And  the  Globe  zz  frr*  5 
whence  \/iff  or  ry/f  zz  Diftance  CO. 

Ex.   7. 

244,  Let  JOB  be  a  Cone  revolving  about  the  Axis  AB. 
Let  ABzza,  BCzzb,  BEzzx,  £  =  3.1416 ;  then  DEzz 
ab—  (ix  .  ab — ax 

\     And  zzzicxxx  T »  and  multiply- 

2cax*x 
ing  by  xx,  we  have  icax'x  — 7 ,whofe  Fluent 

is ,—  zz  T?cab*t  when  xzzb.  The  Soli* 

ocab^ 
dity  of  the  Cone    is    zz  icabb,    then   y/ tt 

li/li  zz  BO. 

Ex.   8. 

2 45*  Let  AD  be  a  Paraboloid  revolving  about  the  Axis 

AB.  Tut  ABzza,  LCzzb,  AFzzs,  FDzzx,  ^1=3.1416, 

XX 

and  rszzxx.     Then  DE  zz  a  —  - —  -,  and  zzzicxx 
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xx  fig 

yta —      -,  which   multiply'd  by  xx  is  icax^x —    2        ' 

<icx  x         •  r  _,         .     cax*  ex6 

,  whole  Huent  is  — —  -  =l.^+when 


r      i  2  %r 

xzza:  And  Paraboloid  zz  icabb,    therefcre 
=  ibb9  and  y/hbb  zz  by/i  =  Diftance  BO. 


2  cab* 


PROB,      XXIV. 

To  find  the   lateral  Strength  of  a   Piece  of  Timber, 
whofe  Seclion  is  any  Figure  given. 

Suppofe  a  Beam  FA  fixt  with  one  End  in  a  Wall,  246. 
and  a  Weight  P  fufpended  at  the  other  End  F  to 
break  it,  and  let  ABD  be  the  SecYion  of  it  where  it 
breaks.  Let  the  abfolute  Strength  of  1  Fibre  of  the 
Wood  be  1,  and  put.  ABzza,  BDzzb,  AC  zzxt 
CEzzy,  BCzzv,  and  BFzzi*  When  the  Beam  breaks, 
the  Parts  at  B  don't  feparate  at  all,  and  the  Parts  at 
A  feparate  the  firft,  and  the  Degree  of  ftretching  at 
any  Plane  C  will  be  as  BC.  But  by  Mechanics  the 
Refiftance  any  Particle  C  makes,  will  be  as  the  De- 
gree of    ftretching,  and   therefore   as  BC.     Hence 

v 
:  1  :  :  v  :  —  =  the  Refiftance  or  Tenfion  of  a  Fibre 
a 

at  C  j  and  by  reafon  of  the  bended  Leaver  ABF,  whofe 

v      w 

Fulcrum  is  in  F-9  1  :  v  :  :  —  :  —  the  effect  of  thatTen- 

a       a 

fion  upon  the  Weight  P;  or  the  Weight  fufpended  at 

vvy 
F  to  bal lance  that  Refiftance  ;  and  therefore  — —  zz 

a 

Weight  at  F  to  ballance  the  Refiftance  of  all  the  Fi- 
bres 
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FIG  .  vyy 

2±6   '  ^res  *n  t'ie  ^ine  ^ '  t'iat  *s =  Strength  °f  aft 

the  Particles  in  CE.     Therefore  the  Sum  of  all  the 

wy                                                           r    wyx 
"  ,  in  the  Figure,  or  the  Fluent  of  or 


a 

yvzv 


will  zz  whole  Weight  P  or  the  Strength  of 

the  Beam. 

v     RULE. 

Expunge  v  or  y  or  x  by  the  Nature  of  the  Figure^ 

x                yvvx               yvzv 
and  find  the  Fluent  of  — —  or  of ;    and  that 

will  be  as  the  Strength  of  the  Beam. 

Cor.  If  that  Fluent  be  divided  by  the  Section  (or 
Flyx  .x  vv),  the  Quotient  will  fhow  the  Diftance 
fro  tlere  the  total  Strength  of  all  the  Fibres  of 

tne  Beam  being  collected,-  it  will  be  equally  ftrong. 

Example     i. 

r  If  ABD  be  a  Parallelogram  •,  then  jy  zz£,  and 

bvteu  '■  /  _*  .      bv> 

zz  *,  whole  Fluent  is zz   ( when  v  zzay 

a  3a 

\baay  for  the  Strength,  zz  \a  x  Section. 

E  X.     2. 

bx 
Let  ABD  be  a  Triangle  ;  then  y  zz ,  and  v  zz 


a 


yvzx  bxx 


a  —  x  i  whence  zz X  aa  —  lax  +  xx. 

'  a  aa  ' 

A     .    ,     _f  .     bax%  ibx3  bx* 

And  the  Fluent  is —  -\ zzT\baz9 

ia  o^a  4-aa 

when  xzna,  for  the  Strength,  zz  la  X  Section. 

bv              yv1v 
If  tbe  Vertex  be  at  B,  thenj  zz ,  and 
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bv%v         j   ,     ™  fa*  .  FIG 

-  ~1T>  and  the  FIuent  =  -^  =  »W»    ™h™    246 
v=«,  for  the  Strength,  or  lax  Section  =  Strength. 

Ex.  3. 

#  yffi£  £<?  a  Gfcc& ;  and  y  zz  y/7^Z  zz  v/W-W, 

yvlv  vzv        .  . 

"^ —  =  ~- —  \/av — vv  ;  but  F :  <u  v/^^— to 

or  tfivv'W-*  =  Semicircle  :  And  by  Form  jy  the 

whole  Fluent  of  v*v  V  av — vv9  or  v^v\/a^v  zz 

•haa  x  Semicircle,  and  when  doubled,  F:^V  V    - 

a       ~~ 

^  X  Circle  =   5   J'*,41  ■  **,  for  the  Strength  of 
*  o  X  4 

the  whole  circular  Section  zz  T%*  x  Section, 

Ex.    4. 

7«  <z  hollow  Cylinder  9  or  the  Periphery  of  the  Circle 
AEB.     Let  the  Arch  zz  z,  then  ji>  —  #>  ?nd  £  zz 

=  i^x  ,  therefore  Fl.  of-     ■ — 

vav—vv  va — v  \/a — v 

Z  yvzv 

And  by  Form  17,  whole  Fluent  of  (• 


—    \a  .    '  "  *    a 

1-  * 

vzv  v  zv      .  oaa 

or)  I  X     ,.  or  4  X    y         ,  is  = X  Se- 

v av — vv  v a—v  8  a 

micircle,  when  vzza  •,  and  for  the  whole  Periphery  zz 

§a  X  Circle  — g #%  the  Strength  ;  or  \a  X 

Section  zz  the  Strength. 

The  Problems  delivered  in  this  Section  are  exceed- 
ing general,  each  of  them  comprehending  an  infi- 
nite Number  of  particular  Cafes,  and  arc  fufficient 

Y  y  here 
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FIG.  here  to  mew  the  Method  of  inveftigating  general 
Problems  by  the  Method  of  Fluxions.  I  mall  now 
proceed  to  exemplify  the  fame  Doctrine,  in  the  Re- 
folunon  or  a  few  particular  Problems,  belonging  to 
Phy  Ticks  or  Natural  Philofophy  •,  and  the  rather 
becauie  this  Sort  of  Problems  has  not  been  fo  com- 
mon among  the  Writers  of  Fluxions. 


SECT, 
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F  I  G. 


SECT.       III. 

"The  Solution  of  Phyfical  Problems^  or 
fuch  as  occur  in  the  Phenomena  of 
Nature* 


P    R    O    B.      I. 

To  find  the  Relation  of  the  Fluxions,  of  the  Times, 
Velocities,  and  Spaces  dejcribed  by  Bod'i  s  in 
Motion  ;  being  ailed  upon  by  any  accelerating 
Forces. 


L 


E  T    b  zz  Body  or  Quantity  of  Matter* 
m  zz  Motion  generated, 
F  zz  Accelerative  Force, 
t  zz  Time  of  moving. 
v  zz  Velocity, 
s  zz  Space  defcribed. 


Let  /  zz  Moment  of  Time,  or  an  exceeding  (mail 

Part  of  Time,  s  zz  Moment  of  Space,  v  zz  Moment 

of  Velocity,  m  zz  Increment  of  Motion    Then  what- 
ever be  the  Law  of  the  accelerating  Force  F,  k  may 
Y  y  2  be 
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F  I  G.  be  confidered  as  uniform  for  the  Moment  of  Time 

/.     Then  by  the  common  Mechanics,  the  Velocity 

generated  in  the  Time  t  will  be  as  the  Force  and  the 
Time  directly,  and  Quantity  of  Matter  reciprocally  -f 

i  Ft 

that  is  v  oc  — y  •     Likewife  the  Velocity  may  be 

Jook'd  upon  as  uniform,  for  the  Moment  of  Time 

/ ;  therefore  by  the  Laws  of  uniform  Motion,  the 
Space  defcribed  will  be  as  the  Time  and  Velocity, 

or  j  oc  vf*     Alfo  the  Motion  generated  is  as  the 

Force  and  Time,  that  is  m  ex  Ft.     Now  s9  /,  v9  m9 
being  fuppofed  infinitely  fmall  9  fubftitute  the  Flux- 

ions  inftead  of  the  Moments,  and  we  have  m  oc  Ft, 

Ft 
v  oc  ~~r-9  and  s  oc  vt,  univerfally.     And  fince  by 

Mechanics  m  is  as  bv9  therefore  m  ex  bv.     Hence 
from  thefe  Equations  we  (hall  have, 

171 

1.  m  ex  Ft  ex  bv9  and  /  oc  -=-. 

i  *         *s 
a.  j  ex  vt9  and  /  oc  — -. 

Ft  ,  .         bv 

3.  v  ex  — - 7— ,  and  /  oc  -rr. 

Fs  •        bvv 

4.  vv  oc  — j-9  and  s  oc  —p~' 

And  in  any  of  thefe  Forms,  if  b  or  F  be  conftant- 
ly  the  fame  ;  then  fuch  conftant  Quantity  or  Quanti- 
ties mult  be  left  out.  Likewife  if  the  Velocity  or 
the  Space  be  decreafing,  you  mull:  write  — i,  or  — s 
inftead  of-!-,   ). 

Cor.  Hence,  put  h  zz  l6r\  Feet9  the  Space  defended 
by  b9  in  one  Second  9  then  lb  zz  Velocity  acquired  in  one 
Second,     Then  will  «,  sS 
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1  FIG. 


v  —  s  or  ibt   I 
•  _  *  oY  2ht    1   when  v  —  ib^  and  F~b  ;  which  is 
Y  the  Cafe  of  falling  Bodies. 
s        v_ 

~~"  2/6         2h 

For  the  Velocity  generated  is  as  the  Time,  there- 
fore  1  (Time)  :  zh  (Velocity)  :  :  /  :  v : :  t  :  vy  and  v 

Likewife  the  Space  defcribed  with  the  uniform 
Velocity  2i>,  is  as  the  Time;  therefore,  2b  (Space)  : 

1  (Time)  :  :  s  :  t  :  :  s  :  t,  and  s  —  iht. 

Thefe  Forms  are  general,  and  will  be  found  fer- 
viceable  in  the  Solution  of  many  phyfical  and  me- 
chanical Problems. 


P    R    O    B.       II. 

To  find  the  Motion  of  a  mufical  String,  vibrating 
at  very  fmall  Dijlances. 

1.  Let  AB  be  the  String,  and  let  it  be  drawn  to  C,  214. 
and  there  let  go  •,  now  fince  the  Force  to  move  the 
Point  C,  by  Mechanics,  is  as  the  Sine  of  the  Angle 
ACn^  or  as  that  Angle  itfelf  when  it  is  very  fmall  ; 
therefore  the  Point  C  alone  will  firft  begin  to  move, 
and  prefently  by  the  Flexure  of  the  String  in  d  and  e 
thefe  Points  will  alfo  begin  to  move,  and  then  the 
next  Points  to  thefe,  and  fo  forward.  Now  by  reafon 
of  the  great  Flexure  in  C,  that  Point  will  at  firft 
be  very  fwiftly  moved  ;  and  the  Curvature  in  d  and  e 
being  thereby  increafed,  thefe  Points  are  continually 
accelerated ;  and  the  Curvature  in  C  being  diminifhecl, 

its 
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FIG.  its  Motion  will  be  lefs  accelerated.     And  univerfally 

214.     thefe  Points  that  are  too  flow  being  more  accelerated, 

and  thofe  too  fwift  being  lefs  accelerated,  it  will  come 

to   pals   that,     the   Forces   being  at  length   rightly 

adjufted,  all   the  Points  of  the  String  will  acquire 

fiich  Motions,  as  to  be  carried  to  the  Axis  together; 

and  will  continue  to  go  and  return  together  ad  infini- 

•     turn. 

2.  Now  that  this  may  be  regularly  performed,  the 
String  mud  always  have  the  Form  of  the  Curve 
AFXB,  whole  Nature  is  fuch,  that  the  Angle  of 
Contact,  or  the  Curvature  in  any  Point  i%  will  be  as 
the  Ordinate  FE  *  for  then  the  Force  at  F  being  as 
the  Curvature  that  is  as  FE,  the  Velocity  generated 
will  alfo  be  as  FE  the  Space  to  be  defcribed;  and  the 
conttant  Accelerations  and  Velocities,  and  the  Parts 
of  the  Ordinate  defcribed,  and  thofe  to  be  defcribed, 
will  be  as  the  wholes  •,  and  confequently  any  cor- 
refpondent  Parts  of  the  Ordinates,  and  therefore  the 
whole  Ordinates,  will  be  defcribed  in  equal  Times. 

3.  To  find  the  Radius  of  Curvature ;  Let  yfi?  or 

2AZ~a,  ZX-b-.AE—x,  EFzzy,  AFzzz,  ezz  Radius 

of  Curvature  in  the  middle  Point  X.    Let  z  be  given  ; 

and  by  Prob  V.  Seel.  II.  the  Radius  of  Curvature  inF 

zy 

therefore  by  the  Nature  of  the  Curve  y  :  b 


x 


be  zy 


y 


zz  -••-,  and  ebxzzzyy,  and  the  Fluent  is 

yyZ 

elk  zz  -~r~i  but  in  A7,  xzzz,  andjyzz^  :  Therefore 

yy — bb 
the  Fluent  corrected  is  ebk — ebzzz Z,  and  ebk 

y  -bb  .         2eb\-yy-bb     ,- ~       ,  ,    __ 

zzebz-\ z  = — vx"-f-j/x,  and  by  Re- 

,                            2cb  +yy  —  bb  XV 
auction,    x  zz  J 

V^.eb\  —  ^cby1-  . — j4  —  b^  +  ibbjy 
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=  (becaufe  e  is  vaftly  greater  than  b  oxy) — — - -^      -  ^* 

Whence  (by  Form  the   ioth)  the 


v^ — yy 

—  y 

Fluent  xzzs/eb  X  Arch  whofe  Sine  is  t-,  Radius  zzi ; 

and  when^y  z=  b,  then  x  zz  ia,  and  then  x  zz  ^/VJ  x 
3. 141 6  r     .--  ■ 

— =  —V eb,  putting  f- 3.141O.    Therefore 

^  ~  —\/eb>  whence  e  zz  — --,  the  Radius  of  Cur- 
vature in  X.     Therefore  the  Radius  of  Curvature  in 

r  _     aa 
ccy 

4.  To  find  the  Motion  of  any  Particle  of  the 
String  as  fuppofe  of  Xthe  middle  Point.  Let^>~ 
Tenfion  of  the  String,  or  the  Force  that  extends  it ; 
n  zz  Weight  of  the  String ;  1Z  zzx,  v  zz  Velocity 

in  /,  /  zz  Time  of  defcribing  XI ,  x,  v9  /,  the  Mo- 
ments of  x9  v9  and  /.     The   Radius  of  Curvature  in 

/is  ss  — .     By  Example   16,  Prop.  XIII.     The 
ccx 

Force  wherewith  any  Particle  of  the  Curve  at  1  is 

urged ;  is  to  the  Tenfion  of  the  String  (p)  :  :  as  that 

Particle  (2) :  to  the  Radius  of  Curvature  in  /( 1: 

*  '  K  ccx  ' 

pccxz 

therefore  the  Force  afting  at  7"  zz — .  And  hence 

0  aa 

the  Force  upon  the  Particle  z  is  as  the   Diftance  x  : 
Now  by  Mechanics  or  the  Laws  of  Motion,  the  Ve- 

Momcnt  of  Space  X  Force 

locity  x  Moment  of  Velocity  o: weight 

(fince  the  Weight  is  as  the  Matter)  •,  which  is  a  uni- 
versal 
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FIG.  verfal  Proportion  for  thefe  Quantities.  (SeeProb.  I.) 
214.       xNow  it  is  known  that  any  heavy  Body  falling  thro* 
161V  or/  Feet  gains  a  Velocity  of  2/  in  1  Second; 


therefore  x  zz  Velocity  generated  by  that  Body  in  fal- 
ling thro'  x  with  that  Velocity  2/,  becaufe  the  Velo- 
cities generated  are  as  the  Times,  or  as  the  Spaces 

(2/and  x)  uniformly  defcribed  with  the  given  Velocity 
if     Therefore,  in  this  Cafe  of  falling  Bodies,  we 

have  the  Velocity  x  Moment  of  Velocity  zz  ific :  and 

._     Force  x  Moment  of  Space  px         t 

hkewifc w  .   . zz  -— •  zz  x. 

Weight         *  p 

Laftly  in  the  Cafe  of  the  vibrating  String  vv  zz  Ve- 
locity x  Moment  of  Velocity.      And,  becaufe  the 

1 

String  is  homogeneous  a  :  n\  :  z  : :=  Weight  of  2;  5 

and  —  xz  Moment  of  Space.  Therefore  (by  the 
Rules,  Prop.  XIII.)  we  get  this  Analogy  (from  the 

1     i  1 

general   Proportion  before  laid  down)  ifx  :  x  :  :  vv : 

—xxpccxz        ^„              1          — ifpccxx 
L— ; — .     Whence  vv  zz  — riS ,  or  w  zz 

aa  x     **_.  s    na 

a 
2fpCCXX  .  —-ifpCCX* 

i  whence  the  Fluent  is  vv  zz - : 

na  na 

But  in  X,  vzzo,  xzzb ;  therefore  the  Fluent  cor- 
rected  (by  Prop.  XII.)   is  vv  zz  -~~~  X  bb—xx. 

And  in  Z,  where  x  zz  o,  v  zz  bc^/^- ,    the  Feet 

na 

defcribed  in  a  Second. 


5.  Laftly 
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5.  Laftly  for  the  Time.    Since  the  Moment  of  theF  I    J, 
Moment  of  Space  .  214. 

Fime  a  Velocity '  umverfally.    And  in  a 

:alling  Body,  2/ (Space) :  1  Second  (Time): :  #(Space): 

x  1 

— ~  zz  Time  of  defcribing  x  by  the  falling    Body. 

2/ 

I     ,  ,.,       .^     x  Space 

ind  likewife  — 7  zz   — - — ; —  ;     therefore     from 
2/  Velocity 

1          — x 
he  general  Analogy,  we   get  t   zz  •,  or  /  zz 

'  A 

-,  then  the  Fluent /zz 


v    na  v    ** 

x 
putting  A  zz  Arch  whofe  Sine  is  -7-  and  Radius  1). 

\.nd  by  Correction  (for  in  Xy  t  zzo,  x  zz  £  •,)   /  zz 

-—  (putting  B  zz  Arch  whofe  Cofine  is  — )  * 

,  /  2fP  b 


na 

na 
nd  when  x  zz  o,  the  whole  Time  /  zz  \y/— —f\  and 

na 
t  or  the  Time  of  one  entire  Vibration  zz  v/TT>  in 

.       2/y 
econds. 

Cor.  1.  Hence  all  the  Vibrations  great  and  fmall 
•e  performed  in  equal  Times;  for  they  are  all  exprefled 

y  y/—  -7r,  in  which  b  is  not  concerned. 

Cor.  2.  The  Number  of  Vibrations  performed  in 

ijp 

le  Second  is  </ . 

v     na 

Cor.  3.  Hence  the  Square  of  the  Time  of  Vibra- 
on  of  any  mufical  String,  is  as  it's  Length  and 
feight  directly,  and  it's  Tenfion  reciprocally.    And 

Z  z  therefore 
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FIG.  therefore  in  the  fame  String  and  Tenfion  the  Time  is 
214.     as  the  Length. 

SCHOLIUM. 

To  conftruct  the  harmonica!  Curve  AFX\  let  s  be 
the  Arch  of  a  Circle,  whofe  Radius  is  by  or  XZ\ 
d  the  Diameter  of  another  Circle,  whole  Circumfe- 
rence is  a  or  AB.     Make  AE  or  x  zz    7   ,  and  erect 

EFzzy,  the  Sine  of  s  -,  and  F  is  in  the  Curve. 

J;                     .    .             ys/eb  .  aa 

For  we  round  x  zz        . — 1 -9  and  e  zz 


y/bb—yy  ccb 

r  aJ  d  by 

therefore  x  zz  — ~-    -— ■    =  ,      X  — ~'  =  (by 

C\/bb—yj  b        vbo—)y 

the  Nature  of  the  Circle)  —7—  ;    whence  x  zz  -v- 

Therefore  AFB  is  a  mechanical  Curve. 

I  took  a  virginal  String  2  9 -,-<£>  Inches  long,  and 
weighing  8T60  Grains-,  and  faftning  ir  to  the  Virginal 
I  ftretched  it  with  81  Pound  Weight  Avoirdupoife  5 
and  caufing  it  to  vibrate,  I  found  it  to  be  Unifon  wit 
the  Note  Ela  in  the  Bafe  (the  Note  below  the  Cliff) 
By  this  Problem  it  appears,  that  the  String  made  30 
Vibrations  in  a  Second  of  Time.  This  Experiment 
made  very  accurately.  However,  by  Reafon  of  the 
Refiftance  of  the  Air,  and  the  larger  Vibrations  thai 
the  String  makes,  it  is  probable  that  the  Time  is  a 
little  prolonged  ;  and  that  the  Number  of  Vibration; 
in  a  Second  may  be  fomething  lefs  than  is  afiigned  by 
this  Problem. 


1, 


P  R  O  B 
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To  fin d  the  Velocity  of  a  Projectile  at  A  moving^  I  G 
in  any  given  Curve  ^AO  about  the  Center  of  2l5« 


Let  the  Diftance  SAzzD,  SB  the  Perpendicular  on 
the  Tangent  at  AzzP.  Radius  of  Curvature  CAzzRy 
c  zz  Velocity  of  the  Body  at  A,  e  zz  Velocity  of  a 
Body  in  a  Circle  at  the  fame  Diftance  SA9  and  acted 
on  with  the  fame  Force;  take  the  infinitely  fmall  Arch 
Aa,  and  draw  am,  an,  parallel  to  SA,  CA. 

Then  by  fimilar  Triangles,  P  :  D  :  :  an  :  am  :  : 

centripetal  Force  tending  to  C,:  to  centripetal  Force 

tending  to  S  :  :  verfed  Sine  of  the  Arch  Aa  :  verfed 

Sine  of  the  Arch  (defcribed  in  the  fame  Time)  whofe 

cc       ce 
Radius  is  SA :  : t-g-  :  -g-.      Therefore   PR  :  DD 

:  :  cc  :  ee. 

Or  thus,  by  Prob.  V.  Sect.  II.  £=  -^-j  there- 
fore cc  :  ee  :  :  P  X  ~f~  '   DD  ;    that  is   cc  :  ee  :  : 

Pb  :  £/>, 

Cor.  1.  In  the  Ellipfis  and  Hyperbola,  the  Square 
of  the  Velocity  of  a  Projectile  moving  round  the  Fo- 
cus :  is  to  the  Square  of  the  Velocity  of  a  Body 
moving  in  a  Circle  at  the  fame  Diftance  :  :  as  the 
Projectiles  Diftance  from  the  other  Focus  :  is  to  the 
Semi-rranfverfe. 

For  let  ir  zz  Tranfverfe,  ib  zz  Conjugate  •,  then 
(by  Ex.  3d.  and  5th,  Prob.  XIX.  Sect.  II  )  P  = 

bD 

Z  z  2  x^7D^DD" 
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FIG.  bD  .    .  brpp  _ 

ojr     — }   and   p  zz  — r.    Therefore 

2  °'    \ZirD+DD  irD^DD^ 

bBb  brDzb  _ 

tt  :  ee  :  :  — ;       _  :  .77  :  :  2r  +  D 

VirD+DD         irD+Dti* a 

:  r.  * 

Cor.  2.  The  Velocity  of  a  Body  revolving  in  an 
EUipfis  round  the  Center,  is  to  the  Velocity  of  a 
Body  in  a  Circle  at  the  fame  Diftance  •,  as  the  Con- 
jugate to  that  Line  of  Diftance,  to  the  Diftance  it- 
felf. 

For  (  by  Ex.   4.    Prob.  XIX.    Seel.  II. )  P  ± 

br  .    .  brDb 

and  p  ~ 


\/rr  +.bb  —  DD  rr  +  bb  —  jDZ>^ 

whence  cc  :  ee  :  :  (   y        77    ==-  :  '    ^ 

Vrr+bb—DD      rr+bb-DD^ 

rr  +  bb  —  DD  :  DD.  And  <::*::  Conjugate  of  D 
:  toD. 

Cor.  3.  The  Velocity  of  a  Body  moving  in  a  Pa- 
rabola about  the  Focus,  is  to  the  Velocity  in  a  Circle 
at  the  fame  Diftance  :  :  as  \/2  to  1. 

For  let  r  zz  Latus  Rectum,  then   by  the  Nature 

of  the  Parabola,  Pzz  — ~— ,  and  p  zz  — -  J  -g- J 
Whence  cc  :  ft? :  :  (  — :  — —  ,J  -j^- :  :)  a  :  1. 


PROB- 
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P   R    O   B.      IV. 

F  I  C 

To  find  the  Velocity  of  a  defending  Body  in  any  Place  P,        /    ' 

let  fall  from  the  given  Point  D  towards  the  Earth  or  * 

any  attr ailing  Body  •,  being  a  tied  upon  by  a  Force  which 
is  as  any  Power  of  its  Djtance  CP  from  the  Center. 

Let  the  Earth's  Radius  CJzzr,  CDzza,  CPzix, 
DP  zz  a —  x\  whole  Fluxion  is  —  x,  t  zz  Time  of 
defcending  thro'  DP,  v  zr  Velocity  acquired  by  that 
Defcent.     F  the  Force  at  P,  which  let  be  as  x\ 

By  Mechanics,   when  the  Body  is  given,  it  is  uni- 

verfally  vv  ex   — Fx    ex  — xnx   •,  (feeProb.  I.)  and 

— xn+l 

the  fluent  vl  ex  ■ ■ .     But  in  D,vzzo,xzza9 

n  +  i 

a"*1  —  xn+* 

therefore  the  Fluent  corrected  is  vl  oc ■■ . 

n+i 

But  if  n  zz  —  i ,  then  vv  oc  Log.  — . 

Now  we  muft  find  the  Value  of  v  at  A  the  Earth's 
Surface  for  fome  determinate  Values  of  a  and  .v,  in 
order  to  turn  the  general  Proportion  into  an  Equation. 
Thus,  it  is  known  by  Experiments,  that  a  heavy 
Body  defcending  through  a  Space  s  or  i6v\-  Feet  will 
acquire  a  Velocity  of  2  s  or  32 '  Feet  in  a  Second  of 
Time.     Therefore  writing  is  for  v9  r  for  .v,  r+s  for 

s       — —  r 

a,  we  mail  get  tins  Analogy,  — ■  : 

ji  ""j—  1 

4ss :  : ;  VV  zz+ss  X  — "" 


n+i  r+s~^m  —r 


+1  —  rn+l 


2l6. 
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F  I  G.  —(becaufer4-/+I— rn+l  zzn+i  x  A  nearly,)  4.«x 

— ^===z ;  and  v  zz  is  y/  ,  the 

«+iX^  n+ixr"s 

Feet  defcribed  in  a  Second. 

Cor.  1.  If»z=  —  2,  then  ^=27*  v/- ,there- 

fore  the  Velocity  of  a  Body  falling  from  an  infinite 
D'ftanceto  the  Surface  of  the  Earth  will  be  2\/rs. 


Cor.  2.  If/zno,  then  t>:z2  ^/  sxa — x. 

fTs —         ' 

Cor.  3.  Ifnzzi,  then  i^zzy/ X  ^^ — ##.  There- 
fore a  Body  falling  from  the  Surface  of  the  Earth  to 

the  Center  acquires  the  Velocity  s/irs. 

Cor.  4.  If  the  Body  had  been  projected  downwards 
from  D  with  any  Velocity  c>  then  inftead  of  vzzo^  at  Z), 
put  vzzc,  and  the  corrected  Fluent  will  be  vv—cc  o: 

tf   ~     tf       '  #  ~    X    ~ 

-,   OTVV CCZZ^SX — — . 

n+i  n+i  x r 

Or  if  the  Body  was  projected  upwards  >    cc — vv  OC 

n-4-i  rt-4-i  ji-\-i  »-4-i 

x  ~  — a  ~                                       x  ~  — a    » 
— ,  or  cc — vvzzasx — ■     ■    • 

and  in  either  Cafe  vvzzcc+^sx 

n+i  xrn 
Cor.  5.  If n  be  equal  or  greater  than  — 1  ;  as  — r, 
o,  1,  2,  &c.  a  Body  falling  from  an  infinite  Diflance, 
will  acquire  an  infinite  Velocity  :  For  then  a  will  be  in- 
finite, and  anJrl  will  be  in  the  Numerator.  But  if 
H  be  lefs  than  — 1  5  as  — 2,  — 3,  — 4,  6?<r.  the  Ve- 
locity acquired  at  the  Surface,  in  falling  from  an  in- 

I——Arsr 
finite  Height,  will  be  y/ — -j— ,  for  then  a  is  in  the 

Denominator  and  infinite,  and  x  is  =r. 

PROB. 


a  ^  — x  ^ 
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PROB,    V. 

To  find  the  Time  wherein  a  falling  Body  will  defcend  FIG- 
through  any  Space  towards  the  Earth,  &c.  being  acled     216. 
wpon  by  a  Force  which  is  as  any  Power  of  its  Difiance 
from  the  Earth's  Center. 

The  fame  Things  fuppofed  as  in  the  laft  Problem, 

Mom.  Space 

we  (hall  have,  the  Moment  of  Time  cc  —^- — + , 

Velocity      ' 

univerfally.     Since  a  defending  Body  at  the  Earth's 

Surface  acquires  the  Velocity  2  s  in  the  Time  p  or 

1  Second,  therefore  by  the  Laws  of  uniform  Motion, 

2j :  p  :  :  x  :  -*—  zz  Moment  of  Time,  wherein  x 

is  defcribed  with  Velocity  2  j.     Hence  from  the  uni- 
/  *  / 

verfal  Proportion,  -—  :  —  :  :  /  :  ■    v  ■-  ;   there- 

1        +—px  ——x 

fore  /  zz  — ^—  zz  — ^p  (becaufe/>=zi).     And  /  zz 

~-  zz  (by  the  laft  Problem)  -y~x  . 


n+i  xr  s 

— —  x 
whence  /zz  Fluent  of ,  exprefled 

2Ss/±—S-x.    „ 
n+ixw 
in  Seconds, 

Cor. 
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r   t    p  ^  , 

216.  '  -  ^or.  *'  If  ^=— 2^=Fluent  of y/ — x — ~ 


zr 

v  0— x 


fr 


=:(byForm  10  and  ii)->-s/~xax—xx */— 

X, 017453  X  Degrees  in  the  Arch  whofe  Sine  is 

x 
x/-—,  and   Radius    1.     And  when  duly  corrected, 


faax — axx  ,0174530       0 


the  Time  tzz  y/ — +   J     '™   *S-  X  De- 

x 
grees  in  the  Arch  whofe  Cofine  is  v/~»  and  Radi- 

0 

us  1.     And  the  Time  of  defending  to  the  Center  is 
3.14160        a 
4T        v   s 

Cor.  2.  If  nzzo,  then  /  zz  --,  and  /  as 

v  45  x  0 — # 

(0 — x  " 

Y  *—  X 

Cor.  3.  If  «=i,  then  /  zz^/ — ,x  ,,  and 

2S       s/aa—xx 

T 

(by  Form  10)  t  ± —  s/    -  x  9017453  Degrees  of  the 

x 
Arch  whofe  Sine  is— ,    and  Radius   1.     And   being 

r 

duly  corrected,  /  —  ,017453  y/- ■—  x  Number  of  De- 

X 

grees  in  tire  Arch  whofe  Cofine  is  — ,    and  Radius  1. 

Henqe  the  Time  of  defcending  to  the  Center  will  be. 

3. 1416         r 
- -*/  — :  And  therefore  all  the  Times  of  Def- 

cent  from  any  Altitudes  whatsoever  will  be  equal. 


SCHOLIUM. 
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SCHOLIUM.  F2I1^' 

If  /  be  given  to  find  x  ,  find  the  Fluent  of  /  — 

,        a            x-x  2r  — x 

—  *  Vy-  x        ,  or  v/—  x  by 

infinite  Series  and  revert  the  Series.  And  if  either  /  or 
v  be  given  the  other  may  be  found  by  fir  ft  finding  x. 
And  hence  a  Body  being  projected  upwards  or  down- 
wards with  any  Velocity  ;  its  Height  may  be  found, 
and  the  Time  of  its  Afcent,  or  Defcent.  For  then  }  =: 
x  x 

~  -  =-,  byCor.  4.  Pr.4: 

y/  cc+4S  X 


n+J  xr 


P  R  O  B.     VI. 

The  Velocity  and  Bireclion  of  a  Projetlile,  and  the  Law, 
of  centripetal  Force  being  given  ,  to  find  the  Velocities  % 
Times  and  Angles  of  Revolution. 

Let  C  be  the  Center  of  Force,  and  let  the  Body  be  %\jm 
projected  from  V  in  Direction  VA  with  Velocity  b 
defcribing  the  Space  h  in  the  Time  g,  and  let  p  be  the 
Velocity  and  q  the  Space  which  the  Force  at  ^will 
generate  in  the  fame  Time  g.  To  the  Center  C  de- 
fcribe  the  Circle  VXH,  draw  the  Radii  CX  CT  in- 
finitely near,  cutting  the  Trajectory  in  1  and  K,  and 
defcribe  the  Arch  Kr.     Call  CV%  a,  CI,  x  ,  VI,  w9 

VX,  Zi  Ir,  x,  Kr,y,  TX,  z,  IK,  u:  And  let  /  = 

Time  of  defcribing  VI,  and  /  of  defcribing  IK,  s  — 

Sine,  c  =  Cofine  of  the  Angle  CVA,  and   let  the 

A  a  a  Force 
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FIG.  Force  in  any  Place  /  be  as  &9  and  v  zz  Velocity  in  /. 
217.     Then. 

1.  By  the  Refolution  of  Forces,  the  Force  to  acce- 
lerate the  Body  in  Direction  of  the  Curve   is  x"  x 

If  "— ""X 

-jrr  zzx^x  -—^—3  but  by  Mechanics  (fee  Prob.  I.) 

•x"x 


vv  oc  Force  x  u9  univerfally.    Whence  vv  oc 

X  u  oc  — #*#.     Hence  therefore  the  Moment  of  Ve- 
locity depends  not  at  all  on  the  Angle  KIC>  but  upon 

x  the  Moment  of  perpendicular  Defcent,  and  is  there- 
fore the  fame  at  all  Inclinations  as  if  the  Body  de- 
fcended  perpendicularly.  Now  to  find  the  Moment 
of  Velocity  in  V  -9  by  the  Laws  of  uniformly  acce- 
lerated Motion,  the  Velocity  generated  is  as  the  Time, 
or  as  the  Space  uniformly  defcribed  with  a  given  Ve- 
ocity  :  And  fince  in  the  Time  of  describing  2q9  the 

Velocity  p  is  generated,  therefore  iq  : p.:  :  x  :  — — 

zz  Moment  of  Velocity  generated  at  V  whilft,v  is  de- 
fcribed with  Velocity  p.     Here  therefore  the  Value  of 

1       ppx  1 

vv  is  — — ,  and  Force  x  Moment  of  Space  is  a"x. 
2q 

"t)i)X  1 

Therefore  from  the  univerfal  Proportion,  --—   •  a*m 

1  '  .  -        —ppx^x 

:  :  vv  :  — xvx  :  :  vv  :  — x"x*  whence  vv  zz  — — — , 

2qan    y 

and  the  Fluent  v*  zz    ~^x  But  in-F,  xzza9 

n+i  xqan 

and  vzzb9  therefore  by  Correction  vvzzbb-\- 


n  +  i.q 


Seft.  III.  c/FLUXIONS.  363 

Ppx"+I  n.i.     ,-r                  u  „      FIG. 

—    rr But  here  u  n~ — 1,  then  vv—bb+     „.., 

,     I          n  2  1 7 * 


ppa         '  a 

—  xLog.T. 

2.  Again,  fince  the  Velocity  is  every  where  reci- 
procally as  the  Perpendicular  let  fall  on  the  Tangent ; 
and  thefe   Perpendiculars  in   V  and  I  are  sa,  and 

xy       1       r      7            xy             l           >       ash   , 
—7-  \  therefore  b:v::  —r-  :  sa,  then  is  y  zz u  — 

u  u  J       vx 

asb      C»       T        ,  .     ^    %      .       »  — tfjfo 


^w 


\Zxz+y%9  and  by  Reduction^  zz 


x/i;±xz— a'-s^b* 


'  *         ay 

But  by  fimilar  Triangles  x  :  y  :  :  <z :  z  zz  -^,  and  £ 

zz  -^-,  therefore  2;  zz 


/ 

'  xy 

3.  Laftly,  fince  /  oc  —    the    Moment    of   the 

Area,  or  the  Time  oc   Area;  and  in  V,  the  Area  zz 

ash        ,    '•  7         '       '        •      .       . 

■         ;  therefore  as  £  :  tf  J  h  :  :  t  :  xy  :  :  t  :  xy,   then 

— gbxx 


will/zz  _£jL,  or/  zz 


Confequently  fubftituting  for  vv  it's  equal,    in  the 

Values  of  z  and  i,  the  Fluents  will  give  z  and  t. 

Cor.  1.  Hence  the  Apfides  of  the  Trajectory  are 

i         asb 
eafily  found  ;  for  then  it  will  be  u  zz  y  zz  — -  u,  or 

<zj£  zz  v*- ;  therefore  vv  zz  zz  bb  +  — r  . — 

—  J2*—L.      Whence  *   will  be  had:     And  if 
A  a  a  2  two 
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FIG.  two  Roots  of  this  Equation  be  found ;  then  the  cor- 

217.     reipondent  Fluents  z  will  give  the   Pofition  of  the 

Apfides.  t 

y 
Cor.  2.  Since  the  Sine  of  the  Angle  CIK  zz  —r- 

zz  -— —  \  therefore  if  that  Angle  be  given,  the  Di- 

ox 

ftance  x  may  be  found  \  or  if  x  be  given,  the  Angle 

may  be  found. 

Cor.  3.  If  the  Body  be  projected  at  right  Angles 

to  CV9  then  j  =  i,  and,  by  Cor.  1,  we  fhall  have 

ppaxz                 t>Px"~^~3 
bbxx  +  — .    rt  zz  azbb  \  in  which 

n+iXq  n+ixqa 

one  Root  is  a  -,  and  finding  x  another  Root  in   the 

Equation,  the  Fluent  z  may  thence  be  had;  and  con- 

fequently  the  Motion  of  the  Apfides. 

Cor.  4.  If  in  any  Part  of  the  Orbit,  vxziasb,  and  v 

be  greater  than  ,J  121 .,  the  Body   will  fly  off 

riqa 
from  the  Center  -,  but  if  v  be  lefs,  it  will  approach 
the  Center  ;  if  equal,  it  will  move  in  a  Circle. 

-  .For  by  the  Laws  of  centripetal  Force  \Ziaq  will 
be  the  Arch  defcribed  in  the  lime  £,  by  a  Body  re- 
volving in  a  Circle  at  the  Diftance  a  -9    and  2q  :  p  :  : 

Viaq  :  s/ =  the  Velocity  of  a  Body  moving 

2(1  

in  a  Circle  at  the  Diftance  a.    And  ^/T^1  :  v/V4"1 

:  :  s/~  '•  J  PpX,Jrl    =  the  Velocity  of  a  Body 

^  2qan 

moving  in  a  Circle  at  the  Diftance  .v.     Confequently 

J221 , 

iqa? 
the  BoHy  will  fly  from,  or  approach  the  Center,  or 
move  in  a  Circle. 

P  R  O  B. 
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PROB.     VII. 

To  find  the  Time  of  a  Body9 5  defcending  thro9  any  Arch 
of  a  Cycloid. 

Let  AC  be  the  Axis,  BF,  DF,  ef  Ordinates.     Let  FIG; 

AC  =  a,VCzzb,  VF~x,Ffz=:x,  BD  =  z,Dezzzy    2l8'- 

s  zz  16A  Feet.     /  =z  Time  of  defcribing  B  D  :  And 

let  the  Body  fall  from  B. 

The  Times  of  defcribing  any  Spaces  uniformly  are 

as  the  Spaces  directly,  and  the  Velocities  reciprocally; 

but  the  Velocities   are   as  the  Square  Roots  of  the 

Heights  fallen  from  ;  and  is  is  the  Space  uniformly 

defcribed  in  1   Second,   by  the  Velocity  acquired  by 

2  s 
falling  through  s:  Therefore  -    >      :  1   Second  :  : 

— 7-  :  /  = 7=3-  ;  or  /  = -=-;  but  (byEx.8. 

V*  2\/SX  2^/sX 

Prob.  VIII.  Sed:.  II.)  z  =  ^v/—  ;  whence  /  = 

(/  'm^  X 
CL  X      2V 

*\/      X rrrr-  •     Whence  the  Fluent  (by  Form 

s  s/b — x 

CI  x 

the  10th)  is  t~  s/ —  x  Arch  whofe  Sine  is  s/~r>  and 

Radius  1.  And  when  x  zz  by  then  t  zz </— . 

2       v  s 

VI hence  if  a   Pendulum   be   made  to  vibrate  in  the 
Arch  of  the  Cycloid,  2  /  or  the  Time  of  one  entire 

a 
Vibration  will  be  3.1416^ — 5  in  Seconds. 

Cor. 
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FIG.       Cor.  i.  Hence  all  the  Times  are  equal  in  wr^ich 
2iS\     Bodies  defcending  from  any  Points  Z,  B,  D  fhall  ar- 
rive at  the  lowed  Point  C:  And  all   the  Times  of 
Vibration  will  be  equal  among  themfelves. 

Cor.  2.  It  appears  by  Ex.  3.  Prob.  VII.  Seel:.  II. 
that  if  ZP,  P^  be  two  Cycloids,  whofe  Cufpids  are 
at  P,  and  Vertices  at  Z  and  ^;  then  if  a  Pendulum 
PC  be  fufpended  at  P,  lb  that  in  ofcillating  it  may 
fold  about  the  Curves  ZP,  P£)j>  then  the  Point  C 
will  defcribe  the  Cycloid  ZC^;  And  therefore  the 
Time  of  its  Vibration  will  be  3.i4i6xTime  of  a 
Body's  falling  through  AC. 


PROB.      VIII. 

219.  "To  find  the  Force  wherewith  a  Corpufcle  P  is  at  trailed 
to  the  Plane  of  a  Circle  E£>D>  according  to  any  Law 
of  centripetal  Force. 

Let  A  be  the  Center,  and  AP  perpendicular  to  the 
Plane  of  the  Circle,  and  let  the  Force  of  each  Particle 
be  as  the  nlh  Power  of  the  Diftance. 

Put^Pzz^,  AE  —  x,  c~  3. 141 6.  And  let  the 
Body  m  attract  the  Corpufcle  P,  at  the  Diftance  dy 
with  the  Force/ >  then  the  Force  which  any  Particle 

§  §      fx 

x   attracts  the  Corpufcle   P  towards  E  is  — —  X 

aa+xd1*,  and  the  Force  of  all  the  Particles  in  the 

Periphery  E9D  is  — — -  x  aa+xl? > :  And  by  Mc- 

f  ma  j 

icfaxx 

chanics  the  Force  in  Direction  PA  zz — X 

ma 

aa+xx 
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— ; — 1—       a   u   t?i'  •       c.u   t?             tcgfxx   FIG. 
aa-\-xx\  2  ;  and  the  Fluxion  01  the  Force  == 

mdn        2I9- 
X  aa-\-xx^~;  whofe  Fluent  is  -~-  x  £*+***". 

But  in  ^,  *=:o;  therefore  by  Correction,  the  Force 
exerted  on  P  by  the  Plane  of  the  Circle  ED  is  zz 

^x*Z&*jr^_*<fS+*     ,     Butif»  = 

rf  fl+i  n-t-iXnid" 

—  1,  then  the  Force  zz  — —  X  2.302585  Log* 
aa+xx 


aa 
Cor.  1.  Hence  if  n  zz  1,  the  Force  of  the  Circle 

exerted  on  the  Particle  P  will  be -i — ,  the    fame 

as  if  the  faid  Circle  were  wholly  collected  into  the 
Center  A. 

Cor.  2.  Therefore  if  n  zr  1,  a  Sphere  will  attract  220V 
any  Particle  P  with  the  fame  Force  as  if  the  whole 
Sphere  was  contracted  into  the  Center  C.  For  taking 
the  Circles  £D,  ed  parallel,  and  equiriiftant  from  the 
Center  ;  the  Sum  of  the  Forces  will  be  as  the  Sum  of 
the  two  Circles  each  multiplied  into  its  Diftance,  or 
as  either  Circle  into  half  the  Sum  of  the  Diftances, 
that  is  into  2 PC-,  or  both  Circles  multiplied  into  PC; 
and  it  is  the  fame  of  *il  equidiftant  Circles  that  com- 
pofe  the  Globe. 

^  .     _  icfdd  a 

Cor.  3.  nnzz — 2,the Forces Xi —    2I0 

m  \/aa\xx        "# 

icfdd  PA_ 

:        —  X  1  —  pE  . 

Cor.  4.  If  #be  lefs  than  —  1,  then  the  Force  of  the 
whole  infinite  Plane  will  be 


r    n-X-2. 

icfa   ^ 


md"x — n — 1 

P  R  O  B, 
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P  R  O  B.     IX. 

F  I  G.  To  find  the  Force  wherewith  an  infinite  Solid,  plain  on 
32 1.         one  Side  Ll9  attracts  a  Corpufcle  placed  atC:  Sup- 
pqfing  the  Law  of  Attraction  to  he  univerjally  asfome 
Power  of  the  Difiance  greater  than  1 . 

Draw  the  infinite  Line  CGK,  perpendicular  to  the 
Plane  LGl,  and  through  the  Points  i,  K,  infinitely 
near  each  other,  draw  two  Planes  parallel  to  LI  \ 

and  let  CG  zza,  CIzz  x>  IK  zz  #,  and  the  Force  as 
#*;  and  by  Cor.  4.  Prob.  VIII.  the  Force  wherewith 
the  Solid  contained  between    the   Planes  at  /,  K9 

attrads  the  Corpufcle,  will  be 2CJX      x     , .,  and 

mdn  x  —  n  —  1 

its  Fluxion il~  .,  whole  Fluent  is  ■ -~ 

md"x  —  n—i  —m* 

X                  •— .     And  when  duly  corrected  the  Forcfe 
n  +  iXn+3  

will  be  1 2Ci_ X    fT«?Wjf^; 

n+i  X#  +  3  xmdn 
Cor.  1.  If  n  be  lefs  than — 3,  and  the  Solid  infinite 

2cfa"~*~3 
towards  K;  the  Force  will  be  — I . 

n+i  X  »  +  3  X  ntd* 
Cor.  2.    Hence  therefore  the  Force  at  different 
Distances  from  the  infinite  Solid  (when  «  is  lefs  than, 
—3)  will  be  as  b"+3  or  CG"+}. 

Cor.  3.  Hence   alfo   (if  n  be  lefs  than  — 3),  the 
Force  of  a  very  great  Body  upon  a  very  fmall  Parti- 
cle, 
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cle,  at  any  extremely  fmall  Diftances,  will  be  as  theF  I  G< 
»-f-3th  Power  of  the  Diftance,  nearly.  221. 

Cor.  4.  And  if  the  Corpufcle  be  placed  within  the 
Solid  at  H,  fo  as  GH  —  GC,  the  Force  will  be  the 
very  fame  as  if  it  were  placed  at  C,  fo  far  without  it. 
For,  taking  IHzz  GH,  the  Solids  HG  and  #/deftroy 
one  another's  Effects. 


PROB,      X. 

To  find  the  Force  wherewith  a  Sphere  attratls  a  Cor- 
pufcle P,fituated  either  without  or  within  the  Sphere; 
fuppofmg  the  Forces  of  all  the  Particles  to  be  recipro- 
cally as  the  Squares  of  their  Diftances. 

Cafe  1.  Let  P  be  without  the  Sphere.     Draw  the     22  2, 
Axis  PAB,  and  the  Ordinates  ED,  ed  infinitely  near, 
and  let  S  be  the  Center,  put  PS  zz  a,  PD  —  x,  Dd 

=  #,  ASzzr,  ED  zzy,  bbzzaa —  rr.      Then   PE 

—  y/xx-\-yy  zz  ^/xx+rr — a — x    zz  \/rr — aa  +  2ax 

zz  \/zax — bb.  But  by  Cor.  3.  Prob.  VIII.  the  Force 
Df  the  infinitely  thin  Solid  contained   between   the 


Planes  of  the  Circles  DE,  de  is  zz x  1 —  ttt-» 

m  PE* 

:herefore   the  Fluxion  of  the   Force  is 


m 


xx  e    _,  .      2cfdd 

•,    whole  fluent  is X-* 


s/iax  —  0b  m 


bb-\-ax 


yfiax — bb,  but  in  A  where  the  Force 
3aa 

so,  xzza— r-,  therefore  by  proper  Correction,  the 
B  b  b  Fores 


^y0  The    Doctrine 

p  t   r  icfdd 

Force  of  the  Segment  EAF  is  z=  — ^~~~X  into: 

bb-\-aa — >ar        bb*\-ax 

*-«+r+ ~ Xa-r ~ XP£: 

and  when  xzza+r9  the  Force  of  the  whole  Sphere  is 

2cfdd  ir* 

~~"       m  Saa 

223.  Cafe  2.  Let  P  be  within  the  Sphere.     Let  P£>zzb, 

PDzzx,  then  PE  zz  \/rr — aa  +  2ax  zz  \/bb-\-zax  -, 
therefore  (by  Cor.  3.  Pr.  VIII.)  the  Fluxion  of  the 

.       icfdd        .        xx 

Force  at  D  is  X  x  —     ~  _-  ;   whofe 

m                    s/ bb  +  zax 
.      icfdd   '  bb — ax       /T- — 

Fluent  is  • X  :  x  + ~ — -  vbb  +  iax:  but 

tyi  ^aa 

in  P,  x  zzo  -,  therefore  the  Force  of  the  Zone  or 

_  bb — ax     , fa 

Section  §EDFR  zz  *  + —y/bb  +  iax . 

.....  c  .  icfdd 

In  which  writing  a +r  tor  x,  there  comes  out  — -; —  X 

r^-^-a^ — fa 

for  the  Attraction  of  the  Segment  9BR. 

And  by  a  like  Procefs  the  Attraction  of  the  Segment 

2cfdd  r"> — a* — fa 

QAR  zz X  — :  whofe  Difference 

~  m  2>aa 

icfdd 
is  — - X  !tf,  the  abfolute  Force  of  the  Corpufcle 

P  towards  the  Center  ;  which  is  the  fame  as  the  Force 
-of  a  Sphere,  whofe  Radius  is  SP,  acting  on  the  Cor- 
pufcle P  at  its  Surface. 

Cor.  1.  Hence  the  Force  of  the  Sphere  upon  the 
Particle  P  placed  without  the  Sphere  is  the  very  fame' 
as  if  the  whole  Sphere  was  collected  into  the  Center, 
and  exerted  the  Sum  of  all  the  Forces  from  that  Cen- 

ter.     For  — zz  Sphere  divided  by  the  Square  of 

the 
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■      m       r        4-rH       4cr^f    .     FIG 
the   Diftance;  and    —jjr  :f :  :  -- —  :  -—  the    0 

very  fame  Force  of  the  Sphere  before  found.  And 
hence  it  is  alio  evident,  that  the  Forces  of  Spheres 
are  accurately  in  the  reciprocal  Ratio  of  the  Squares 
of  the  Diftances  from  their  Centers. 

Cor.  2.  The  Force  wherewith  any  Corpufcle  P 
within  a  Sphere,  is  attracted  to  the  Center,  is  accu- 
rately as  its  Diftance  from  the  Center ;  and  is  the 
fame  in  different  homogeneous  Spheres,  as  long  as  that 
Diftance  is  the  fame. 

Cor.  3.  Hence  alfo,  the  Forces  of  Gravity  at  the 

Surfaces  of  any   homogeneous   Spheres,  are  as  the 

2cfdd 
Radii  of  the  Spheres.     For  the  Force  is  as  x 

,  that  is  as ,  and  when  a  zz  r,  it  will  be  as 


%aa  aa 

or  as  r. 


rr 
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To  find  the  Force  wherewith  a  Spheroid  at  trails  a  Cor-     224 
pufcle  P,  lying  upon  its  Surface  in  the  Axis  PB. 

Let  PB  zz.  ir9  Diameter  GH  zz  2#,  AP  zz  x,  then 


aa 


AE  zz  —x/irx — xx9  and  PE  zz  v  xx-{-  —  x  irx—xx 

zz  — \/irazx~{-rrxx — aaxx   zz   — \Ziraax-\-bbxx> 
r  r 

putting  bbzzrr  —  aa.     By  Cor.  3.  Prob.  VIII.  the 

r,     .        .    ,     -                ..          2cfddx  PA 

fluxion  of  the  Force  at  A  is  zz -  x  1  — -7777 

B  b  b  2  zz 
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F  I  G. 


zcfdd          .  rx'x  _  2. 302/;  8^ 

224.     =  — * —  x  :  x _:  Let  <P  =  •    *  ,/  ? 

X  Log. 3  it  r  be  greater  than  a  : 

O I  74- £J  3 

or  0  —  — — /  X  Degrees  in   the   Arch,    whofe 

Sine  is  —    /  ,  if  r  is  iefs  than  a\  and  the  Fluent 

3S  =z  — r-  X  :  x  +  -^-  p  —  ^-v/2r^  +  ^» : 

zz   Force   wherewith  the  Segment  P£F  attracts  the 
Particle  at  P. 

Cor.   1.  Hence    the   Force  wherewith    the  whole 

Spheroid  attracts  the  Particle  P  is  zz  — ■ x  *»/0 

r2^;  2fJ  .  2.202^8r 

ir  +  <p  —  — — :  where  <p  zz  — —  __-  x 

bb  bb  vrr  —  aa 

2  L^  : ! :  or  <p  zz  — -  x  twice 

a  \/aa — rr 

tbt  Number   of  Degrees    in    the  Arch  whofe  Sine  is 

</aa — rr       „    x.  ,. 

— - ,  Radius  zz   1 ,  according  as  r  is  greater 

cr  leffer  than  a. 

Cor.  2.  If  b  be  very  fmali,  the  Force  of  the  Seg- 

_               2o/i            .                  irx  # 

;/?*»/  EP F  zz   /  X  into  x  — */ —  4- 

bbxx  x 

—  k/ —  :   vary   near.      And   the    Force   of  the 

ica>    v    ±r  *  J 

....       , .  \  icfdd        .  4rr 

le  spheroid  is   zz   — ■ x  into  ir  — + 

Tii  2  a 

■         bb  -,  as  will  appear  by  infinite  Series,  or  Form 
the  16th. 

COR. 


Sed.  III.         ./FLUXIONS.  373 

Cor.  3.  LecyfP^be  an  Ellipfis,  AB  the  greater  FIG. 
Axis,    P^  the  leiTer.      Put  f  =        2_^^8    _   x ,  227. 


VAC— 


SL' 


Log  : pp :  then  the  attracting  Force 

at  A  upon  the  oblong  Spheroid,  generated  by  revolv- 

^  .         -         2AO  X  PC  2  JO 

mg  round  AB,  is  2^C  +  -]fCz_pCx    *  —  ^Cz..,PC>- 

And  (by  the  lad  Prob.)  the  Force  at  A  upon  a  Sphere 
whofe  Diameter  is  AB,  is  iAC.     Therefore  the  Force 

of  the  Spheroid,  to  that  of  the  Sphere,  is  as  AC  X?  —  1 
X  3-PO,  to  AC2-  — PC\  And  fince  the  oblate  Sphe- 
roid generated  by  revolving  about  Pg),  is  a  mean 
proportional  between  the  oblong  Spheroid  and  this 
Sphere  ;  therefore  the  Force  upon  the  Equinoctial  at  Ay 
upon  this  oblate  Spheroid  (which  reprefents  the  Earth) 
is  nearly  a  mean  between  the  Forces  of  thefe  other  two 
Bodies.  And  this  may  help  to  determine  the  Figure 
of  the  Earth. 


PROB.       XII. 

To  find  the  Motion  of  a   Ray  of  Light  pciffing  into  a 
ref ratling  Medium. 

Let  there  be  two  MeHiums  feparated  by  the  re- 
fracting Space  RAdD  terminated  by  the  Parallel 
Planes  RA,  Dd ;  and  let  the  Ray,  moving  in  the 
Direction  G77,  pafs  from  //  to  7,  and  in  its  Pafiage 
be  adted  upon,  in  Lines  perpendicular  to  the  Planes, 
by  any  Force  which  is  equal  at  equal  Diftances  from 
either  Plane,  and  at  all  Diftances  as  any  Powers  or 
Sums  of  Powers  of  the  Diftance  therefrom.     And 

let 


225. 
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F  I  G.  let  b  zz  Velocity  in  H,  vzz  Velocity  in  P,  CP  ±  x9 

i25'     PIzzz-,PFzzz,  'tzzTxme  of  defcribing  PR     And 
let  the  Force  be  as  A  +  Exm  -f  Cx"  +  Dxr  &c.  zz  g^, 

then  will  the  Force  in  Direction  PF  be  -  -<£.  And  fince 

the  Velocity  o:  ^-— ,  and  Moment  of  Velocity  s< 

Force  x  Time,  therefore  vv  oc  i^v,  or  i;z;  oc  §>x  ; 
afTume/>  a  given  Quantity,  and  \etvvzzpg)x9  and 
let  i*1  be  the  Fluent  of  £>x,  then  vl  zz  2pF,  and  by 
Correction  vv — bbzz2pF,and  vvzzbb-\-2pF.  Hence 
the  Ray  will  always  have  the  fame  Velocity  in  the 
fame  Medium  DIK,  whatever  be  the  Angle  of  Inci- 
dence. 

Let  the  Motion  of  the  Ray  GHbe  divided  into  two 
GA,  AH,  one  parallel  the  other  perpendicular  to  the 
Plane  RA*  Then  *fince  the  parallel  Motion^// is 
not  at  all  changed  by  the  Actions  of  the  Forces  per- 
pendicular to'thefe  Planes :  Therefore  if  ID  be  made 
tz  AH,  and  DR  perpendicular  to  DJ9  then  IK  will 
be  defcribed  in  the  fame  Time  as  GH.  Therefore 
drawing  IE  parrallel  to  GH,  the  Velocity  in  Hto  the 
Velocity  in  /,  is  as  GH  or  EI  to  IK,  that  is  as  the 
Sine  of  the  Angle  of  Refraction  to  the  Sine  of  the, 
Angle  of  Incidence.  And  therefore  the  Velocity  of 
Light  in  Vacuo,  to  its  Velocity  in  Air  of  a  mean 
Denfity  at  the  Surface  of  the  Earth  •,  is  as  ,999!  to  1. 
For  by  Experiment  the  Sines  of  Refraction  and  Inci- 
dence are  in  that  Ratio, 

Cor.  1.  The  Sine  of  the  Angle  of  Incidence  at  one 
Plane,  is  to  the  Sine  of  the  Angle  of  Emergence  from  the 
other  Plane,  in  a  given  Ratio.  For  the  Velocity  v  at 
the  fecond  Plane  will  always  be  equal  to  the  given 

Quantity  \/bb  -\-2pF,  and  the  Sine  of  Incidence  to 
the  Sine  of  Emergence,  as  this  given  Quantity  to  b. 

Cor. 
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Cor.  2.  If  the  Ray  was  to  fall  on  I  in  Direction  KU  FIG, 
with  the  Velocity  it  has  at  i,  it  would  return  in  the 
fame  Curve  IPH,  and  fo  go  to  G,  and  obtain  its  firft 
Velocity.  For  the  fame  Forces  that  did  before  accele- 
rate its  Paffage,  will  now  equally  retard  it  in  return- 
ing.    Therefore, 

Cor.  3.  If  the  Ray  have  a  greater  Velocity  in  the  firft     226. 
Medium,  than  in  the  fecond,  and  the  Angle -of  Incidence 
GHA  be  continually  diminifhed,  the  Ray  will  at  laft  be 
reflected -,  and  the  Angle  of  Reflection  gha  will  be  equal  to 
the  Angle  of  Incidence  GHA. 

For  let  the  Angle  GHA  be  fuch,  that  the  Ratio  of 
its  Cofine  to  the  Radius  may  be  equal  or  greater  than 
the  Ratio  of  the  Sine  of  Incidence  of  the  firtt  Medium, 
to  the  Sine  of  Emergence  in  the  fecond  ;  and  the  Ray 
at  R  will  be  moving  in  a  Direction  parallel  to  the 
Planes  ;  but  being  atterwards  acted  on  by  the  fame 
Forces  as  before,  it  will  be  turned  back  defcribing 
the  Line  RJog  fimilar  and  equal  to  RHG,  and  the 
Angle  gha  zz  GHA. 

Cor.  4.  Hence  if  there  be  two  fimilar  Mediums  who fe 
Denfities  are  p  and  q  ;  and  the  Velocities  after  Refra'clion. 
into  each  of  them  z  andy :  Then  will  zz — bb  :  yy — bb 
:  :p  :q. 

For  fince  the  Forces  of  Attraction  are  made  towards 
Bodies,  thefe  Forces  will  be  proportional  to  theCaufes. 
that  produce  them,  and  therefore  will  be  as  the  Den- 
fities of  thefe  Bodies,  fuppofing  the  internal  Form  and 
Conftitution  of  the  Bodies  to  be  in  other  Refpects  the 
fame.  The  Forces  therefore  exerted  at  any  equal 
Diftances  by  thefe  two  Mediums  will  be  as  pQ^  and 
q^i  whence  will  be  had  zz — bbzz2pF,  and  yy — bb 
zziqF  -,  whence  zz — bb  :  yy — bb  :  :  p  :  q%  that  is  as 
the  Denfities  of  the  Bodies,  nearly. 

Co  r  .  5 .  If  Light  pafs  thro' fever  al  ref ratling  Mediums, 
the  Sum  of  all  the  Refraclions  will  be  equal  to  the  fingle 
Refratlion  it  would  have  fuffered,  by  paffmg  immediately 
out  of  the  firft  Medium  into  the  laft. 

For 
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FIG.  For  fuppofing  thefe  feveral  Mediums  to  be  feparated 
220.  bv  parallel  Planes,  the  Refraction,  Velocity,  or  Mo- 
tion generated  in  approaching  any  one  of  thefe  Me- 
diums, will  be  deftroyed  again  in  its  receding  (on 
the  other  Side)  from  the  fame  Medium.  And  there- 
fore the  Motion  of  the  Ray  can  only  be  affected  with 
the  Force  of  that  Medium  it  at  laft  moves  in. 

SCHOLIUM. 

225.  Though  it  is  not  known  to  what  precife  Diftance 
the  retractive  Power  of  any  Medium  reaches ;  yet  we 
are  fure  it  is  contained  in  an  exceeding  fmall  Com- 
pels. And  therefore  the  Curve  HPI>  and  confequently 
the  Points  H9  I  may  be  taken  in  Practice  only  as  one 
Point. 

There  are  few  or  no  Examples  among  all  the 
Phenomena  of  Nature  that  afford  lb  clear  a  Proof 
of  the  prodigious  Forces  of  the  fmall  Particles  of 
Matter,  as  the  Motion  and  Refraction  of  Light  does. 
For  notwithstanding  the  amazing  Velocity  of  the 
Rays,  and  the  extremely  fmall  Space  and  Time  that 
any  refracting  Surface  has  to  act  in ;  and  yet  to  pro- 
duce fuch  a  fenfible  Refraction  as  we  fee  it  does,  mufl* 
evince  that  the  Forces  exerted  on  thefe  fmall  Bodies 
mufl:  be  furprifingly  great,  and  do  really  exceed  all 
Comprehenfion. 


PROB 
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F  I  G, 


PROB,    XIII. 

The  Velocity  of  a  Globe,  moving  in  a  right  Line^  and. 
its  Denfity,  and  the  Denfity  of  the  refifting  Medium 
in  which  it  moves  being  given  \  to  find  the  Time9 
Velocity ,  and  Space  defcribed. 

Here  we  fuppofe  the  Medium  to  be  uniform,  and 
that  the  Proje&ile  is  acted  on  by  no  Force  but  the 
Refiftance  of  the  Medium,  and  that  to  be  as  the  Square 
of  the  Velocity. 

Let  /Fzz  Weight  of  the  Globe,  d  zz  the  Diameter, 
q  zz  it's  Denfity,  p  zz  Denfity  of  the  Medium,  s  zz 
a  Space  of  16^  Feet,  b  zz  Space  the  Globe  at  firft 
can  defcribe  in  1  Second,  or  the  firft  Velocity ;  x  zz 
any  Space  defcribed,  /  zz  Time  of  defcribing  it,  and 
vzz Velocity  at  the  End  of  that  Time.  Here  I  mea- 
fure  the  Velocity  by  the  Space  defcribed  in  a  Second, 
and  the  Time  is  Seconds. 

1.  It  is  proved  by  Experiments  that  the  Refiftance 
of  the  Globe  is  to  the  Force  by  which  its  Motion  may 
be  generated  in  the  Time  of  defcribing  f  its  Diame- 
ter, as  the  Denfity  of  the  Fluid  to  the  Denfity  of  the 
Globe  nearly.  The  Velocity  generated  in  a  given 
Body  is  as  the  Force  and  Time  conjunctly,  therefore 
the  Force  is  as  the  Velocity  divided  by  the  Times  or 
by  Spaces  uniformly  defcribed  in  theie  Times,  there- 

2j  b         7bbJV        1  . 

fore  -7-  :  W :  :  -Vr  :    ■'   ,  , —  =  r  orce  that  will  ge- 

b  ;d         1  ods  w 

nerate  the  Globes  Motion   in  the  Time  it  defcribes 

Hi;  therefore  -ffi    W  zz  Refiftance  of  the  Globe 
loasq 

C  c  c  with 
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F  l  G'  with  Velocity  *,  and  likewifc  -~~  W  =  Refiftance 

with  the  Velocity  v.     Now  1  Second  :  is  (Velocity  of 

a  falling  Body)  :  :  /  :  ist  zz  Velocity  generated  in 

the  Time  t  by  Gravity.     Now  fince  the  Moment  of 
Velocity  is,  in  all  Cafes  as  the  Fprce  and  Moment  of 

Time  *  therefore  ist  :  Wt  :  :  —v  :  •    i  ,    ■   JFx  '; 
therefore  v  zz  — g~r — ,  or  v-*v  zz    b^  •  \  whence 

Qpt 

the  Fluent  v—1  zz    g  ,    .     But  when  /  zz  o,  v  zz  £, 

1  1  30* 

therefore  the  Fluent  corrected  is  —  —  -7-  zz  "7rr% 

v  q  tag  * 

which  reduced  is  Zdqy  +  Spbtv  zz  Sdqb. 

2.   1  Second  :  is  (Space  uniformly  defcribed  with 

Velocity  is)  :  :  /  :  1st  zz  Moment  of  Space  defcribed 
with  Velocity  is.     And  fince  Moment  of  Velocity  oc 

-rr-j — r— -  x  Moment  of  Space ;  and  the  Moment  of 
Velocity  in  falling  Bodies  was  found  before  zz  1st. 

_!,     •             1     Wye  ist            1       %pvvW         x 
Therefore  1st  : > :  :  — v  : ri —  X  "rr  > 

.                 1         %pvx          ,    — v  ?>px      _f 

whence  — v  zz  -773 — ,  and  ■ ■  zz    0  ,    .  There- 
sa '              *y  8^ 

fore  the  Fluent  is   /,     zz  —  2.3025  x  Log.  v.  And 

3/w                                   £ 
by  Correction  -^  zz  2,302585  Log:  —  : g 

8^/<7  3/>^/ 

Cor.  1.  Hence x  zz  —*■  xi. 3025$ sLog:  1+  -^  —  i 

this  appears  by  expunging  v. 

Cor.  m 
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Cor.  i.IfTzz  ~lhp%  then  v  =   T4-t  ;    an*  * 
zz   bTx  2.302585    Log  :  — ^r*  5  and  Log:  -r-  s 


2.30258W 


Cor.  3.  if  /£<?  Rejifiance  was  to  be  as  any  Power  of 
the  Velocity  vn ;  /^«  by  the  fame  way  of  Reafoning,  we 

2pVnW 

fhouldget  ■'      ,    7„     ■  zz  Refifiance  if  the  Globe  with  . 
i6dsqb    z 

—v  opt 

Velocity  v9  and  thence zz  — — — ;  and  the  cor- 

vn  Sdqb'1-2 

rect  Fluent,      ^  —  ^  ,  *       ^       ,    ^ 


■B  %dqbn' 


when  nzzi,  Los  :  - —  ==  -^r~. 
5     v  8^ 

——'is  Qflx 

Likewife —  = ,  and the  correct  Fluent 

vM  Sdqb"-* 

2—n  ,  -      8dqb"-z  ' 

Cor.  4.  if  it  was  required  to  find  the  Motion  of  any 
Sort  of  Body  B  moving  in  a  right  Line,  and  refifted  as 
the  nlh  Power  of  the  Velocity ;  it's  dene  in  the  fame  Man- 
ner. Let  the  Refiftance  of  B  moving  with  Velocity 
1,  be  zz  Weight  of  the  Body  w.  Then  1  :  w  :  : 
vn  .  wvn  _  tfa  Ref2ftance  it  meets,  with  Velocity  v. 

Fs 
Then  (fee  Prob.  I.)  — vv  oc  ~p>  and  in  the  Cafe  of 

falling  Bodies,  vzzih,  and  v  zz  s,  F  zzw  zz  b.  And 
in  the  Cafe  of  Refiftance  Fzzwv",  bzzB.     Therefore 

1  '       ws  '        wvns  M 

2bs  :  —^-  :  :  —  vv  :  — -g— .      Therefore  —  vv  zz 

ihwvn's 
C  c  c  2  B      » 
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2bws 


i   and  the  Fluent  is 

jD 


2hw 

-5, 


2—n  B 

Ft 
Alio  — v  cc—T-,  and  in  the  Cafe  of  falling  Bodies 

•       ,  •      wi  -      wV?         •• 

v  3C  zhty  whence  2bt  :  —^-  :  :  —  v  :  — -g—.      And 

U     v9  zz  — — ■  /,  tftf«  /#£  rluent  is   - 

2}  i— » 

2  to 

-jlnd  hence  when  vzzo,  or  all  the  Motion  is  deftroyedy 
and  n  lefs  than  2,  then  is  — -*-  =:  — d~"^  ^  '/  »  o 

bl~~n  2hw 

lefs  than  i, zz  *;  thence  the  whole  Space 

J  i — n  B 

and  'Time  s  and  t  will  be  known*     But  in  all  other  Cafes 

S  and  t  will  be  infinite r  and  n  being  lefs  than  2,  the  whole 

Space  J  ex.  £2~~"»  for  any  the  fame  Value  of  n. 

SCHOLIUM. 

Tt  is  here  laid  down  as  a  Principle  that  the  Refiflance 
of  a  Globe  moving  in  a  refilling  Medium,  is  to  the 
Force  by  which  its  Motion  may  be  generated  in  rhe 
Time  of  defcribing  4  its  Diameter  •,  as  the  Denfity 
of  the  Medium  to  the  Denfity  of  the  Globe  :  Yet  I  have 
found  by  fome  Experiments  that  in  fwift  Motions* 
the  Refill ance  has  been  greater  fometimes  by  a  third 
or  fourth  Part.  Thefe  Experiments  I  tried  in  a  River, 
with  a  Globe  of  equal  Denfity  with  the  Water,  by 
fadning  a  Thread  to  the  Globe  and  to  an  Index  in- 
clofed  in  a  Tube  with  a  fpiral  Spring  :  For  by  the 
Divifions  of  the  Index,  as  it  was  drawn  out  more  ot 
Jefs,  I  could  meafure  the  Refinance. 

The 
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The  Reafon  of  this  greater  Refiftance  feems  to  be,  F  I  G« 
that  the  Globe  being  near  the  Surface  of  the  Water, 
and  the  Morion  ot  the  Water  being  very  fwift,  the 
Water  had  not  Liberty  to  diverge  upwards  from  the 
Globe,  and  upon  this  Account  rmde  the  Refinance 
greater  than  if  the  Globe  had  been  deeply  immerfed  ; 
for  then  the  Water  could  have  diverged  freely  from 
the  Globe  in  all  Directions,  and  on  all  Sides. 


PROB,      XIV. 

If  a  Body  in  a  uniform  Medium^  being  uniformly  ailed 
on  by  the  lorce  of  Gravity ,  afcends  or  defends  in  a 
right  Line ;  To  find  the  Times  >  Velocities  y  and  Spaces 
defcribed. 

Suppofe  as  before  W  zz  Weight  of  the  Globe, 
d  zz  its  Diameter. 
q  zz  its  Denfity. 
p  ~  Denfity  of  the  Medium. 
s  zz  1  oV,  feet   the  Space  through  which  a 
heavy  Body  defends  by  Gravity  in  a  6V- 
cond. 
x  zz  Space  defcribed  from  the  beginning  of  the 

Motion. 
t  zz  '1  ime  vf  defer ibing  x. 
v  zz  V  elocity  at  the  End  of  the  Time  t. 
b  zz.  Velocity  the  Bo  ay  is  projecled  upwards  or 
downwards  with.     Here  I  meafure  the 
Velocity  by  the  Space  uniformly  defcribed 
in  a  Second. 
The  comparative  Weight  of  the  Globe  in  the  Me- 
dium will  be  -^—^W.    And  we  (hall  find,  as  in  the 

laft 
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F  *  G'  laft  Problem  ■  3J££   W  zz'Refiltance  of  the  Globe 

moving  with  Velocity  v,  and  confequently  ■■%        ^ 

2fwv 

Wis  the  Force  afting  on  the  Globe  accord- 


-77    i6dsq 

ing  as  it  afcends  or  defcends ;  call  this  Force^.    Now 

2 st  zz  Moment  of  Velocity  generated  by  Gravity  in 

the  Time  /  :  And  the  Moment  of  Velocity  being  as 
the  Force  and  Moment  of  Time  univerfally ;  there- 

Fore   2 st  :  Wt  :  :  4-  v  :yt :  :  -J-  v  :  yt  j     whence  t  zz 

__  ^     _ +8^1; 

2  jy  £ — p  X  I  6Jj  +  3^1; 

Again,  let  a  falling  Body  defcribe  any  fmall  Space 

z  at  the  End  of  1  Second  ;  then  it  will  be,  2s  (Space 
uniformly  defcribed  with  Velocity  2s)  :  1  Second  :  : 

t       z  t 

z  :  —  zz  Time  of  defcribingz  with  Velocity  2 s.  And 

fince  the  Moment  of  Space  oc  Velocity  ,x  Moment 

of  Time  univerfally  :  therefore  z  :  2s  x  —  : :  x  :  vt 

•    „rl  .         •  "XSdqvv 

: :  x  :vt.  Whence  x  ~vtzz 


q—pX  i6ds+3pvv 

*—%dqv 
Cafe  1 .  When  the  Body  afcends,  tzz  =r— 


q—pXi6ds+3pvv 
and  (by  Form  5.)  the  Fluent  /zz    ~^*'OI7453 

/ < — 

X  Degrees  in  the  Arch  whofe  Tangent  is  y/    3PVV 

q~pXi6ds 
But  when  /  zz  o,  v  zz  b  -,  and  the  Fluent  correded  is 
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/  =      J  <*^  X  Degrees  in  the  Difference  oF      l  U 

**l—f.  X  3dsP 

the  Arches  whofe  Tangents  are  ^/        3P™         ancj 

q—p  X  \&ds 

"-       ;  therefore  when  vzzo,  the  whole 

q—p  X  16 \ds 

Time  of  Afcent  t=   2^x^OI7453i  x  Degree$  jK  tfac 
v  2_^>  x  3^ 

Arch  whofe  Tangent  is  —  y/       ^  . 

J— />X*fr 

Likewife  *•  zz  -, j- ,  and  (by  Form 

q — p  X  1 6if  +  ^p'U'Z/ 

the  4th)  the  Fluent  xzz £ -  Log:  ~q^p  X 

1 6ds+zpvz :  And  when  duly  corrected  x  n  — — — — ~ 

T  q — p  X  1 6ds  +  2#££ 

X  Log: 


q — p  X  1 6ds  +  %pvv 
Cafe  2.  When  the  Globe  defcends/zz —  , 

and  (by  Form  the  6th)  t  zz  -^^^Ly  Log: 
;  v<L—pX^dsp 

Vq — ^  x  1 6ds  +  \/  +pvv  **  q—p.  i  bds\.\/  %pbb  ^ 

V~c^p  x  1 to  —  s/  ipw         ^q—p- 1  bus—\/zpbb 
and  this  laft  Term  vamfhes  when  £  is  o,  or  the  Body 
defcends  from  Reft. 

Sdqvv  .  . 

Alfo  *  =  -3X=r i     whence    the 

2  — p  X  1  to  —  3pw 

Fluent 


384.  &>*    Doctrine 

F  l  G'  Fluent  x  =  B>^L  Log:  ^x  i6Js-3pvv: 

and  when  corre&ed,   x  zz — X  Log: 

J^JT^^P^.  where  3  is  =0,  when  the 

^ — ^  x  1 6  Jj  —  3^>w 
Globe  defcends  from  Reft. 

Cor.    1.     The    great  eft    Velocity    the  Globe  can 

f  q — p 

acquire  by   an  infinite  Defcent  is  V~~~^k — *  iods : 

For  when  x  or  t  is  infinite  the  Denominator  q — p  x 

\6ds —  3^=0. 

Cor.  2.  Let  G  s  q\/        . 


?— ?  X  3?* 


Nzz  Number  of  the  Log.  ■,43^94/  . 

rto  *  =  2.30258G  x  Log.   H_v  or  Nzz  -jj—^> 

N—i 
which  reduced  gives  v  zz  -^         //>    w^»   *£*  G/tffo 

defcends. 

±dq        T  HH 

Cor.  3.  #  =  2.302585  X  -^-  X  L*£.    'HH_VV 

Adq          .            JV+7* 
r=  2.302585  X  — j*=  X  L*?.  — ^y ,      ^^    /& 

G/tffo  defcends. 

Cor.  4.  /#  /*£*  Manner  the  Velocity  and  Space  may 
be  found  from  the  Time  when  the  Globe  afcends. 

SCHOLIUM. 

If  we  had  fuppofed   the   Refiftance  to  be  as  any 
Power  of  the  Velocity  v\  then  we  fhould  find  (as 

in 
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in  Cor.  3.  of  the  lad  Prob.)  -   3pV^       -   Refift^  l  G* 

i6dsqbn~z  JJ 

ance  of  the  Globe  with  Velocity  v  ;  and   confequently 

1\-8dqb"—2-  v 

t  = — ;    and   x    z=    v't   zz 

q—p  x  i6dsbn-2  ±  3pv 

4-Sdqbn~zvv  .  ,0, 

T    * .     And    the  Fluents  will 

q—p  X  1  &dsbn    z  +  2pvn 

give  /  and  x. 

Note,  the  Denfity  q  muft  always  exceed  p9  other- 
wife  the  Globe  will  not  gravitate  ;  contrary  to  the 
Suppoficion. 


PROB.      XV. 

To  find  the  Velocity  and  Refiftance  of  a  Globe  ofcillating 
in  a  Cycloid,  in  a  refifting  Medium, 

Let  Ba  be  the  Arch  defcribed  in  one  entire  Ofcil-     218. 

lation,  C  the  lowed  Point,  and   CZ  half  the  whole 

Cycloidal  Arch  equal  to  the  Length  of  the  Pendulum: 

Let  the  Globe  deicend  from  B,  and  put  CZzza,  CB 

zz£,  BDzzx,  the  reft  as  in  the  lad  Problem. 

q  —  p 
Then    we    fiiall    find   TV  zz  comparative 

Weight  of  the  Globe  in  the  Medium,  and      *,     IV 

zz  Refidanceof  the  Globe  moving  with  the  Velocity 
v9  in  the  Point  D  ■,  as  in  the  former  Problems.  Now 
it  is  known  that  CZ  is  to  CD,  as  the  Weight  of  the 

Globe -Wis  to  its  accelerating  Gravity  at  D, 

q 2>  b——x 

which  therefore  is   - — —  TV  X •  .  Therefore 

q  *        a 

D  d  d  the 
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F  I  G  the  whole  Force  by  which  the  Pendulum  is  urged  in 

aq  aq  lodsq  J 

And  therefore  we  (hall  find  (the  fame  as  in  Prob.  XIV.) 

V  '  vv 

t  s= W%  and  x  -  {vt  =:)  — — W.     Put  fzz 

aq  l  s  &dq9  aq  4-dq 

and  then  /  =  -77 — 7Z — ^TT>  ant*  x 


bf—fx—gvv  '  *  ~  bf—fx—gvv 

And  the  Fluents  will  give  /  and  x. 


vv 


1.  Since  x  zz  -77 — 7 ,  finding  the  Fluent 

of — fit — gvv  y  & 

(by  the  Help  of  Form  the  4th  and  Rule  8.  Prop.  X.) 

we  have  x  =3      2^?/  ■■■  Log:  bf—fx—gvv  +  —  ; 
but  when  tfzjo,  vzzo\  therefore  the  Fluent  corrected 

2.202^8r         T  2JF 

is  xzz  — 2 — 2—2- x  Log- 


2Z  f 

2PX 

Let  »=Number  belonging  to  the  Logarithm  2"        g  , 

and  then  n  3  -— ,  which 

2^  +  1  —  2gx  —  — j—  vv 

.    .                     » — 1    ,        » — 1  / 

reduced  gives  vv  =  :  ■    g      £  +  ~^ *  :  X  - 

QpW 

2.  Let  2  zz  ~-t — /F  the  Refiltance  in  D,  then 
1  bdsq 

\6dsq  %dsq% 

~  1^"*'      vv  =  "3^" *  exPunse  *  and 

v  out  of  the  Value  of   #,  and  we  fhall   have  x  zz 
z  2.3025 

,  and  the  Fluent  x  = Log:  bb*-« 


2s 

2g  z 
b    z 
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b  FTP 

bx  —  igz  +  — -  :  and  when  duly  corrc&ed  *  =;    2!g 

±302585.  xLog: ^ .     Lcc 

2£ 


nzz  Number  of  the  Logarithm 2*X  ■    ■  1  then 

?  2.30250    7 

will  az= 31 ,  which  reduced  gives 

^    2g  b    Z 

n—\  n—\  .  h 

z  —  — — ■  £  -J #  :  x  into  — -. 

n  2gn  ~  2g 

Cor.  1.  In  the  loweft  Point  C,  n— Number  belong- 
ing to  the  Logarithm % -p.     And  there  the 

A  2.30258x4% 

r*/*«/y  =  v/:  i--= — -—3^  —b:x  into  ~;9  and  the 
3P m 

Reflftance  =  :  ^h^L^hlxint0J-LPK 

Cor.  2.  But  the  Velocity  and  Rejiftance  are  the  great  eft  9 
when  %  or  hb  —  hx  —  zgz  x  x  =  o,  and  thence  z  z: 

2g  aq 

Cor.  3.  And  therefore  the  Velocity  and  Rejiftance  are 

7  n         ,  2.302C8X4%  y  3/>^ 

/#<?  great  eft  when  x  sz  — ■ X  £0£ :  — -r-  + 1 : 

For  then  z  zz  £— #  x  TT  —  — T~  X^H #: 

2£  #  2g 

X  —  ;  which  reduced  gives  tfrz2^-f-i,  and  Log.  n 

m  the  Number    2>^  8    =  Log :  of  2^+1. 

D  d  d  2  SCHO- 
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SCHOLIUM. 

If  the  ofcillating  Body  is  not  a  Globe,  then  the 
Proportion  of  its  Refiftance  to  that  of  an  equal  Globe 
whole  Diameter  is  d,  muft  either  be  calculated  from 
Prob.  XXII.  Seel:.  II.  or  found  by  Experiments  j  let 

fchat  be  as  i  to  m  :  And  then  we  muft  take  —  inftead 
r  m 

of  g,  or  - — ■Tr~^  inftead  of  j~'m  the  foregoing  Cal- 
culations. 


PROB.      XVI. 

To  find  the  Denfity  of  the  Atmofphere  at  any  Height ; 
fuppofmg  the  Force  of  Gravity  to  be  as  any  Power  of 
the  Diftance  from  the  Earth's  Center^  and  the  Denfity 
of  the  Air  as  the  Compreffion. 

Let  r  zz  Radius  of  the  Earth. 

x  zz  Any  Diftance  from  the  Center. 

d  zz  Denfity  of  the  Atmofphere  at  the  Earth's 

Surface. 
z  zz  Atmofphere's  Denfity  at  the  Diftance  x. 
n  zz  Exponent  of  the  Law  of  Gravity. 
Since  the  Denfity  is  as  the  PrefTure  therefore  the  Mo- 
ment of  the  Denfity  ex  Moment  of  PrefTure,  that 
is  or  Moment  of  Matter  x  Force  of  Gravity  :  But 
Moment  of  Matter  ex  Denfity  x  Moment  of  Space. 
Therefore  the  Moment  of  Denfity  oc  Denfity   and 
Moment  of  Space  and   Force  of  Gravity  -,    that  is 

z  oc  zxnx  univerfally. 

Now  it  is  collected   from  Experiments,  that  the 
Weight  of  i  Foot  high  of  Air  at  the  Earth's  Surface 

is 
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is  to  the  Weight  or  PrefTure  of  the  Atmofphere,  as  F  I  G. 
1  to  29725  zzp,  at  a  mean  Denfity  ;  therefore,  let 

x  be  any  fmall  Height,  and  it  is  p  :  d  :  :  x 


P 

Moment  of  Denfity  at  the  Earth's  Surface.   Whence 

from  the  foregoing  general  Proportion,  :  drnx 

1  '      .      c       1         — x"zx  ,    i; 

:  :  — z  :  zxrx  :  therefore  z  zz - — ,  and zz 

pr"      '  z 

~—~xnx 
— — — :  And  (by  Form  the  ift  aad  2d)  the  Fluent 

— x  ~ 

is   2.3025  Log  :  z  :  zz.  —= .    And  duly  cor- 

n+i  Xpr* 

rnJr* x"+l 

reded,  2.302585  x  Log:  <~1  :  zz  — : -5 

d  n  +  ixprn 

therefore  z=ixNumber  of  the  Log:^ = — r 

2.302585X»+iX^ 

=^/xNumber  belonging  to  the  Log. >m 

68444X«  +  iXrrt 
Cor  .  1 .  If  e  be  any  fmall  Height  above  the  Earth's 

Surface,  then  zzzdx  Number  of  the  Log.  -^ . 

Cor  .  2 .  Ifnzzi,  then  zzzdx  Number  of  the  Loga- 
.  .         rr — xx 

rithm  -tk -- 

68444  X2r 

Cor.  3.  If  nzzo,  zzzd  x  Number  of  the  Logarithm 

r — x 


68444 
Cor .  4.  If  n zz — 2 ,  zzzdx  Number  belonging  to  the 

Logarithm  — ~ In  all  which  e>  r  and  x  are 

6  68444* 

fuppofed  to  be  taken  in  Feet. 

J-  P  R  O  B. 
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F  I  G. 


P   R   O  B.      XVII. 


To  find  the  "Denfity  of  the  Atmofphere  at  any  Height ; 
fuppofing  the  Force  of  Gravity  to  be  as  any  Power  of 
the  Diftance^  and  the  Compreffion  as  any  Power  of  the 
Denfity. 

Let  r  zz  Radius  of  the  Earth. 

d  zz  Denfity  at  the  Earth's  Surface. 

x  zz  any  Diftance. 

z  zz  Denfity  at  the  Diftance*,  from  the  Center. 

p  zz  2l  Length  of  29725  Feet. 

n  zz  Index  of  the  Force. 

m  zz  Index  of  the  Denfity. 

v  zz  compelling  Force  at  the  Diftance  x. 
Now  by  the  Hypothefis  v  <x  zm,  and  Force  oc  xn ; 

and  mzm~"Jz  oc  Moment  of  Prefiure,  that  is  as  the 
Moment  of  Space  and  Denfity  and  Force  of  Gravity  : 

that  is  zm~~Jz  o:xnzx>or  zm~~~7,z  ozxnx,  univerfally. 

To  find  the  Moment  of  Denfity  at  the  Earth's  Sur- 
face, we  have  v  ex  wzm~~JZ'9  therefore  (by  Prop.  II.) 

v  :  v  :  :  zm  ;  mzm~'1z  :  :  z  :  mz>  therefore  zzz  ^L. ; 

mv 

but  at  the  Earth's  Surface,  zzzd9  and  (taking  any  very 
fmall  Space  s)    it    will   be,   p  :  v  :  :  s  :  v  :  :  s  :  v9. 

and  —    zz  — -  ;  whence  z  zz  — —  zz  Fluxion  of 
v  p  mp 

Denfity  at  the  Earth's  Surface  :  Therefore  from  the 

univerfal   Proportion  •,   dm~~z  x  ~zrr  :  r"s  :  :  zm~2z  : 
r  .  mp 
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—  x»x   :    :    zm~2z  :  —  xnx :     "Whence  2W-^  zz  F  l  G- 

— dm~~Jx"x 

;  and  the  Fluent  (by  Form  the  2d)  is 

mpr" 

—  - — :  And  the  Fluent  corrected 


m — 1  n  +  i  y^mpr 

is    z       ~d  zz  ^ i X  rn+J— **+< : 

m — 1  n+i  X  inprn 


And  by  Reduction  zm-r  zz  d""1  +    m~l^r  $ 
y n  +  \  Xmp 


P  R  O  B.      XVIIL 

"To  find  the  Diameters  of  the  Earth. 

Suppofe  the  Earth  to  be  in  the  Form  of  the  Sphe-     227 
roid,  APBQy   AB  the  Equinoctial,  P^  the  Axis;         1% 
and  let  its  mean  Radius  CRzzi,  AC  zzi+vzza.    And 
PCzzi — vzzey  let  CS  be  the  Conjugate  to  RC,  and 
RT  perpendicular  to  CSy    then  by  Conies   CS  zz 

ae 

vaa-\-ee — 1  zzi+vvzzc9  and  RTzz —  1— 2*vv 

zzp.    Here  I  reject  the  Powers  of  v  above  vv  as  being 
very  inconfiderable.  t 

In  the  mean  Place  R  a  heavy  Body  falls  about 
16,0917  Feet  in  1  Second;  and  the  verfed  Sine  of 
the  Arch  defcribed  by  R  in  1  Second  by  the  Eaxth's 
Revolution  is  ,04,  (if  RC  zz  21000000  Feet);,  alfo 
as  1  :  y/i  :  :  ,04  :  ,0283  zz  to  the  centrifugal  Force 
in  R>  as  16  ,0917  reprefents  the  Force  of  Gra.vicy  9 

the  je  fore 
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FIG.  therefore  16,12:=^  will  be  the  gravitating  Force  ac 

227.     R  if  the  Earth  Hands  ftill  :  And  this  is  nearly  the 

fame  with  that  of  a   Spheroid  whofe  Axis  is  iRT^ 

and  Radius  of  the  (Bafe  or)  greateft  Circle  y/ac\  which 

(by  Corol.  2.  Prob.  XI.)  is  ip ^=r ^r 

m 2>\/ac  $ac\/ac 

Xac — pp  zz  f  +  tt^ — tJvz9  omitting  the  given 
Quantities  iif  that  Corollary.  Alfo  the  Force  of  the 
Earth  at  A  is  nearly  the  fame  as  a  Spheroid  whofe 
Axis  is  AB  and  Radius  of  the  Bafe  v/^"»  cnat  w  (by 

,  ~      s  4-aa  2aaXaa — ae 

the  lame  Cor.)  2a —  — —  + 


3v  ae  $ae\/ae 

+t\v+*vv.     Likewife  the  Force  of  the  Earth  at  P 


is  2e 


4.ee  2eexaa — ee 


—  t  +  f  v  +  A.VV. 


30  5^ 

For  the  centrifugal  Force   at  the  Equinoctial,  it 

is  as  y/i :  1  +v  : :  ,04  :  ,05657  x  H^  zzb  +bv  (by 

Subftitution)  =  centrifugal  Force  atAi  Alfol+^v 

IS7  7  ,  2VV , 

—  7ow:d:  :  t  +  T*5v  +  — —  :  i—iv+w,o3vv 

X  d  for  the  gravitating  Force  at  A,  if  the  Earth  flood 
ftill :  from  this  take  b+bv  the  centrifugal  Force,  and 
we  get  1— sV  +  io,o3w  x  d—b—bv  for  the  Force  of 
Gravity  at  A  when  the  Earth  is  in  Motion. 

LetCDzzx,  CEzzy.  Since  the  Gravity  and  alfo  the 
centrifugal  Force  (which  is  as  the  Decreafe  of  Gravity) 
in  A  and  £>,  are  as  a  or  1  +v  to  #,  therefore  the  gra- 
vitating Force  of  the  Earth  in  D,  when  the  Earth  is 
in  Motion  will  be  1— fv  + 11.23111  x  dx—bx. 

^^IlJJLL*  v  ~  ^  ™  :  #  :  :  *  +  H>  +  4™  : 
l+jV+i5.27vyxJtht  Force  of  Gravity  at  P.  And 
fmce  the  forces  in  P  and  E  are  as  *  or  i—v  to  j, 
therefore  the  Force  at  E  h  i+1v+i6^yvvxdy.  ' 

Now 
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Now  fuppofe  the  Weights  of  the  Columns*  and^F  I  G. 
to  be  equal  j    therefore  their  Moments   or  Fluxions    227. 
multiplied  into  the  gravitating  Forces  at  D  and  E> 

will  be  equal;  that  is  1 — ?v  +  n.23vvxdxx — bxk 

zz  i+6>v  +  i6.4.jvvxdyy,  and  taking  the  Fluents, 

and  dividing  by  id,  and  putting  1  +v  and  1 — v  for 

#  andj,  there  comes  out  1 — iv+n.2^vz j~  X 


i+v   zz  i-f-  %v  +  16.4.JWX  J — v  ;  that  is  1 — -j  + 

^—  -j-X^+9.83  —  ~JXVZ  ZII—  ^—15.07^% 
Or  vv  +,06391;  zz  ,000141,  whence  v  zz  ,00213, 
and  CA — CP  zz  ,00426  :  And  therefore  if  the  mean 
Radius  of  the  Earth  be  21000000,  then  CA — CP 
zz  89460  Feet  or  17  Englifh  Miles  nearly:  Therefore 
^Czz2 1044736,  and  PC  zz  209552  70  Feet. 

SCHOLIUM. 

This  Computation  fuppofes  the  Earth  every  where 
of  equal  Denfity  :  But  fmce  that  is  not  certainly- 
known,  nor  with  what  Force  a  Spheroid  accurately 
attracts  a  Body  when  fituated  out  of  the  Axis  ;  nor 
whether  the  Earth  itfelf  is  exactly  a  Spheroid  :  Thefe 
Things  may  render  this  Solution  a  little  incorrect.  If 
the  Earth  be  more  rare  towards  the  Equinoctial  than 
towards  the  Poles  ;  its  Height  at  the  Equinoctial  will 
be  increafed  in  that  Proportion. 
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PROB,      XIX. 

FIG.  ^be  Velocity  and  Direction  of  a  Projcclile  being  given  •,  to 
24.7  "        $n^  ^e  ^at^°  i*  defcribes  in  a  refifiing  Medium, 

Let  AC  be  the  Dire&ion  of  the  Projectile,  ABF 
the  Curve  defcribed  ;  draw  AD  parallel,  and  CBD 
perpendicular  to  the  Horizon,  and  cO  infinitely  near 
CB.  Alfo  draw  Bm  parallel  to  Cc,  and  Bn  parallel 
to  AD. 

Call  AC,  x  ;  CBy  y  ;  AB>  z  •,  and  let  m  and  n  be 
the  Sine  and  Cofine  of  DAC ;  b  zz  Velocity  at  A,  or 
the  Space  defcribed  in  Time  \  \  hzz  Space  defcended 
thro'  in  the  Time  i,  by  the  Gravity  i,  acquiring  the 
Velocity  2#,  in  Vacuo  ;  c  zz  Velocity  when  the  Re- 
fiftance is  equal  to  the  Weight  in  the  Fluid,  (fee  Cor. 
i.  Prob.  14.) ;  V  zz  Velocity  at  C  in  the  Line  AC\ 

zV 
v  zz  the  Velocity  at  B  in  the  Curve  zz  — ^— ,  by  Re- 

folution  of  Motion. 

Since  the  Refinance  is  as  the  Square  of  the  Velo- 

w 
city,  therefore  cc  (Vel.)  :  1  (Ref.)  :  :  vv  :  zz 

vv 

Refiftance  in  Direction   BO.  and  z  :  x  :  : or 

cc 

Vzzz       Vzz 

- — :--  : r-  zz  Refiftance  in  Direction  Bm,  by  the 

ccx1         ccx  J 

Refolution  of  Forces. 

The  Body  is  drawn  from  the  Tangent  at  B  by  its 
Gravity  alone  ;  and  ly  is  the  Space  it  defcends  thro', 
in  the  Time  of  deicribing  x  with  Velocity  V\  and 
twice  that  Space,  or_y,  would  be  defcribed  uniformly! 
in  the  fame  Time  ;  and  the  Velocities  being  as  th 
Spaces  uniformly  defcribed  ;  we  have,  x  :  V  :  :  y 

Pi 
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Vy  +  FIG. 

t£-  =  Velocity  generated  by  Gravity  in  that  Time. 

Now  fince  Gravity  does  not  affect  the  Motion  along 
AC,  the  Retardation  therein  is  wholly  owing  to  the 
Refiftance;  therefore — v  being'the  Velocity  deftroyed 

by  the  Refinance  alone  ;  and  — ?—  the  Velocity  gene- 

rated  by  the  Gravity  alone  ;  and  the  Velocities  gene- 
rated or  deftroyed  being  as  the  Forces,  it  will  be,    1 

(Gravity) :  M-  (Vel.)  :  :  ^|-  (Ref.) :  -V  (Vel.); 
whence    y-  -  zz  — ■?— . 

r>  CCX2- 

Put yzzsxy  fuppofing  x  given,  thenjr  =  )#,  there- 

— V  ZS 

fore  -yr-  ~  — -     But  21  =  xz  +j/2  —  2»wy  zz#x 

— v         s     y 

+  slxz —  2msxly  whence     y%-    =1  —  v  1— ims+ss\ 

1  1  — mm 

and  (by  Form  27.)  the  Fluent  is      „y   —  — L 


s—m 


X  Log:  s — m+s/i—2ms-{-ss\  +  \/i— ims+ss-, 

■C.LL 

and   corrected,    -p^ jy   =   ^-  Z.  x  Log  : 

j — w+v/i — 2wj+jj  j — m 


1 — m  cc 

m 


+    \/l 2WJ+JJ  + 


(Tc 


;  for  in  yf,  j— o. 


Again,  Velocity  x  Flux.  Velocity  ex  Force  xFlux. 
Space,  (fee  Prob.  I.)  iand  if  ih  reprefents  the  Velocity 
generated  by  Gravity,  in  defcribing  any  Space  S  j  then 
S  will  represent  the  Fluxion  of  the  Velocity  •,  there- 
fore, 2^xi  (Vel.  x  Fl.  Vel.)  :  1  xs  (Grav.  x  Space) 

•  :  —Vy\  -^rX*,  whence  z  =:  ~2h[/  - ;  andthe 

correel  Fluent,  2  —  — r-  x  Log:  -77. 

E  e  e  2  Now 
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Now  fincc  -77-  = ,  and  -7—  zz  — 7-r   if 

V  tc  V*  ccxx*  ir 

the  latter  be  divided  by  the  former,  we  have  —  zz 

2bxu*  0T2bi*zzf7J9  in  Fluxions,   iVf-y  +yyb 

—V         y 
_  o,  or  — y~  -  -,  J  =  -77-,  or  «y  zz  4^,    an 

Equation  between?  and  z.  Or  ^'-4/^V^+yJ_2Wxy, 
an  Equation  between  .v  and^y. 

Now  fince  ,  zz  f  zz  — —  and  fince  the  Angle 
at  wis  given  5  therefore  if  we  affume  any  Angle  for 
5,  then  l  0  will  be  given,  and  consequently  j,  and 
from  thence  V  -,  and  from  V\  z  is  known. 

Let  E  zz  **£.  x  Lo^:    J~;;;+v/7Z="2^'+^  ,  , 


5 — #* 


y- W.I  1 

w     •i-2*i+xi  +  —  j  then -^  =  -JF+E> 

«£       _  bb  €cL 

-^-X  -Log:  -^   zz  -^  X  Log:  i+W£:   and  £ 

£&te  Wj  \/i 2)iU+SS 

4AX1+ME  2hy.i+bbE     '    ^     *  = 

g lis 

\/i—2?ns~+s7  ""  a^xH^T'     Alfoj)zz^zz 
bbss                   ,  ^ 

;      ,_  .  Llkewiie^zz — VzzVs/i— 2ms A- si 

2b  x  1  +lbE  v  ^j-wj 


i+M£ 

Hence 
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Hence  if  you  take  jz=r+#,  and  /  =:  &,  and  if  r  be  F  I  G, 

taken  fucceffively  zz  any   given  Quantities  in  Arith-     247, 

metic  Progreftion,  and  the  Value  of  E  be  found  in  a 

Series,  and  fo  proceed  by  Rule  5,  Prob.  X,  you  will 

get  all  the  Parts  of  x  and_>\ 

nnL 
Cor.  1.  In  the  Vertex  F,  s  z=  m,  and  E  zt ■ 

1 1  +m  m        '  '  _ 

x  L^ ;  %/  Y^h~  :  +  ~d'    Therefore  Put  T  =  z^ ; 

Ctftafl.  of  half  the  LACL — 10,  as  found  in  the  Tables  \ 

j*t      77  nnLT+m  b 

and  then  E  or  e  =  \  and  V  zz  , 

rr  vi  +£& 

^  .  CCL  w  , rr— 

v  —  .,  tftfrf  2r  zz  - — 7-  x  Log :  v  1  4-^c"; 

For  by  Trigonometry,  if  T  ~  Cotan.  kC,  the  Co- 
fine  of  its  double,  (that  is  the  Sine  of  A)  will   be 

TT> — 1  /  1  +m 

r^r- —  zr  ;;;,  reduced  Tzz     /  zz  Cotan.  iC. 

T'J  + 1  v     1  — ;;; 

Cor.  2.  7^  the  Projectile  be  a  Cannon  Ba.l,  atid  if  $ 

be  the  Diameter,  aid  y.  the  Denficy  of  c>.  Mall  light 

Ball,  which  projected  at  the  feme    \  t <;,  with   thi 

Velocity  £  =  b  J  V^2J~^  (fee  Prob.  XIV.)     This 

Ball  will  defer ibe  a  Carve  in  the  Air  Jim:1  ar  io  the  c 
Curve  defended  by  the  Cannon  Ball  \  and  wbojt  Height  or 
Bafe  will  be  to  that  of  the  other  ref  \  as  d<i  U 

To  prove  this,  let  U  be  the  Element  of  the  Curve, 
Irs  rhc  Tangent  at  /,  rt  perpendicular  to  the  Horizon. 
Since  this  Figure  is  iimiiar  to  the  correfponden:  E  f- 
ment  of  the  other  Curve,  therefore  the  Lines  Ir,  rst  rtt 
are  in  given  Ratio's  to  one  another.  Now  the  Line 
rt  '  y     is  g  cl   by  the  Gravity,  and  sr  (£)  de- 

.  ranee,  both  :n  the  Time  [/  )  where- 
i  : .    Therefore  sr  c* 

Refinance  Grai 

"   Matter"  a    ~^T  *  Hf  Aho  rt  x  TI^T 
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F  I  G.  q—p  W  q—p      A  ,    .       .         , 

247.    a  ^7—  Xw0c  ~y~'      sr     s  in  a  siven 


vv  q — j 


Ratio  to  r/,  -7—  oc  ,  orvv  oc  q — pxd,  there - 

al 9.   

fore  vv  :  VV  :  :  q—p  x  </  :  x — />  X  «T : :  ^  :  /%  (^  be- 
ing the  Velocity  in  the  other  Curve)  •,  therefore  £—£ 

*—pX* 


v/ 


q—pxd 


rt 


A^ain,  Time  (in  Ir  or  rt)  oc  </~r. tp^ : — 

0  v  '       Y   porce  of  Gravity 

ylrxq         ,  ,  '  (/rx?    T 

a  vT — r">and/r  ex:  vxTime  oc*/ — rXq-pxd 
q—P  v  J— /> 

cx\/lrxdq  \  whence /r*  cxlrxdq,  or  Ir  ctdq.   But 

if  the  Element  a  of  two  Curves  be  fimilar,  the  whole 

Curves   will  be  fo,  whence  /r  oc  whole  Bafe  of  the 

Curve  ;  therefore  the  Bafe  is  as  dq  \  whence,    1  Bafe 

:  2  Bafe  :  :  dq  :  fa. 

Cor.  3.  If  the  two  Balls  projected  with  the  Velocities 

b  and  /3,  were  to  move  u  ithout  any  Refifiance  in  the  Me- 

dium  •,  they  would  dejeribe  two  fimilar  Parabolas,  whofe 

Bafes  or  Heights  are  r  effectively  as  thofe  of  the  other  two 

Curves  defcribed  in  the  refifiing  Medium  \  and  <3  may  be 

Kv—Jp 

taken  z=  b  ^/ — -7— J,  as  q  is  vaflly  greater  thanp\  or 

evenbs/-j-)  if  *  very  much  exceeds  p.  And  if  the  Gr a- 

vity  of  the  Balls  was  not  at  all  diminijhed  in  the  Fluid ; 
the  Velocities  would  be  exaftly  as  y/dq  and  y/fa. 

That  they  would  defcribe  Parabolas  in  a  non-re- 
fifting  Medium,  is  plain  from  the  Theory  of  Projec- 
tiles ;  which  will  be  fimilar,  becaufe  projected  at  the 
fame  Angle  of  Elevation.  But  the  horizontal  Dif- 
tance  of  fuch  a  Projection,  is  as  the  Velocity  Square 
directly,  and  the  Gravity  reciprocally,  which  in  the 

q  x 

two  Balls  will  be  as  bb  x  — ™r  to  0fi  x r  or bbx 

q    p  k — p 
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,  *    P-- —  X  ■ —y  that  is  as*  da  to  <Jx,  which  was    0  ,  - 

,  x — p  2  *4/- 

q—pxd  r 

proved  to  be  the  Ratio  of  the  Bafes  of  the  other  two 

vv  a — p 

Curves.  Alfo  it  was  proved  before,  that  — 7—  cc  -*— r-, 

q — p 
but  — reprefents  the  relative  Gravity  in  the  Fluid  , 

which  it  it  was  n  i,  then  would  vv  OC  dq. 

Cor.  4.  And  hence  we  have  a  Method  of  determining 
the  Curve  defiribed  by  a  Cannon  Ball  in  the  Air,  from  the 
Phenomena.  For  if  a  Cannon  Ball  whole  Diameter 
is  d  and  fpecific  Gravity  q,  is  projected  with  Velocity 
b.  Make  a  ihiall  Globe  of  Cork,  or  rather  of  Paper, 
Bladder,  &c.  made  hollow,  and  whofe  Diameter  is  $9 
and  fpecifick  Gravity  *,  and  colour  it  red  or  black  ; 
if  this  be  projected  in  the  Air,  with  the  Velocity  #or 

x — p 
b<S — -f-$,  and  at  the  fame  Elevation  ;  it  will  exhi- 
bit to  View,  the  very  Curve  defcribed  by  the  Can- 
non Ball,  in  Miniature.  And  if  a  Leaden  Ball  be 
projected  along  with  it,  you  will  have  all  the  Pheno- 
mena of  the  Cannon  Ball  in  the  Air.  And  obferving 
where  the  two  Globes  fall,  if  the  Diftances  of  the 
horizontal  Projections  be  meafured,  you  will  have 
the  Space  that  the  Cannon  Ball  falls  fhort,  by  Reafon 
of  the  Refiftance  of  the  Medium.  But  the  Leaden 
Ball  ought  rather  to  be  projected  with  the  Velocity 

a^/ — —  or  b\/^-T'9  becaufe  the  Metal  Ball  loofes 
FV    x — p  v    qa 

no  fenfible  Weight  in  the  Air,  and  it  ought  to  be 
projected  as  far  with  the  Gravity  i,  as  the  Cork  Ball 

is  with  the  Gravity -,  without  Refiftance.    But 

'        x — p 

if  a  very  (lender  Body  can  be  made,  like  an  Arrow, 
fomething  heavier  before,  and  of  the  fame  fpecifick 
Gravity  in  the  whole,  as  the  Cork  Ball ;  then  this 

and 
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FIG.  and  the  Cork  Ball  may  be  projected  together,  with 
247.  the  fame  Velocity  •,  and  this  fiender  Body  will  be  very 
little  refitted  by  the  Air,  as  well  as  the  Leaden  one, 
and  will  fhow  how  far  the  Ball  would  be  projected 
without  Refiftance.  And  the  fame  all  holds  good 
if  the  Balls  be  projected  perpendicularly  upwards 
with  the  fame  Velocity ;  tnen  it  will  appear  how 
far  the  Cork  Ball  comes  fhort  of  the  other.  And 
inftead  of  dq  and  <?*,  you  may  take  the  Weights  di- 
ss; 
vided  by  dd  and  <T<T:  for   dq  oc  -yy-,  w  being  the 


Weight  in  Vacuo. 


SCHOLIUM. 

This  Problem  fuppofes  the  Air  every  where  of 
equal  Denfity  ;  but  in  a  Ball  fhot  from  one  of  our 
greateft  Guns,  to  the  Diftance  of  four  or  five  Miles, 
the  Height  at  the  greateft  horizontal  Diftance,  will 
be  about  a  Mile,  and  there  the  Denfity  of  the  Air  is 
about  a  fixth  Part  lefs  than  that  at  the  Surface ;  fo 
that  the  Ball  is  lefs  refilled  there,  and  confequently 
flies  further.  Likewifethe  Denfity  of  the  Air  is  dif- 
ferent at  different  Times,  and  confequently  the  Re- 
fiftance will  be  fomething  different  upon  that  Account. 


P  R  O  B# 
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PROB,      XX. 

If  Water  or  any  Fluid  dfcends  and  defcends  alternately  J?  I  G 
with  a  reciprocal  Motion  in  the  Legs  KL9  MN  cf  a     24S. 
cylindrical  Canal  or  Pipe  ;  to  find  the  Time  of  one  Li~ 
bration  or  Reciprocation  of  the  Water. 

Let  AD  be  the  Level  or  horizontal  Line  in  which 
the  Surface  of  the  Water  {lands  when  at  reft ;  and 
Jet  the  Water  defcend  from  F  in  the  Leg  KL,  and 
afcend  from  C  in  the  other  Leg  ;  and  fuppofe  it  to  be 
in  E  and  G  at  the  fame  Time.  Draw  EB,  JJH  per- 
pendicular to  the  horizontal  Lines  BA,  GH>  and  put 
AF  orCDzzb,  AE  or  GDzzx,  Sine  of  the  Angles  L% 
Nzzp,  a  •,  v  zz  Velocity  in  £,  /  zz  Time  of  defending 
thro*  FE  ;  /  zz  Length  of  the  Canal  A  L  ND>  w  zz  its 
Weight  1  szzi  6-^  Feet:  The  Force  with  which  the  Mo- 
tion of  the  Water  is  accelerated  and  retarded  alter- 
nately, is  the  perpendicular  Height  of  the  Water  at 
E  above  G.     Then,  becaufe  EBzzpx>  and  DHzzqx, 

the  PreiTure  of  the  two  Columns  EA,  DG  is  — -~wxy 

Fx 
the  accelerating  Force.     By  Prob.  I.  vv  cc  --7— ,'and 

in  falling  Bodies,  when  vzz2s,  vzzS,  whence  is  x$ : 

WS  •  p~\~q  — X  : 

-^-    :    :  w  :   —j—  zvxx  ~^-,    whence    vv  zx 


—p-k-q  .         ,    V%  p+q 
1 X  2sxx,  and  —  zz  —  ■      ^   ■  x  lixx,  but  in 

F.  ^zzo,  and  xzzb>  therefore  the  Fluent  corrected 

is  vv  zz  — r—  x  2 J  xbh — xx.  Alfo  (Prob.  I.)f  «  — 

F  f  f  and 
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PIG.,.-...',.;  S  ,  8  § 

24g#     and  in  falling  Bodies  *  =  —  i  whence  —  :  — 

,  therefore  t  zz* 


v  Sp+q 


y/ — 7^-  X  2  s  <ybb — xx 


/  x 

- ir, ,  - X — .-.-,    ■   :,.     And  by  Form  io,  /zr 

p-^-qX^s        y/bb-^xx 

- x  Arch,  whofe  Radius  is  i,  and  Sine 


"J 

p+qx2s 

x  3.1416 

-r*  and  when  xzzb>  that  Arch  zz  ■:  whence 

b  :  2 

I                3.1416 
tzz.  y/ :  X r ,  the  Time  of  defcend- 

p+qX2S  2 

ing  from  F  to  A,  and    2/  z=  3.1416^ , 

p+qXis 
the  Time  of  one  Libration  of  the  Water. 

Cor.  1 .  Comparing  this  Value  oft  with  that  in  Prob. 
VII.  and  Cor.  2.  it  appears,  that  the  Time  of  one  Li- 
bration or  Undulation  of  the  Water ,  is  equal  to  the  Time 

I 
of  0 [dilation  of  a  Pendulum,  whofe  Length  is  — -r —  ; 

which  Length  is  zzil>  when  L  and  N  are  right  Angles. 

Cor.  2.  /Ill  the  Times  of  Librarian  are  equal,  whether 
the  Height  afcended  and  dejcended  be  greater  or  lefs. 

Cor.  3.  //  matters  not  what  Figure  the  Pipe  is  of 
below  the  Level  of  C,  provided  the  Parts  above  C  be 
fir  eight  wherein  the  Surface  of  the  Water  moves. 

Cor.  4.  The  Water  in  one  Libration  will  defend  to  7, 
fo  that  AIzzAF.  For  when  v^zo,  bb — xxzz  o,  and 
x~-\-b  or  — b. 

SCHOLIUM. 

If  the  Leg  MN  be  wider  than  KL,  and  its  Sec- 
tion  to  that  of  KL  as  c  to  i9  we  fhall  get  w  = 

?+ 
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X  —  2sxx.     And  if  r  be  infinite,  for 

x 

1  c 

which  is  the  fame)  the  End  Mimmers'd  in  ftagnant 

Water,  then  vv  zz  — jj— — . 

There  is  a  great  Analogy  between  the  Libration 
of  the  Water  in  the  Canal  KLMN,  and  the  Waves 
of  the  Sea,  &V.  Therefore  if  a  Pendulum  be  made 
whofe  Length  is  the  Breadth  of  a  Wave  from  Top 
to  Top;  then  in  the  Time  that  it  performs  one  Ofcil- 
lation,  the  Waves  will  advance  forward  a  Space  equal 
to  their  Breadth. 

For  (by  Cor.  1.)  in  the  Time  that  the  Pendulum 
(4/)  vibrates  once,  the  Water  in  the  Canal  will  make 
one  Libration ;  and  (the  Length  of  the  Canal  being 
fuppofed  =  I  the  Breadth  of  a  Wave,)  in  the  fame 
Time,  the  Water  in  the  Hollow,  or  loweft  Place 
between  two  Waves,  will  become  the  higheft,  that 
is,  the  Wave  will  move  forward  half  its  Breadth. 
And  in  two  Vibrations  (or  one  Vibration  of  the  Pen- 
dulum 2/)  will  advance  a  Space  equal  to  the  whole 
Breadth. 


F  f  f  2  PROB, 
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FIG.  Let  a  Bar  of  Steel  {perfectly  elaftic)  be  fupported  at  both 
249.  Ends  •,  and  allowing  that  10  Hundred  Weight  Avoir - 
dupoife  hanging  in  the  Middle ,  willjuft  break  the  f aid 
Bar ;  it  is  required  to  find  the  Weight  of  a  Globe, 
falling  perpendicular  185  Feet  on  the  Middle  of  the 
Bar,  to  have  the  fame  Eff eel. 

Let  DBE  be  the  Bar  of  Steel,  fupported  at  the 
Ends  t),  E.  Now  before  this  Prob.  can  be  folved, 
fomething  more  muft  be  aflumed  than  is  here  ex- 
prefled.  Suppofe  then,  that  the  Space  BA  is  known, 
thro*  which  the  Bar  is  bent  before  it  breaks ;  and  let 
the  Bar,  from  the  Pofition  DBE,  be  put  into  the 
Pofition  DAE,  or  very  near  it,  and  then  the  10  C. 
Weight  laid  foftly  upon  A,  which  juft  breaks  it.  Now 
the  Weight  falling  upon  it  in  the  Direction  FB,  is  to 
bend  the  Bar  juft  thro'  the  Space  BA,  to  A,  where  it 
breaks. 

Let  c  zz  the  Weight  ( 10  C.)  capable  to  break  it  when 
fufpended  at  A. 
w  zz  Weight fought,  which  is  to  break  it  by  falling. 
a  zz  1 6Tv  Feet. 

d  zz  FB  the  Height  that  w  falls  zz  1S5  Feet. 
b  zz  BA,  the  Space  the  Bar  is  bent  through  when 
it  breaks. 
then  2%/Zdzz  Velocity  of  w  at  the  Point  B,  {the  Velo- 
city being  meafured  by  the  Feet  defcribed  in  a 
Second. ) 

BC  zz  x,  Cc  zz  x. 
Now  by  the  Principles  of  Mechanics,  when  the 
Bar  is  bent  into  the  Pofuion  DCE,  it  exerts  a  Force 

which 
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which  is  as  the  Diftance  BC.     Therefore  BA  (J?)  :  F  I  G. 


ex 


Force  at  A  (c) : :  BC  (x):-j-zz  Force  at  C.  There- 
fore  the  Force  that  w  is  ac"led  on  at  C  is  -5 <ze;. 

Alfo  by  Mechanics,  w  oc  — — ,,  fee  Prob.  I.     In 

the  Cafe  of  falling  Bodies,  if  2a  is  the  Velocity 
gained  in  a  Second,  x  is  the  Velocity  gained  in  mov- 
ing over  x  at  the  End  of  1  Second.  And  the  Weights 
of  Bodies  being  as  the  Quantities  of  Matter,  there- 
fore (from  the  general  Proportion)  lax  (Vel.xFl.Vel.) 


249. 


ex 


wx     WeightxFl.  Space  v  -      -. w 

^T< B^ )v.-vv.— _  xii 


ex — bw 

bw 

vv  lex1 — bwx 


hence  —  vv  z=  — 7 X  2<**>  and  the  Fluent  is 


bw         X  2a9  but  at  B,  v  =  2y/ad% 

and  xzzo,  therefore  the  Fluent  corrected  is  /\.ad — vv 

ex1 — ibwx  .  . 

= bw X  2a '         ln     '  v  "=  0>  *  =    * 

r  ,        cbb—2wbb  .       c — 2Wy 

therefore  ^ad  zz  , x  20,  or  2d  z=  -£, 

bw  *  w      * 

be 
and  idw  zzbc* —  2bw,  whence  w  zz  — 7,7  ,  or  w 

be 
=  ^J  nearly. 

Cor.  1.  Half  the  Weight  that  will  break  the  Bar  at 
A9  will  break  it  when  laid  upon  B.     For  when  d  zx  o, 
be 


W  =  Tb=  " 


^L• 


Cor.  2.  The  Weighty  that  by  falling  a  given  Height 
will  break  any  Bar,  is  very  nearly  as  the  Space  (b)  thro9 
which  the  Bar  will  bend  before  it  breaks.  Hence  the 
Reafon  why  brittle  Bodies  break  fooner  by  Percujfion,  than 
others  of  equal  Strength;  Cor  . 
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FIG.      Cor.  3.  Hence  the  Weight  w  is  ceteris  paribus >  re* 
249.    cipro cally  as  d  the  Height  fallen  from*  very  near. 

SCHOLIUM. 

Here  no  Notice  is  taken  of  the  Weight  of  the 

Bar  itfelf.     If  inftead  of  defcending,    the   Weight 

w  was  fuppofed  to  be  projected  horizontally,  with  a 

certain  Velocity  againft  the  Bar  DBE,  then  the  Force 

at  C  would  be  -7-,  and  — vv  =  -r-  X  -rr-  X  za9 

ex* 

and  4ad  —  vv  zz  -1 —  x  2a.   And  when  vzzo9xzzb> 

and  thence  4#i  =z  -—  x  20,  and  w  zz  —7,  exactly, 
where  Gravity  has  no  Concern. 


P   R    O   B.      XXII. 

250.  If  any  Number  of  Ivory  Balls  of  an  Inch  Diameter  be 
fufpended  in  aright  Line,  and  the  firft  A  let  fa' I from 
any  Height  upon  the  next  -,  to  find  the  Velocity  of  the 
Motion  propagated  thro'  them. 

Here  we  fuppofe  that  the  Balls  are  perfectly  elaf- 
tic,  and  placed  fo  as  juft  to  touch  each  other,  or  very 
near  it.  But  before  this  Problem  can  be  folved,  fuch 
an  Experiment  as  this  mud  be  made-,  black  the  firft 
Ball  over  with  Ink,  and  let  it  fall  upon  the  fecond 
in  an  Arch  of  a  Circle  from  the  Height  defign'd,  or 
with  the  given  Velocity  ;  this  will  make  a  black 
Spot  on  the  other;  take  its  Diameter,  and  from 
thence  find  the  Altitude  of  the  Segment,  or  the 
verfed  Sine  of  half  that  Spot.  Now  the  Force  by 
which  this  Motion  is  communicated  from  one  Ball 

to 
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to  another,  is  the  Elafticity  of  the  fmall  Segment  FIG. 
which  is  flatten'd  or  dented  in  by  the  Stroke,  and  acts  250. 
againft  the  other  Ball  by  Way  of  a  Spring,  in  like 
Manner  as  is  defcribed  in  Ex.  8.  Prob.  XIII.  Sect.  I. 
and  this  Force  is  as  the  Height  of  the  Segment,  drove 
in  by  the  Stroke.  Now  in  two  Balls  meeting  each 
other,  there  are  two  Segments  (truck  in,  both  which 
exert  their  joint  Force  in  feparating  the  Balls  again, 
after  meeting. 

Let  w  zz  Weight  of  a  Ball. 

p  zz  the  Weight  which  can  make  an  equal  Com* 

preffton  in  the  Globe,  as  the  Stroke  did. 
a  zz  BCy  which  reprefents  the  verfed  Sine  of  the 

Segment  Jl ruck  in,  C  being  the  Vertex. 
d  zz  Diameter  of  a  Globe  or  Ball  as  A. 
c  zz  Velocity  it  is  projected  with  at  fir  ft. 
s  zz  1 6TV  Feet. 
x  zz  CD. 

v  zz  Velocity  in  D. 
i  =  Time  of  defcribing  CD,  or  the  Time  in  which 

the  Vertex  C  is  prejfed  in,  to  D,  by  the  Stroke. 

Now  it  is  the  fame  Thing,  whether  we  fuppofe  one 
Globe,  moving  with  Velocity  c,  againft  another  at 
reft,  or  two  Globes  moving  contrary  Ways  againft 
one  another,  each  with  the  Velocity  \c  •,  or  whether 
we  fuppofe  one  Globe  moving  againft  an  immoveable 
Obftacle,  with  Vel.  he. 

By  Mechanics,  when  the  Body  is  given,  vv  oc 
Force  x#,  (lee  Prob.  I.)  5  but  in  a  falling  Body  2s 
is  the  Velocity,  and  x  its  Fluxion.     And  in  the  Col- 

x 
lifion  of  the  Balls,  the  Force  at  D  is  — p  j  therefore 

px   .         ,  ipsxx 

isx  :  wx  :  :  — vv  :  #,  and  — vv  zz ,  and 

a  aw 

ispxz 
the  Fluent  —vz  zz  -— • — ,  but  at  C,  v  zzic,  xzz  o, 

corrected 
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F  X  G'  correScd  lec  —  w  zz  -^L.    And  at  laft  when  C 

250.  aw 

is  in  B9  vzz  o,  and  *  zz  a9  whence  ice  zz  "-~Xaa» 

or  r<:  =1 x  ^^ ;   therefore,  fince  Ss  and  se;  are 

aw 


given,  and  — is  a  given  Ratio,  cc  oc  aa,  or  —is a 

ccw 
given  Ratio.     Alfo  by  Redu&ion  p  zz  -gj- ;  which 

2J#*         ttW  cow 

put  for  p  gives**- w  =— XF  =  — , 


rr 


which  reduced  is  vv  zz  — — ■  X  <** — xx. 

X  •  X 

Again  /  oc  — ,  and  in  falling  Bodies  t  zz  —  (fee 
Prob.  I.)  therefore^  (Time)  :  -J  $g£)  ::/:-£, 

•  AT  Q.ax 

whence  /  zz  —  zz  —  -.         -,  and  (by  Form  io) 
v  cvaa — xx 

la  x 

t  zz X  Arch,  whofe  Sine  is  — ,    and  rad  zz  1. 

c  a 

la 

But  when  xzza9  that  Arch  zz  900 ;  and  /  zz x 

c 

■■*■ ;  after  this  Time,  the  Globes  are  relatively 

at  reft ;  and  after  an  equal  Time  the  Globes  are  fepa- 

ia 
rated  again.     Therefore  2/  or  -y  x  3.1416  zzTime 

of  the  Contaft  of  the  two  firft  Globes  ;  during  this 
Time  the  Motion  is  propagated  the  Length  of  1  Dia- 

.  ia  it  dc 

meter-,  whence  (2/) ■  y,2,i±i6  id::  1  : 7 

K    J    c       °    ^  2aX3>i4-i6 

the  Velocity  of  the  Motion  in  a  Second. 

It 
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It  is  here  fuppofed  that  the  Action  of  the  firft  Ball  FIG. 
or  Globe  A  upon  the  Second,  is  over  before  it  affects  250. 
the  third  Ball.  But  if  at  the  fame  Time  the  fecond 
alfo  acts  upon  the  third,  and  the  third  upon  the  fourth, 
i3c.  then  the  Motion  will  be  propagated  further,  but 
then  the  Time  will  be  longer,  which  comes  to  the 
fame  Thing.  But  the  Time  of  Contact  of  any  two 
Balls  is  fo  very  imail,  that  the  Action  of  the  firft 
upon  the  fecond  is  over,  or  very  near  over,  before  it 
reaches  the  third.  If  the  firft  Ball  acted  fenfibly  upon 
feveral  at  once,  it  would  be  reflected,  which  is  con- 
trary to  Experience. 

Cor.  1.  Hence  the  Velocity  of  the  Motion  is  the  f ami, 
whatever  he  the  Velocity  of  the  fir  jl  Globe  impinging  upon 
the  fecond. 

c 
For  d  is  given,  and  —  is  a  given  Ratio. 

Cor.  2.  Hence  alfo,  ceteris  paribus ',  the  Velocity  of 
the  Pulfes  is  as  the  Diameters  of  the  Globes. 

Cor.  3    In  Glebes  of  different  Matter,  the  Value  of 

a  muft  be  found,  and  then  the  confiant  Ratio  — •;  whence 

ci 

the  Velocity  of  the  Pulfes  is  had. 


PROB,     XXIII. 

To  find  the  Velocity  of  Sound. 

Sound  is  caufed  by  the  vibranng  Motion  of  a  tre-  251* 
mulous  Body,  which  excites  a  Mn  .ion  in  the  Parts  of 
the  Air  that  lie  next,  and  thefe  excite  the"  like  Mo- 
tions in  the  Parts  that  lie  next  to  them,  and  fo  on. 
For  the  Parts  of  the  fonorous  Body  alternately  going 
and  returning,  do  in  going  drive  before  them  thofc 
Parts  of  the  Medium  that  lie  neareft,  and  by  rhat 
Impulie,  comprefs  and  conclenfe  them,  and  in  return- 

Ggg  ing 
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FIG.  ing,  fuffer  them  again  to  recede  and  expand  them- 
251.  felves.  Therefore  the  Parrs  of  the  Medium  are  con- 
denfed  and  expanded  by  Turns  at  each  Vibration  •, 
and  move  to  and  tro,  in  like  Manner  as  the  Parts  of 
the  vibrating  Body  do  ;  and  .consequently  the  Parti- 
cles of  the  Medium  have  the  <ame  Motion  fucceffive- 
Jy  communicated  to  them,  and  the  lame  Laws  of 
Motion,  that  the  tremulous  Body  has.  Now  it  is  a 
known  Property  of  the  Motion  ot  a  vibrating  Body, 
that  the  Force  it  exercs  in  vibrating,  is  as  the  Diftance 
from  the  middle  Point  of  the  Vibration,  fee  Prob.  II. 
and  in  any  eiaftic  Body,  the  Force  is  as  the  Diftance 
it  is  ftretch'd  to.  Thereroie  each  Particle  of  the 
Air  is  acted  on  with  a  Force  which  is  alio  as  its  Dif- 
tance trom  the  middle  Point  or  its  Vibration,  this 
being  premiied, 

Let  fome  certain  Space  BC  be  the  Diftance  of  two 
fucceeding  Pulies,  Eeihe  Stace  thro'  which  a  Parti- 
cle vibrates;  0  its  middle  Point.  EG  a  very  mall 
linear  Part  or  the  Medium,  fuccelhvely  transler'd 
intoihe  Places  fy,  eg,  and  back  aga;n.      Then, 

Put  B  —  b,  EO  or  Qezza,  EGzzp,  t  zz  lime  of 
defcribing  Zu,  t-  Time  of  delcribing  Gy%  vzz Ve- 
locity of  E  at  f,  n  zz  Force  acting  at  E  when  it  be- 
gins firft  to  move,  dzz #,  the  Diftance  of  1  trom  its 
'Center-,  and  y  zz  Diftance  of  y  from  its  Center  at 
the  fame  Tune  •,  Azz  height  of  a  uniform  Atmolphere, 
c —3. 1416,  J^i6/,  Feet. 

fix 
By  the  Law  of  Vibration  a  :  n  :  :  x  :  — —Force 

at  f,  and  by  Mechanics  (fee  Prob.  I.)  vv  ex  Fx,  and 

in  a  falling  Body  v  zz  2/,  and  F  zzpy  therefore  2sx  : 

MX  •  — 2nsxx 

px  :  :  vv  : x  — #t  and  vv  zz  - ,  and  vl  zz 

c  a  ap 


ins  xx  .  2sn 


*,  and  corrected  vv  zz  -      -  x  cia — xx.  and 

ap 


2sn 


(putting  i^y/'L')  v   zz  q</aa—xx. 

*  Again 
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X  •  F    I     G 

Again  /  3,       ,  and   in   falling  Bodies,    1st  zz  ,v,  * 

therefore  /  :  — —  :  :  /  :  —  -  =  t>  and  (  by 

2S  %\/aa — xx 

— Arch 
Form  10)  /  =:  • ,  whofe  Radius  is  a>  and  Sine 

qa 

x  ;  and  by  Correction  (when  xzza,   that   Arch  z=  a 

Arch 
Quadrant,  then)  /  =z ,  whole  Cofine  is  *,  let 

z  =:  that  Arch,  then  t  zz -,and  for  the  fame  Rea- 

'  qa 

fon  r  ~ -,  whofe  Cofine  is/.     Therefore  /«£-t 

diff.  Arches  '# 

--  whofe  Cofines  are  x  and  y.  Let  2 

J*  * 

—  diff.  Arches,  and  x  zz  diff.  Cofines  ,  and  by  the 

/  —ax 

Nature  of  the  Circle,   z  zz  —  ,    therefore  / 

\/aa — xx 

z  — x 


<Ia  qvaa—xx 

As  the  Particles  £,  G  are  fucceffivelyagitated  with 
Jike  Motions,  the  Pulfe  in  palling  from  B  to  C,  ar- 
rives at  E  before  it  comes  to  G  \  and  the  Spaces  />, 
by  panned  over  by  the  Pulle,  are  as  the  Times,  that 

Z  2  CCl 

is  fas  has  been  fhewn),  as  -   -.  and \  therefore 

n         qa  qa 

z  ica       _       _        _,         _.,  1 

-      zz  -   ,  -.     But  Ei  —  Gy  or  nG — iy  zzy — xzzxy 

and  ty  zzp  —  x.     Now  fince  the  elaftic  Force  of  the 

Air  is  as  che  Dcnfuy,  and  the  Dtnfity  reciprocally  as 

the  Space  taken  up  \  if  d  zz  the  mean  Dcnfity,  then 

^  g  g  '2  i 
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i      ,  i  pd  dx  dz 

—  :d  :  :  • -r  :  — or  d  +  -~   zz  d  H 

P  p—x       p—x  P  *P 

i  2£^  - 

\/aa — xx  zz  d  ^ -7—  \/  aa  — xx,  the  Denfity  at  sy. 

Bat  the  mean  elaftic  Force  :  is  top  (the  "Weight  of 
the  Lineola  p)  :  :  A  :  p  -,  therefore  the   mean  elaftic 

^  pA         A     .     ,  ,  .       led    , - 

Force  zz  -——  zz  yi.  And  d:A::a  +  ~r~Vaa—xx: 
p  '     £ 

2£yf  . 

^  +  —y-  -  V'tftf — ,vW  zz  the  elaftic  Force  in  the  Place 
iy  ;    and   its    Fluxion   is    — - 7—  X  —  -»  3  the 

Fluxion  of  the  Force  at  e  correfponding  to  x -9  and 

—7 —  x  — .-  or 7 —  is  the  Decreafe  of  the 

*  V  £d — xx  a0 

Force  correfponding  to  x,  at  the  fame  Moment  of 

2cAxz         4.ccAxp 
Time  :  that  is,  - — 7 —  or  — 77 —  is  the  Excefs  of 

the  Force  at  s  above  that  at  y :  and  this  is  the  Force 
by  which  ey  is  accelerated,  and  therefore  that  Force 

is  as  x;  and  when  xzza,  that  Force  is 77 —  zzn. 

00 

~,       f  z  z        ap  z     M      bb 

Therefore  /  sr zz  — */ - -—  =  — */ 1 

aq  av2sn  a  v  2SX4-CcA 

And  when  x  zz  a>  then  z  zz 


2  cay/ 'is A  2 

f£#  b  b 

and  /  zz -.  zz ,  and  4/  zz 


A-cay/iAs  As/riAs  \ZiAs 

the  Time  of  vibrating  from  £  to  e,  and  back  again, 
or  the  Time  of  the  Pulfe  running  thro*  EC.     There- 
fore, 
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fore,  —4=^  (Time)  :  *  (Space)  :  :  ."  :  Vp  =  *JLf 

y/iAs,  the  Velocity  of  the  Pulfes  in  a  Second. 

At  a  mean  Gravity  of  the  Air,  when  the  Quick- 
filver  (lands  at  30  Inches,  the  fpecific  Gravity  of  Air 
to  Quickfilver  is  about  as  1  to  11890,  therefore  the 
Height  of  a  uniform  Atmofphere  muft  then  be  '9725 
Feet  z=.  A.  Therefore  \ZiAs  =  y/326  X  297^5  zz 
978  Feet,  the  Velocity  per  Second. 

But  the  Velocity  of  found  is  really  greater;  for 
here  is  no  Allowance  made  for  the  Diameters  ot  the 
Particles  of  Air  and  Vapour,  which  are  unknown. 
For  as  theie  folid  Particles  themfelves  are  incompref- 
fible,  the  Velocity  is  propagated  inftantaneoufly 
thro*  them  •,  and  therefore  the  Space  found  before 
fhould  be  augmented  by  a  Quantity  which  is  to  that 
Space,  as  the  Diameters  of  the  Particles  to  their 
Diftances :  And  fo  we  find  by  Experience,  that  Sound 
moves  at  the  Rate  of  about  1 140  Feet  in  a  Second, 
at  a  mean  Denfity  of  the  Air. 

Cor.  1.  Hence  the  Velocity  of  Sound  is  always  the 
fame  in  the  fame  Medium,  whether  it  be  more  or  lefs  in- 
tenfe  ;  for  the  Velocity  is  \ZiAs,  in  which  a  is  not  con- 
cerned. 

Cor.  2.  Hence  alfo  the  Diftances  of  the  Pulfes  are 
known,  by  dividing  1 1 40  by  the  Number  of  double  Vi- 
brations made  in  a  Second.  Thus  by  Schol.  Prob.  II 
in  a  String  that  makes  300  Vibrations  in  a  Second,  tt£ 
==  yi  Feet,  the  Breadth  of  one  Pulfe. 

Cor.  3.  The  Velocity  of  Sound  {ceteris  paribus),  is 
the  fame  on  the  Top  of  a  Mountain,  as  in  a  deep  Valley. 

For  if  the  incumbent  Weight  of  the  Atmofphere 
be  increafed  or  decreafed  in  any  Ratio;  its  Denfity 
(and  the  Height  of  the  Mercury)  will  be  increafed 
or  decreafed  in  the  fame  Ratio,  and  the  Height  A, 
of  a  uniform  Atmofphere  of  that  Denfity,  will  con- 
tinue the  fame.     And  therefore, 

Cor. 
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FIG.  Cor.  4.  The  Temper  of  the  Air  remaining  the  J  ante, 
as  to  heat  and  col i\  the  Velocity  of  Sound  will  be  the  fame > 
how  much  foever  the  Air  be  condenfed  or  rarified. 

SCHOLIUM. 

252.  To  explain  more  particularly  the  Motion  of  the 
Particles  of  Air,  when  condenfed  and  expanded  as 
the  Pulfes  move  thro'  rhem  ;  let  J9,  C,  &c.  be  cer- 
tal  1  Waves  or  Puiics  of  the  Air  moving  from  B  to- 
wares  C  i  drdw  the  Line  KF9  and  ST  parallel  to  it, 
and  t  any  Place  J^,  erect  i^s,  tor  the  Denfity  of  the 
Mt-  \  ur  aZ  t^or  r,  Sir  being  the  mean  Denfity.  ,  And 

/  fupf  ofe  O  a  hxt  Point  at  the  Piace  F\  and  p  a  Parci- 
cle  or  (he  Air  exceeding  near  it  •,  and  let  the  Pulfes 
of  Air,  move  iucceftively  thro'  the  Points  0,/>,  &c. 
or  rather  (for  the  more  eafy  conceiving  it)  let  O  be 
fupj.okd  to  move  with  a  uniiorm  Motion  along  the 
Line  FK,  thro'  the  Waves  C,  B,  &c.  at  reft.  It  is 
plain  the  Particle^,  going  with  it,  cannot  move  with 
a  uniiorm  Motion,  by  Realon  of  the  alternate  Con- 
traction and  Dilatation  of  the  Air,  but  will  move 
fometimes  to  one  Side,  fometimes  to  the  other  Side 
of  O,  'n  Op  be  of  a  due  Quantity.  Now  whilft  O 
moves  from  F  towards  C,  the  Medium  growing  den- 
fer,  p  will  approach  nearer  to  0,  and  at  C  where  the 
Denfity  is  greateft,  p  and  O  will  coincide  ;  and  pro- 
ceeding forward  from  C  to  D,  the  Denfity  ftill  being 
greater  than  the  Mean,  p  will  ftill  lofe  Ground,  and 
at  Z),  the  Place  of  mean  Denfity,  p  will  be  the  fur- 
theft  behind  0  ;  and  in  paftieg  from  D  to  //,  into  a 
rarer  Medium,  the  Air  expanding  towards  Hy  p  will 
move  faftcr  than  O  •,  and  at  //,  (the  Place  of  lean: 
Denfity),  they  will  coincide.  In  proceeding  to  /,  the 
Medium  ftill  continuing  rarer,  p  will  ftill  move  fafter 
than  0  •,  and  at  I  where  the  mean  Denfity  is,)  p  will 
be  then  the  furtheft  before  O,  the  fame  as  it  was  at  F. 
And  after  this  Manner  the  Points  0,p,  will  go  thro' 
all  the  Waves  or  Pulfes  5  the  Particle/*  vibrating  firft 

to 
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to  one  Side  of  O,  and  then  to  the  other.  And  the  FIG, 
Phenomena  will  be  the  fame,  if  O  (lands  ftill,  and  252. 
the  Waves  move.  The  Points  O  and/>,  or  the  Syf- 
tem  Op  reprefents  OE  (in  Fig.  251.)  Now  we  may 
obferve  that  when  the  Syftem  is  at  r,  it  is  in  a  den- 
fer  Part  of  the  Wave  than  it  was  at  i%  where  it  be- 
gun to  move,  that  is  (Fig.  251.)  the  Denfity  at  ty  is 
greater  than  at  EG ;  for  the  fame  Particles  of  Air  are  f 

in  EG  and  sy  at  different  Times,  and  in  different 
Parts  of  the  Wave  F%  and  r.  But  *,  y,  being  con- 
temporary Pofitions  of  the  Points,  £,  G  ;  the  Den- 
fity at  1  is  greater  than  at  y,  as  is  plain,  by  Fig.  252. 
Therefore  the  greater  Denfity  at  *  will  move  ey  to- 
wards 0. 

And  to  conftrucl:  the  Curve  of  Denfity  FCD  •,  with 

the  Radius  OE  or   Oezza,  delcnbe  the  Circle  EVey 

take  Oszzx,  and  erect  the  Ordinate  sV  zzu.     Let 

Arch  EVzzz>  mean  Denfity  —  1,  FIzzb.     Then  in 

bz  2  cu 

FK.  take  Fr  zz ,  and  at  r erects  ==  — 7-,  and 

9  2ca 9  b 

the  Point  t  is  in  the  Curve,  and  n  is  the  Excefs  (or 
Defect)  of  Denfity  atr.     And  for  the  Nature  of  the 

b  aX         u 

Curve;  put  FrzzX,  nzzT,  then—  z=  -^—  zz  ^", 

whence  aXTzzzu,  a  mechanical  Curve. 
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p  J  QtACord  or  fmall  Rope  being  fixt  at  one  End,  and  ex- 
2  c<2t  tended  by  Means  of  a  Weight  at  the  other  End-9  if 
the  Rope  be  Jiruck  near  one  End,  the  Stroke  will  ex- 
cite a  Motion  in  it,  which  will  run-  along  the  Rope  in 
Form  of  a  Wave.  'To  find  the  Velocity  pf  the  Mo- 
.  tion. 

We  will  fuppofe  the  Cord  to  be  exceeding  (len- 
der, or  rather  a  heavy  Line,  perfectly  flexible  j  let 
AB  be  the  Line,  and  fuppofe  the  Point  D  to  be  im- 
pelled as  far  as  to  d  by  the  ftroke  ;  draw  adb  paral- 
lel co  ADB,  As  foon  as  the  Point  D  arrives  at  d> 
the  Line  DE  will  be  found  in  the  Pofition  dSE.  For 
the  Force  being  impreffed  upon  the  Particles  of  the 
Curve  at  D,  and  thefe  put  into  Motion,  they  will 
exert  their  Force  upon  the  Parts  next  to  them,  and 
they  upon  the  next,  and  fo  on-,  fo  that  the  firft  Motion 
will  be  fucceflively  communicated  to  all  the  Parts  of 
the  Cord,  and  they  will  all,  one  after  another,  be 
carry'd  over  to  the  Line  ab  ,  where  all  their  Motion 
will  be  deftroyed  ;  and  they  will  remain  there,  if  D 
remains  at  d.  In  the  mean  Time  the  Curve  Line 
(or  Wave)  dSE,  will  be  carried  along  to  gCF,  and 
fo  forward. 

As  none  of  the  Parts  of  the  Curve  befides  thofe 
at  Z),  received  any  ftroke  ;  it  is  plain  they  are  all 
moved  by  means  of  the  Cord,  communicating  D's 
Motion  to  all  the  reft  in  order.  And  fince  the  Force 
w  ,;ch  the  Cord  exerts  on  any  Particle  (by  Cor.  Ex. 
16.  Prop.  Xlil.)  is  as  the  Curvature  there;  there- 
fore the  Curve  near  F  is  convex  towards  GF.  Like- 
wife 
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wife  fince  the  Particles  of  the  Cord,  after  they  have  FIG. 
received  their  Motion,  are  not  carried  beyond  the  253. 
Line  ab,  but  flop  at  it;  it  is  plain  that  near  g9  the 
Curve  is  convex  towards^.  It  is  alfo  evident  that  at 
any  two  Points  (»,  0)  of  the  Curve^uF,  that  are  equal- 
ly diftant  from  the  Lines  AB,  ab  \  the  Curvature  will 
be  the  fame.  For  as  the  Motion  of  any  Partfcle  is 
generated  gradually  as  it  moves  from  the  Line  AB ; 
it  mult  be  gradually  retarded  in  approaching  ab,  fo 
as  to  lofe  all  its  Motion  there  ;  therefore  the  Forces, 
and  confequently  the  Curvature  at  0  and  0,  are  equal 
and  contrary,  and  at  the  Middle  C is  nothing:  And 
fo  each  Particle  is  accelerated  as  far  as  C,  and  after- 
wards retarded.  Moreover  the  Parts  of  the  Rope  as 
they  are  drawn  from  F  towards  C,  will  be  drawn 
nearer  into  a  right  Line  as  they  approach  to  C  \  fo 
the  Curvature  will  continually  decreafe  to  C,  the 
Point  of  contrary  Flexure,  and  therefore  the  Force 
will  likewife  decreafe  towards  C;  and  hence  the 
Parts  of  the  Curve,  gC,  FC  are  exactly  fimilar  and 
equal.  This  being  premifed,  the  Time  is  to  be  found 
wherein  the  Wave  is  carried  from  G  to  F,  or  which 
is  the   lame,  wherein   a   Particle  at  G  is  tranftated 

to  jr. 

Let  Fk  or  kf—a>  kmzzx,  mn—y,  Fnzzz>  Ckzzd> 
r~  Radius  of  Curvature  in  .F.  £  =  3.1416,  and  let 
the  Force  at  n  be  as  x.     By  Prob.  V.  Sett.  II.     If  z 

be  given,  the  Radius  of  Curvature  at  n  is  .' _  '..    or 
•  -' 

ay  y> 

—..—  (becaufe  x  decreafes).     Then   (by  Cor.  Ex.  16. 

zx 
Prop.  XIII.)  x  :  a  :  :  r  :  — :r-,  and  ary  znzxx9  and 

the  Fluent  is  aryzulzxx,  but  at  F,  yn z9  and  xzza% 

therefore    arxy — z  ~  Izxxx — aa  5     and    2 ary  zn 

2ar-{-xx — aa  xi,    and   i\.aarry-  zr.  2ar+xx — aaz  X 

j/y+XX'9  and  ^ar  x  *••' — aa~x  j'1  =  2ar+xx — aa   x 

II  h  h  x\ 
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FIG.  x7-  zz^aarrxx  nearly,  becaufe  a  is  extreamly  fmall .in 

2^'    refpcdt  to  r;  therefore  y  zz —  XJ1 -9   and    (by 

\/  aa — xx 

Form  io)jzz — ^— ~  X  Arch,  whole  Radius  is  a, 

and  Sine  x\  but  when  xzza,  y  zro,  that  Arch  is   a 

s/ar 
Quadrant  •,  whence  y  zz — ; x  Arch  whofe  Cofine 

is  x,  and  when  x  becomes  zz  o,  that  Arch  is  a  Qua- 
drant  zz  —z— ,  and yzzd,  therefore  dzzlc^/ar,  whence 

r  zz •,  therefore  the  Rad.  Curvature  in  n  is  — — . 

cca  ccx 

To  find  the  Time  of  moving  from  F  to  m.  Let 
/  zz  the  Time,  v  zz  Velocity  in  ;#,  h  zz  \6T\Z  Feet, 
Izz  Length  of  the  Cord,  w  zz  its  Weight,  p  zz  its 

i 

1VZ  i 

Tenfion  ;  then  -y-  zzWeightof  the  Particles.  Then 
(byEx.16.  Prop.  XIII.)  -^-:  z  :  : p  :  *** 


CCX  £  Ardd      "~ 

Force  at  m  or  n.     And  by  Mechanics   (fee  Prob.  I.) 

ivz         . 
vv  oc  F  x  s  *  that   is,     2^  x  s  :  — j-  X  s  :  :  vv  : 

pccxz  .  •  — zhtcclxx 

-tfJ-X-*  and  OT  =        ^dw       =-Bxx(by 

Subfatution),  and  vv  zz  —  Lxx,  and  by  Correction, 
vv  zz  Bx>aa — xx. 

X  S       '         s        x  .      X 

Again,  /  a  — •,  or  -  ,-  (/)  :  7-  f — )  :  :  t :  ■ . 

D  v  ih  K  '      2b  K  v  J  v      * 

— x  A     .              1            Arch 

or  /  zz  — — ' — j= — =~.     And  /  zz x  p 

y/E  v  aa — xx  ^/B            a 

whofe  Radius  is  <?,  and  Sine  x  \  and  by  Correction, 
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1  Arch  .  F  I  G. 

/  —  — 75-  X ,  whole  Loline  is  # ;  and  when 

%/-£>  #  253* 

#zzo,  that  Arch  is  zz  —  ;  therefore  /  =r 


the 


2  2y/£« 

c  c  J   4.ddw  J 

""     2v/i5      ""     T"  X    V       S^a'/     ~  d  *J     2 

Time  of  a  Particle  moving  thro'  /*£,  or  of  the  Wave 
moving  from   C  to  k,  or   thro* -iG/v  or  d\  whence 

dJ  iStp  (Time) :  d  'space) : :  * :  <J  ^~£~> the 

Velocity  of  the  Wave  in  a  Seco  d. 

And  fince  t  and  jy  are  each  of  them  as  the  Arch 
of  the  Cofine  x  \  therefore  /  is  asj  -,  and  y  ihcreafes 
uniformly,  as  it  ought ;  for  any  Point  of  the  Curve 
advances  forward  equal  Spaces  in  equal  Times. 
Therefore  the  Force  is  as  x,  as  was  fuppofed  ;  and  all 
the  Requisites  are  truly  found,  and  the  Problem  right* 
ly  folved,  and  the  Curve  is  fuch  as  is  here  defcribed. 

Cor.  1.  Hence  in  the  fame  Cord  and  Ten/ten,  the 
Motion  will  he  equally  fwift,  whether  the  imprejj'ed  Force 
at  D  be  greater  or  leffer  ;  that  is,  greater  Waves  and  lejjer 
ones  have  the  fame  Velocity. 

Cor.  2.  The  Pulfe  is  fwifter  when  the  Ten/ion  is 
greater,  and  that  as  the  fqiiare  Root  of  the  tending  Force. 

Cor.  3.  When  the  Pulfe  has  run  from  one  End  to  the 
other,  it  will  be  returned  back  again  in  an  equal  Time  : 
And  thus  it  will  run  back  and  forward,  till  the  Motion 
be  fpent. 

For  the  flxt  Point  at  the  End  cannot  obey  the  Mo- 
tion of  the  Wave  ;  and  by  its  Refiftance  it  is  equiva- 
lent to  a  new  Impulfe. 

Cor.  4.  If  the  Cord  is  not  perfectly  flexible,  but  rigid 
andjiiff;  the  Velocity  will  be  greater  in  the  fub  -duplicate 
Ratio  of  the  Degree  of  Stiffnefs. 

For  the  greater  Stiffnefs  fupplies  the  Place  of  a 
greater  Tenfion. 

H  h  h  2  Cor. 
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FIG.       Cor.  5.  If fever  al  Strokes  be  made  fucceffively  at  D  ; 

253.     cr,  which  is  the  fame  Thing,  if  the  End  A  be  /ha ken 

backward  and  forward  ;  there  will  be  generated  jo  many 

Waves  gradually  fucc ceding  one  another,  as  P,  §^  R,  S> 

and  the  Diftance  of  two  Waves  will  be  known  by  divid- 

2  hip 
ing  s/— — 3  ty  the  Number  of  Strokes  or  Shakes  in  a 

JO 

Second. 

Cor.  6.  "The  Wave  or  Pulfe  will  run  thro*  the  Length 
cf  any  Part  of  the  Cord,  in  dhefame  Time  as  that  Part 
would  perform  one  Vibration. 

This  appears  from  Prob.  II.  compared  with  this. 

SCHOLIUM. 

And  to  conftruct  the  Curve  or  Figure  of  the  Wave. 
With  the  Radius  Fk  (or  a)  defcribe  the  Quadrant  of 
a  Circle,  FTV ;  make  £#2  ~^  draw  the  Ordinate  mT, 

r 

and  erecl  the  Ordinate  mn  z=  s/ —  x  the  Arch  FT9 

^  a 

;  id 

or,  which  is  the  fame,  mn  z=  x  Arch  FT.    And 

'  ca 

hence  it  appears,  that  this  *  funivolant  Curve  is  the 
fame  as  the  harmonical  Curve,  conftructed  in'Schol. 

ds 

Prob.  II.     For  (Fig.  218.)  AE  -  -y,  and  AZ  = 

-,-  X  Quadrant,  and  AZ — AE  or  ZE  zz  ->-  x  Arch, 

whofe  Cofine  is  s.  And  both  thefe  Curves  are  of  the 
fame  Nature  as  the  Curve  of  Denfity,  conftruc~ted  in 
the  Scholium  of  the  laft  Problem  ;  and  all  of  them 
are  related  to  the  Figure  of  Sines. 

*  Sccenobatical. 


PROB. 
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P    R   O   B.       XXV. 

To  find  the  Height  of  the  Tides.  FIG* 

254. 
Let   R  zz  Radius  of  the  Earth's  Orbit ;,  or  the  Biflance 

oj  the  perturbating  Body,  e>C. 
p  zz  periodical  Time  of  the  Earth  round  the  Sun, 

in  Seconds. 

g  n  Gravity  of  any  Parcel  of  Matter,  as  1  Foot. 

a 
h  zz  16. 1  Feet,  the  Space  defc ended  in  1  by  Gravity. 

7T    ZZ    3.I416. 

w  2-R 

By  uniform  Motion,  p  :  1  :  :  2ttR  :  — —  zz  A, 
the  Arch  described  in  1  Second  by  the  Earth ;  and 

27TttR 

or  — — —  zz  verfed  Sine  of  that  Arch.     And 


2R  pp 

(the  Forces  being  as   the  Spaces  defcended  thereby, 

in  a  given  Time;  therefore)  h  :  g  :  :  —^~  :  —j^jf- 

the  centripetal  Force  of  the  Sun,  or  the  perturbating 
Body  at  C.  But  by  the  Theory  of  Gravity,  the  Ra- 
dius R  is  to  3 CD ;  as  the  centripetal  Force  at  C,  to 
the  perturbating  Force  at  M or  B;  that  is,  R  :  3CB  :  : 

2  kttpR  6-rnrQ- 

^~:l^rxCI)or/xa)=  the  difturbins 

67T7rg 

Force  of  the  Sun,  £5?*.  at  B ;  putting  /zz  ■       ,-« 

Or  thus, 

Let  a  zz  Radius  of  the  Earth, 
e  zz  its  Benfity. 
b  zz  Semi -diameter  of  the  perturbating  Body  at  0. 
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s  zz  Sine  of  its  apparent  Semi -diameter, 
d  zz  its  Denfity. 
Then  the  Forces  of  Bodies  being  as  the  Quantities 
of  Matter  divided  by  the  Squares  or  the  Diftances  ; 
and  the  Matcer,  as  the  Denfuy  x  d  by  the  Cube  of 
.  a^e  fad  b>dg 

the  Pvadius,  we  have '-  g  •  -     no"   '•  "775 —  — 

aa      *         RR         RRae 

Force  of  the  perturbating  Body  at  C.     And  by  the 
Theory  of  Gravity,  R  :  -^  :  :  3CD  :  -1^_ 

X  CD,  the  perturbating  Force  at  D  or  M.     But  by 

b  3d?sl 

Trigonometry  -77-  zz  s  -,  therefore  - — - —  x  CD  or 

fX  CD  zz  perturbating  Force  of  the  Body  at  M  or  D, 

putting  /■=  — -. 

Let  APB^be  the  Earth,  CA~a,  CPzzb,  CDzzy, 
CE  zztf,  then  the  difturbing  Force  at  D  zzfy  ;  and 

ay  px 

the  Force  of  Gravity  at  D  zz  ^L-9  and  at  E  zz  —7-; 
therefore  the  Gravity  or  Force  of  D  towards  C  zz 

fy-     Now  the  whole  Columns  AC,  PC,  being 

of  equal  PrefTure  at  C;  their  Fluxions  multiply'd  by 
the  gravitating  Forces  muft  be  equal ;  that  is,  — -y— 

-fyy  =  Kt,  and  the  Fluent  *£  -  &  =  *£, 

■     JJJ  b    '  2<3  2  2^  ' 

yy  f  xx 

or  -  —  —    -yy  zz  — ,— ,  and  when  y  zza,  and  x  zz  £, 

/  / 

then  a aaznb,  and  a  —  b  zz  —  aa. 

g  g 

In  Cafe  of  the  Sun,  azz2 1 000000,  p  —  3 155 7600, 

.        /  fa-rraa 

then  # —  ^  zz  —  aa  zz  —  -r —  zz  1.63  reet  zz  19* 

Inches  the  Height  of  the  Solar  Tide. 

In 
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'  FTC 

In  Cafe  of  the  Moon,  szzS.15j.dzzu,  ezzg9  and     ' 

f               *ds*a  °4* 

a  —  b  zz  —-aa  zz  -- =  7.28  Feet,  the  Height 


of  the  lunar  Tide.     And  the  Height  by  their  joint 
Force,  when  in  Conjunction,  is  8.91  Feet. 

And  the  fame  Forms  will  ferve  for  finding  the 
Height  of  the  Tides  on  any  other  Planet,  or  celeftial 
Body ;  mutatis  mutandis. 

SCHOLIUM. 

The  Height  of  the  Tides  here  given  is  fuppofed  to 
be  at  luch  Places  wliere  the  Sun  and  Moon  are  ver- 
tical, and  alfo  in  the  Equinoctial.  In  Places  at  a 
Diftance  from  the  Equator,  the  Height  will  be  lefs, 
as  the  Latitude  is  greater  •,  their  Height  will  alfo  be 
lefs,  according  to  the  Sun  or  Moon's  Declination  from 
the  Equator. 


P    R    O    B.       XXVI. 

To  find  the  Preceffion  of  the  Equinoxes.  2cct 

Let  ApEP  reprefent  the  Earth,  orthographically 
projected  upon  the  Plain  of  the  fclftitial  Colure,  PCp 
the  equinoctial  Colure  -9  P9p  the  Poles,  AE  the  Equi- 
noctial, IK  z  parallel  of  Latitude,  BCD  the  Ecliptic; 
let  0  be  the  Sun  at  an  immenfe  Diftance,  and  vertical 
to  Z),  in  the  Tropic,  draw  QCq  ju  BD. 

The  Earth  being  an  oblate  Spheroid  or  nearly  fuch, 
the  Sphere  PApE  is  encompalTed  with  a  folid  Cruft, 
this  Cruft  is  fpread  all  over  the  Sphere,  and  goes 
round  the  Equator  in  Manner  of  a  Ring,  whofe 
Thicknefs  there  is  Aa  or  Ee  •,  in  Places  at  a  Diftance 
from  the  Equator,  as  at  J,  it  is  thinner.     Now  the 

Preceffion 
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FIG.  PrecefTion  of  the  Equinoxes  ariies  from  the  Action 

2rr.     of  the  Sun  and  Moon,  upon  this  Crufl  or  exterior 

-     Fart  of  the  Earth  •,  the  Part  PApa   being  attracted 

toward   them,  in   Lines  as  AG  parallel  to  C0  •,  and 

the  other  Side  PEpe  acted  on  the  contrary  Way,  or 

in  the  Direction  FE  -,  and  both  confpiring  to  turn  the 

Earth  about,  in  the  order  of  the   Letters  BP^AD ', 

while  the  inner   Sphere  is  acted  on  all   Sides  alike. 

Now  the  Effect  of  thefe  Forces  upon  this  Cruft,  and 

the  Motion  communicated  thereby  to  the  whole  Body 

of  the  Earth,  is  what  we  are  now  to  enquire  alter ; 

and  we  fliall  firft  begin  with  the  Sun's  Force. 

1.  Take  Arch  XL  =  XI,  and  draw  LM,  XT,  Im 
parallel  to  DB  -,  and  XN,  hi  parallel  to  ^q  ;  and  put 
p  zz  periodical  Time  of  the  Earth  about  the  Sun  -, 
g  zz  Gravity  of  any  Parcel  of  Matter,  as  1  Foot ; 
hzzi6.i  Feet,  the  Space  defcended  in  a  Second  by 
Gravity,  -*  zz  3.1416;  then,  by  what  was  demon- 
ilrated  in  the  laft  Problem,  we  have  the  difturbing 

Force  of  the  Sun  zzfxLMzz j-  x  LM ;  alfo 


let  the  mean  Radius  of  the  Earth  ~  a,  A a  zz  m, 
IXzzr,  CXzzv,  S.LDCAzzs,  Cof.  DCAzzc,  Arch 
XL  or  XLzzz,  Sine  XL  or  Xlzzy,  then  will  NXzzsy, 
NLzzcy,  XTzzsv,  and  CTzzcv.  Therefore  LMzzcy 
4-j-r,  CMzzrj — jy,  hnzzsv — cy,  Cmzzcv+sy. 

Now  the  Force  of  two  Parcels  of  Matter  at  L  and  /, 
to  wheel  the  Earth  about  the  Center  C,  is  —  CMxf 
X  LM  +  Cm  xfx  Ini  \  the  former  a&ing  by  the  Power 
of  the  Lever  CM,  the  other  by  that  of  Cm  :  that  is, 
the   Force  of  thefe  two    Parcels    of    Matter  is    — 


cv — sy  x  cy+sv  +  cv+sy  x  sv — cy  :  xf,   =  20/  x 
<vv — vy :  therefore  the  Fluxion  of  the  Force  of  all  the 


Matter  in  the  Circumference  IK  is  —  lesfz  xw — yy, 
this  Force  is  directed  from  q  towards  p,  D  >  therefore 
the  Flux,  of  the  Force  the  contrary  Way,  or  in  Di- 
rection 
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FIG 
redtion  £>AD  is  zz  zcsfz  x  )p— m  zz  icsfx     /  ~    _     .  . 

\rrr— ^     z^' 
—  icsfwZi  whofe  Fluent  (by  Form   10  and  u)  is 

zz  cjrr/z  —  csrfyy/rr — yy  —  2csfvvz,  and  when  y  zzry 
and  doubled,  the  Force  of  the  Circumference  IK  is ' 
zz  ^q/r  X'T — 2ot  =  rri/r  x  5 — 3^.     Tberefm 
v  zz  -jtf,  the  Force  of  tbi  is  IK  is  noth: 

2.  By  the  Nature  of  the  Eiiipfis,  a  \r  :  :  ;;;  :- ■ 

zz  Height  of  the  Matter  at  the  Circumference  IK; 
therefore  the  Fluxion  of  the  Force  in  the  Annulus 

.      —  res/mi* 

IK  is  zz  xcsfrv  x  aa—yj-:  X  —~-    zz   - — x 

■  ci 

wcsfmi 


aa—iwxaa—w  zz  X£- — 4**t v -7-3: ■-,  and 

,     _.                  -rrcsmf 
the  Fluent  zz —  x  a*v — +  — ■, 

a  6        r  ,       5 

and  when  vzza,  and  doubled,  the  Force  or  the  v. 

Cruft  zz — =VX— rrz-^-i     - 

F<?rr<?  u  rfj  the  Tbicknefs  of  the  Cruft  ;  and  this  is  equal 

to  the  fimple  Force  —    ,  /%  -g9  acting  at  the  Dif- 

tance  a^/\  from  the  Center  C,  or  by  the  Power  0: 
Leaver  as/\.     And  this  is  the  Force  with  which  rhe 
Sun  difturbs  the  Earth,  when   in   the  Tropic  at  D  ; 
call  this  fimple  Force  1 

3.  But  we  mud  find  what  this  Force  \ 
the  Sun  is  in  any  other  Point  or  the  Ecliptic  as  at  &. 
Draw  the  great  Circle  pHRP,  and  tnakii  zzi, 

Jet  Arch  CHzzz,  Sine  CHzzy^  then  in  the  Spherical 
Triangle  CHR,  right  angled  at  Rt  Rad.  (1)  :  S.CH 
(y)  :  :  S.C  (s)  :  S.HRzzsy  j  therefore  finee  F  confifts 
only  of  given  Quantities,  the  Force  of  the  Sun  at  H 
is  zz  Fsy\/i — jjyy  •,  for  it  was  found  in  the  lad  Ar- 
ticle to  be  zz  .Fx  by  the  Rectangle  of  tl  j  and 
I  i  i 


I  -  72*     Do;:  R  :  s  £ 

r  :hc  Plane  of  the 

nodial.  But  this  all  Force  />  v7i — ..  ; , 

:;;>  i  ::cr:    ;:  in  :..:  ".  :~;  .r.\5:"r,  :r.r:c:crc  we  milt 
dc  it  into  t  ifting  in  the  J 

rat;  the  other  in  the  Phne  PCp, 

perpendicular  to  the  other ;  this   latter  Force  is  de- 

ftroyed  by  an  equal  and  contrary  Force,   « 

Sun  is  equidiftant  on  the  other  Sice  of  the  Tropic  ; 

iheocherForceacYing  always  one  way,istheonly  one 

-  Earth  is  annually  afieefced  with.     The  Tan.  HCzz. 

y 


-  7-  ;;:=- .     -    rz  = 


%/ 1  —  \/\  +& 


■-.- 


■ —  ■  .  then  to  find  ;>.=  /         ::    -  _: 

t  Plane  i  i.  (i)  iFsjy/\—. ssjj 

{  whole  Fore.  RC  ,  ■    /  "'        z 

V  I — ssrj 

FcTce  is  as  the  S-: 

.       7: 

:he  mean  annual  Force,  we   muft  firft  find  the 

n  of  all  the  in  the  Circle,  or  the  Fluent  of 

2  =  — ,  "•    -.   and  the  Fluent  (by  Form  io, 
V  i — yy 

Fez  F.:;.      , 

.  zz  — - —  —  — ■ — vi — :v.,  and  when  j  =  i> 

:   J  . .   zz  -: — - .  :-  zz 

the 
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the  mean  Force  is  ==  is  but  h:.  ;:.:</.   £  I  G, 

Force  1  when  the  Sun  <-j;as  in  the  Tr  2  -5. 

4.  Put  n  =  Time  of  the  Earth's  diurnal  Rotation, 
and  fuppofing  it  of  uniform  Denfity,  its  Solidity  is 

=  -£2L      And  by  Ex.  6.   Prob.  XXIII.    Sc&  IL 

3 
the  Diftance  of  the  Center  of  G  a,  from   the 

Center  C  of  the  Earth    is  =  ^/l ,  and  by  the  Pro- 
perty of  the  Center  of  Gyration,  if  the  whole  M 
ter  of  the   Earth   was  fuj  to  be  collected   into 

that  Point,  any  Force  appiy'd  to  move  it  about  the 
Center  C,  would  generate  the  fame  angular 
in  it,  and  in  the  fame  Time,  as  it  R  3  in  the 

Earth  itfelf.     And  fince  this  Force  £P  at  the 

fame  Diftance  ^v/f,  therefore  it   is  the  fame  T. 
as  if  that  Force  was  dire::.  e  Body  to 

move  it  :  Now  to  find  the  Motion  ge 
By  Mechanics  the  ^pace  defcribed  cr  gene  .  a 

given  Time,    is  as  the  Force  :er 

reciprocally  *,  thereiore  :   —  \bi :  -7 — r~  :  — ; — ; — 

11 
rz  Space  defcribed  in  1,  by  the  Matter  of  I  th 

in  the  Center  of  Gyration     And  i-o.s/\  'circurr.:. 

:  ^   :  :   8^7  ;i-:r:,Vv/-r   XSt°  =  1^"  X3C 

the  Angle  defcribed  about  the  Earth's  Crr 

Center  of  Gyration,   which   is  equal   to  the  angular 

// 
Motion  of  the  Earth  in  1. 

260 
5.  [0   the   Equator  JE9  make  Ab  zz ,   and 

perpendicular  to  i:  make  ^/zzEarth's  angui.  on 

juft  found.     Now  fince  in   1  of  Time   arv  A% 

is  carry'd  from  A  to  b  by  the  Earth's  Ro:-  :*d 

in  the  fame   Time  the    Point  b  of  the 
moved  :  1  Force  ;.  its  plain 

I  i  i   2  my 
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FIG.  any  Point  A  will  purfue  the  Trad  Atr  \  that  is,  the 

5$'    Equinoctial  Point  will  be  moved  from  C  to  r,  in  1. 

To  find  which,  in  the  Triangle  Abt>  Ab  or  At  (— ) 

:Rad.   (1)  :  :  It  (~— 7T  *  3^)  '  ~^r  =  ^  ^ 

v     y  ^     2tf/>p  J       '  2tf£p 

2?///,  or  Arch  ro  ;  and  in  the  Triangle  roC,  S.C  (j)  : 

"S„  (J2gt) :  :  Rad.  (.)  :  S.rC  =  J25L  =  sine 
*    2^    '  K  '  lapp  "c 

of  the  Pfecefllon  of  the  Equinoxes,  by  the   Sun's 

a  qormn 

Force,  in   1  \  and  — — —  z=  S.  Precefiion  in  a  Year. 

Therefore  the  Treceffion  is  as  the  periodic  Time  of  the 

Earth's  Revolution  about  its  Axis. 

6.  Laftly  (by  Prop.  ^y.  L.  III.  Newton's  Principia) 

the  Sun's  Force   is  to  the   Moon's,  as  1:04.4815; 

and  the  Sum  of  both  is  5.4815—^,  therefore  the  Sine 

of  the  Preceffion  in  a  Year  by  both  Sun  and  Moon  is 

zen-mnq  '' 

zz 5  where  riz.91706,  #2  —  89460  Feet,  by 

Prob.  XVIII.  n  zz  86160,  #  =:  21000000,  and/>zz 

penning 
31557600  •,  whence    '  =    ,0002755.      But 

,0002909  is  the  Sine  of  1  min.  or  60;  therefore  2909  : 

60  :  :  2755  :  56.83,  the  annual  Preceffion  of  the 
Equinoxes.  Which  being  more  than  it  is  found  to 
be  by  Ohfervation,  makes  it  probable,  that  the  Earth 
is  more  denfe  towards  the  Center;  or  perhaps,  that 
the  Moon's  Force  to  the  Sun's  is  not  rightly  adjufted, 
being  only  collected  from  the  fifing  of  the  Tides. 
But  that  the  Earth  is  rarer  at  the  Surface  appears  from 
this,  that  the  mod  Part  of  the  Surface  is  Water. 

Cor.  1.  If  the  Earth  had  no  Rotation  about  its  Axis, 
The  Inclination  of  tie  Equator  to  the  Ecliptic  would  de- 

creafe 
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creafe  above  two  Degrees  and  a  half  in  one  Tear  :  And  FIG, 

consequently  in  a  few  Tears,  the  Equinoctial  would  fall    255. 

into  the  Ecliptic. 

_      it  w^m  „        icsTrtn 

Fon:#>::  -^-  X  360  :  — -  X  360  = 

2.681  Degrees  in  one  Year. 

Cor.  2.  The  other  Force  ailing  in  Direc- 
tion PC  perpendicular  to  PQA*  (which  was  ufelefs  in 
finding  the  Motion  of  the  EquinoxesJ  changes  its 
Direction  four  Times  in  one  periodical  Revolution.  And 
this  generates  a  Motion,  which  compounded  with  the 
Earth's  diurnal  Motion,  caufes  a  Vibration  or  nodding 
of  the  Earth's  Axis,  to  and  from  the  Ecliptic,  twice 
in  a  Tear.  But  becaufe  the  Moon  does  not  accom- 
pany the  Sun  thro'  a  Quadrant  of  the  Ecliptic,  we 
cannot  confider  their  joint  Force  ;  therefore  if  we  re- 
gard only  the  Force  of  the  Sun  (for  the  Effect  of  the 
Moon's  Force  alone  will  be  far  \tk)  ;  then  the  whole 
Quantity  cf  this  'Nutation  will  not  amount  to  a  Jingle 
Second. 

Cor.  3.  But  there  is  a  Nutation  in  the  Earth's  Axis, 
caufed  by  the  Moorfs  being  out  of  the  Ecliptic.  For  in 
the  foregoing  Computations,  we  fuppofed  her  always 
in  it ;  but  the  Moon's  Orbit  being  inclined  to  the 
Ecliptic,  in  an  Angle  of  about  5  Degrees,  me  will 
only  be  in  the  Ecliptic  when  fhe's  in  the  Nodes-,  and 
at  all  other  Times  (he  will  have  a  greater  or  lefler 
Force  to  move  the  Earth,  according  as  her  Declina- 
tion is  greater  or  lefTer.  And  this  Force  (as  was 
fhewn  Art.  4.)  is  as  the  Rectangle  of .  the  Sine  and 
Cofine  of  Declination,  that  is,  as  the  Sine  of  twice 
the  Declination  :  And  from  hence  arifes  a  Perturba- 
tion of  all  the  former  Motions,  which  will  be  greateft 
when  me  is  furtheft  from  the  Ecliptic,  or  900  from 
the  Node.  And  as  the  Nodes  make  a  Revolution  in 
about  1 8.6  Years,  therefore  this  Force  will  be  direct- 
ed all  manner  of  Ways  during  one  Period  of  the 
Nodes,  and  will  therefore  caufe  the  Poles  of  the  Equi- 
noctial 
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FIG.  nocYial  to  wander  about  the  mean  Pole,  defcribing  a 
255.     circular  Figure  in  the  Heavens,,  in  the  faid  Period  of 
Time. 

Now  to  compute  the  Quantity  of  this  Evagation  of 

the  Poles  \  the  Arch  rCor  56.83  was  meafured  along 

the  Ecliptic  ;  but  sx  56-83,  or  22.66  ==  ro  =  L  A* 

•which  meafures  the  Motion  of  the  Pole,  and  that  by 

the  joint  Forces  of  both  Sun  and  Moon.     Therefore 

4X481^  'i 

- 5 xroz  18.52,  the  Effect  of  the  Moon's 

Force  alone  in  a  Year  -9  and  this  Force  of  the  Moon 
in  the  Ecliptic  is  as  S.  47*  zz  .7313  *,  and  at  5  deg. 
Lat.  when  the  Nodes  are  at  the  Equinoxes,  as  S.$jd 
zz.8386;  the  difturbing  Force  then  will  be  zz.8386 
— .7313=1.1073,  this  is  the  lead  Quantity  of  Force  ; 
and  the  greateft  is  as  S.  10^.1736,  or  thereabouts, 
when  the  Nodes  are  in  the  Solftices.  And  in  other 
Pofitions  this  perturbating  Force  is  different ;  but 
we  cannot  be  far  wrong  if  we  take  a  Mean  between 
the  greateft  and  leaft,  which  is  .1404;  whence  this 

Proportion,  7313  :  1404  :  :  18.52  :  3.55,  the  annual 

Effect  of  the  Moon's  difturbing  Force.     And  3.55  x 

18.6  —  66/17  ;  which,  as  the  Motion  is  directed  all 

Ways,  muft  be  laid  out  in  the  Circumference  of  a  Cir- 

66.  ij  it 

cle  ;  and  then- 7- zz  21.06,    the  Diameter    of 

3.1416 

the  Circle  of  Evagation  ;  which  would  appear  diftinct 

in   the  Heavens,  if  the  other   Forces  and  Motions 

were  away.     But  we  muft  obferve,  that  if  the  Earth 

is  denier  within,  and   more  rare  at  the  Surface,  the 

Diameter  of  this  Circle  will  come  out  lefs  than  is 

here  determined. 

To  find  the  Direftion  of  this  Motion.     It  was  (hewn 

in  Art.  5.   that   when   the  Solftice  is  at  D  or  £,  the 

Equinoctial  Circle  is  moved  by  the  Forces  of  the  Sun 

and 
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and  Moon,  from  the  Place  AC*  to  the  Place  Ar,  con-  F  I  G, 
fequently  the  Pole  P  is  moved  from  P  towards  C *  255* 
and  the  Cafe  is  the  fame  with  this  difturbing  Force 
of  the  Moon.  For  fuppofe  vw  to  be  the  Moon's 
Orbit,  w  the  nonagefTimal  Degree,  or  higheft  Point 
of  the  Orbit  elevated  above  the  Plane  of  the  Ecliptic 
DB*  towards  the  Pole  P;  then  v  and  w  being  fituated 
at  D  and  B*  the  Force  of  the  Moon,  being  now 
greater,  will  alfo  move  the  Pole  P  towards  C.  And 
for  the  fame  Realbn,  when  (by  the  retrograde  Mo- 
tion of  the  Nodes)  w  is  got  to  S*  P  will  be  moving 
towards  R  ,  when  w  is  at  C*  P  moves  towards  A*  fo 
that  P  always  moves  the  fame  Way,,  or  in  the  fame 
Direction  that  w  does.  Therefore  about  w,  defcribe 
the  fmall  Circle  a$yfo  \  and  let  <*  be  the  Place  of  the 
Pole  when  w  is  at  B:  Then  whilft  w  paffes  fuc- 
ceffively  thro'  BS*  SC*  CH*  HD  ;  the  Pole  p  (mov- 
ing the  fame  Way)  will  pafs  thro'  *,G,  0y,  y$*  h  y  the 
contemporary  Pofitions  of  w  and  P  being  B  and  a  ; 
S*P>  *  C,ys  HJ-*  D,s*  &c.  and  therefore  the  Circle 
defcribed  ays  mud  of  Confequence  include  the  mean 
Pole  7T.  And  from  hence  it  is  plain*  that  the  moving 
Pole  is  in  every  Place  (as  fuppofe  at  a.)  nearer  to  w  the 
higheft  Point  of  the  Orbit  (at  B)>  than  the  mean  Pole  tt* 
by  the  Radius  of  the  little  Circle  va.  or  10I  Seconds. 

I  need  fcarce  mention  that  this  perturbating  Force, 
and  its  Effect,  is  greateft  in  the  Moon's  Perigee,  being 
nearly  in  the  reciprocal  triplicate  Ratio  of  the  Moon's 
Diftance,  as  is  well  enough  known. 

SCHOLIUM. 

By  a  like  Method  (but  by  a  Procefs  much  more 
eafy)  the  Motion  of  the  Moon's  Nodes  may  be  com- 
puted. And  I  might  now  proceed  to  the  Calculation 
thereof,  and  of  the  Motion  of  the  Apfides*  and  other 
Things  belonging  to  the  Moon's  Motion*  and  other 
difficult  Problems,  fuch  as  finding  the  Curves  de- 
fcribed 
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FIG.  fcribed  by  Bodies  a  fled  upon  by  any  Laws  of  Gravi  - 
255.  /y,  and  moving  in  Mediums  which  rejift,  as  any 
Powers  of  the  Velocity ,  and  fuch  like.  But  fince 
thefe  cannot  be  difpatched  in  a  few  Words,  but  often 
run  into  long  and  tedious  Calculations,  and  require 
a  great  deal  of  room,  I  (hall  not  trouble  the  Reader 
with  them  ;  efpecially  fince  the  Method  of  purfuing 
and  managing  thefe,  is  the  very  fame  as  in  thofe  Pro- 
blems here  delivered.  And  therefore  I  fuppofe,  if  the 
Reader  underftands  what  has  been  before  laid  down ; 
he  will  be  able  of  himfelf  to  apply  this  Dotlrine^  to  the 
Solution  of  any  other  Problem  that  happens  to  fall  in 
his  Way,  though  more  complex,  without  any  further 
Afiiftance. 
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AV1GATION;  or,  The  ART  of  SAILING 
upon  the  S  E  A.  Containing,  a  Demonftration  of  the  funda- 
mental Principles  of  this  ART:  Together  with  all  the  Practical  Rules 
of  computing  a  Ship's  Way,  both  by  plain  Sailing,  Mercator,  and  mid- 
dle Latitude,  founded  upon  the  foregoing  Principles.  With  many  other 
ufeful  Things  thereto  belonging.  To  which  are  added  feveral  neceflary 
Tables,  in  nmo. 

II.  The  P  R  i  N  C I  P  L  E  S  ofMECHANICS;  explaining  and 
demonftrating  the  general  Laws  of  Motion,  the  Laws  of  Gravity,  Motion 
of  Defcending  Bodies,  Projectiles,  Mechanic  Powers,  Pendulums,  Centre 
of  Gravity,  &c.  Strengtli  and  Strefs  of  Timber,  Hydroftatics,  and  Con- 
ftruction  of  Machines.      With  thirty-two  Copper-plates,   in  8vo. 

III.  The  ELEMENTS  of  TRIGONOMETRY.  Con- 
taining, the  Properties,  Relations,  Tangents,  Secants,  &c.  the  Doctrine 
of  the  Sphere,  and  the  Principles  of  Plain  and  Spherical  Trigonometry, 
all  plainly  and  clearlv  demonftrated. 

^  IV.  The  PROJECTION  of  the  SPHERE,  Orthographic, 
Stcreographic,  and  Gnomonical,  both  demonftrating  the  Principles,  and 
explaining  the  Practice  of  thefe  three  feveral  Sorts  of  Projection. 
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